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Abstract

An inverse problem for the identification of an unknown coefficient in a
quasilinear parabolic partial differential equation is considered. We present
an approach based on utilizing adjoint versions of the direct problem in order
to derive equations explicitly relating changes in inputs (coefficients) to changes
in outputs (measured data). Using these equations it is possible to show that the
coefficient to data mappings are continuous, strictly monotone and injective.
The equations are further exploited to construct an approximate solution to the
inverse problem and to analyse the error in the approximation. Finally, the
results of some numerical experiments are displayed.

1. Introduction

Using partial differential equations to model physical systems is one of the oldest activities
in applied mathematics. A complete model requires certain state inputs in the form of initial
and/or boundary data together with what might be called structure inputs such as coefficients
or source terms which are related to the physical properties of the system. Obtaining a unique
solution for the associated well-posed problem constitutes what we will call solving the direct
problem. Solving the direct problem permits the computation of various system outputs of
physical interest. On the other hand, when some of the required inputs are not available we
may instead be able to determine the missing inputs from outputs that are measured rather
than computed by formulating and solving an appropriate inverse problem. In particular,
when the missing inputs are one or more unknown coefficients in the partial differential
equation, the problem is called a coefficient identification problem. The identification of a
diffusion coefficient in a quasilinear diffusion equation is chosen here as a prototype coefficient
identification problem that has been approached by various methods.

The most common technique for identifying an unknown coefficient from some measured
output is the method of output least squares (OLS) [1, 4, 8—10]. Here the unknown coefficient,
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C, is chosen from an appropriate space K and the output, ®[C], is computed by solving
the direct problem. One defines an error functional, J[C] = || ®[C] — f ||%, comparing the
computed output to the measured value, f, in the norm of the output space, F, and seeks to
minimize J over K. OLS methods are very general and can be efficiently programmed for
computer implementation. Typically there are problems with lack of uniqueness, convergence
to false minima and instability under parameter mesh refinement, although a skilful user may
be able to incorporate a priori information about the solution into the parametric description
of the unknown coefficient in order to lessen some of these difficulties [1, 9]. Since the
connection between the inputs and outputs is expressed only indirectly through the solver,
general information about an input-to-output mapping is not readily available by OLS methods.

An alternative to coefficient identification by output least squares is the so-called equation
error method [3, 6, 7, 11, 12]. Here the measured overspecification is used as input to the
differential equation in the direct problem which is then viewed as an equation for the unknown
coefficient. This equation expresses a direct relationship between the unknown coefficient
values and the measured data values. Since the relationship is frequently quite complicated, it
is not easy to discern from it properties of an input-to-output mapping. Equation error methods
are quite problem dependent and produce varying degrees of success.

The method described in this paper is based on an integral equation relating changes
in the unknown coefficient to corresponding changes in the measured output. The integral
equation is derived by exploiting a problem which is adjoint to the direct problem, an idea
close to the techniques often used to estimate sensitivity in the OLS approach [8, 9]. However,
this integral equation provides information about the input/output mapping itself rather than
the error functional. It is then possible to prove that the input-to-output map is continuous,
monotone and injective. Moreover, it is shown that when the input/output map is restricted to a
(finite-dimensional) space of polygonal coefficients, it is explicitly invertible. This observation
provides the basis for a method for numerically approximating the unknown coefficient. It is
shown that a unique polygonal approximation to the unknown coefficient is obtained by solving
a triangular system of linear algebraic equations. Error estimates show that the accuracy of the
approximation is limited by the precision of the data measurements so that there is an optimal
attainable accuracy but exact determination of the coefficient is never possible.

The results of a few numerical experiments are provided here to illustrate the working of
the method. A more extensive presentation of numerical experiments will be included in a
later publication.

2. Analysis of the direct and inverse problems
Consider the following IBVP for a quasilinear conduction/diffusion equation on the domain
Or={0<x<1,0<t<T},
deu(x, 1) = 9 (D(u)du(x, 1)) = dxx B(u(x, 1)) on Qr,
u(x,0) = f(0) O0<x<l1, 2.1)
u(0,1) = f(r) ou(l,r)=0 0<t<T.
Here

B(u) = /u D(s)ds,
f©)

and we suppose

feclo, and fl(t)>0 for t> 0. (2.2)
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For f satisfying (2.2), we let J = [f(0), f(T)], and then suppose that for positive
constants, D, < D* and K,

D, < D(u) < D* for ueld, (@)

|D(p2) = D(pn)| < Klpz — ] Vi, po € J. (i)

Note that any polygonal function (i.e., a continuous and piecewise linear function) satisfies
(2.31) and that any function satisfying both conditions of (2.3) is bounded away from zero and
has at most finitely many zeros on J.

Given f satisfying (2.2) and D (u) satisfying (2.3), the so-called direct problem (2.1) has
a unique weak solution # = u(x, t) satisfying

ueL?0,T:H'0,1)NC[0,T: L*0, 1],
du e L*0,T : H'(0, D].

Here, we consider the inverse problem in which the coefficient D = D(u) is to be
identified from the measured output data. There are a variety of output measurements that are
experimentally feasible in any given physical setting; we are going to base our identification
on one or the other of the following observations at the boundary:

8(t) = =D u(0,1))3,u(0, 1) or h(t) = u(l,1) 0<t<T.

If we denote the class of uniformly positive, Lipschitz coefficients D satisfying (2.3) by

W (J), then for a fixed f satisfying (2.2), we can define mappings

®and W: W(J) — L*[0, T],

®[f, D] =g,

V[f, D] = h,
which assign to a coefficient D from W (J), the flux data, g, or the function value data, &,
obtained by solving the direct problem (2.1) with inputs f and D. Then solving the inverse

problem will amount to inverting these mappings.
We begin with a result about the IBVP (2.1).

(2.3)

Lemma 2.1. Suppose f and D satisfy (2.2) and (2.3) and let u = u(x,t) denote the
corresponding solution of (2.1). Then

(a) foreacht € (0,T), f(0O) <u(x,t) < f(),0<x <1,
(b) oyu(x,t) <0a.e.on Q7.

Proof. It follows from (2.1) that,
Lf () —ulx, )] = 9 [B(f (1)) — Bu(x, )] = f'(1) on OQOr,
fO0) —u(x,00=0 0<x <1,
f@®) —u,1)=0 0<t<T,
olf@)—u(l,t)] =0 0<t<T.

Then we multiply the equation by an arbitrary test function, v (x, t), and integrate by
parts,

1
—/ 1 000+ (B~ B d s +/0 (f —wyli=] dx
T
- /0 (Y3 (B(f) — Bw) — (B(f) — Bu)d,yIi=h dr

= / @)y dx dr.
Or
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Note that

B(f(1)) — Bu(x, 1)) = k(x, )(f —u),
where we define k(x, r) = D(u(x,t)) for u(x, t) between f(¢) and u(x, t).
Next we require ¥ (x, ) to solve the adjoint problem,
O (x, 1) +k(x, 1)0 Y (x, 1) = F(x, 1) in  QOr,
Y(x,T)=0 O0<x<1,

¥v(0,1) =0 oY(l,t)=0 0<t<T,
for a smooth function, F(x, 7). Then the integral expression above reduces to
—/ (f —u)F(x,t)dxdr = // @)y (x,t)dxdr. 2.4)
Or T

The smoothness of k(x, ¢) and F(x, t) implies that the strong maximum principle can be
applied to the adjoint problem to conclude that if the function F (x, t) is positive in Qr, then
¥(x,t) <0in Q7. Since f satisfies (2.2), it follows that for every function F(x, ¢), which is
positive in Qr, the right side of (2.4) is negative, which is to say, for every F'(x, t), smooth
and positive in Q7,

/ (f —u)F(x,t)dxdt > 0.
Or

But this is just the assertion that f(#) — u(x, ) is positive in the sense of distributions on
Q7. Given the smoothness of the solution u(x, ¢) thismeans f (¢) > u(x, t) almost everywhere
on Q7. Applying the same reasoning to u(x, t) — f(0), we arrive at the expression

T
—// (u(x,r)—f(O»F(x,r)dxdr=/ BOS ()3 (0, 1) dr.
Or 0

where we again use that ¥ (x, t) < 0in Q7 if the function F (x, t) is positive in Q7. Now this
fact, together with the adjoint boundary conditions, implies that 0,1 (0, ) < 0,for0 <t < T.
Then the conclusion follows as before. This completes the proof of (a).

To prove (b), multiply both sides of (2.1) by d,¢ (x, t) for an arbitrary test function ¢ (x, )
and use integration by parts to arrive at

T
0:/[ 8xu[8,¢+D(u)3xx¢]dxdt+/ ¢8,u|§z(1)dt
, 0

1 T
—/ ¢d u|' =) dx —/ 3,3, B(u)|*=) dt.
0 0
Now require that ¢ (x, t) satisfies the adjoint problem
0P (x, 1) + D(u(x,1))0:xp(x,1) = F(x,1) in Qr,
¢(x,T)=0 0<x <,
x9(0,2) =0 ¢(l,1)=0 0<t<T.

Then the preceding integral expression reduces to

T
// Bxu(x,t)F(x,t)dxdtzf ¢ (0,1) f' (1) de.
T 0

The maximum principle can be applied to the adjoint problem to conclude that ¢ (x, ) < 0
in Qr if the continuous function F(x, t) is positive in Q. In particular, ¢(0,7) < O for
0 <t < T and since f satisfies (2.2), it follows that for every function F(x,t) which is
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positive in Q7 the right side of the expression is negative. Then it follows as in the proof of
part (a) that 9,u(x, ) < 0 almost everywhere in Q7. O

The results of this lemma are crucial to the proof of

Lemma 2.2. Suppose f satisfies (2.2) and Dy, D, both satisfy (2.3). Then if D1(u) > D, (u)
foru e J =1[f(0), f(T)]itfollows that

(a) ®[f, D11(t) > @[f, D2](2) 0<r<T,
(b) W[f, Di](t) < W[f, D2](r) 0<r<T.

Proof. For w € J, let B}(w) = Dj(w), j = 1,2, and let uy, u> denote the solutions for the
direct problem with coefficients D;, D,, respectively. Then

0 (1 — uz) — 0y (B1(uy) — Bi(uz)) = 0 (B (u2) — Ba(u2)),

and, for an arbitrary test function ¢ = ¢ (x, t), and arbitrary 7,0 < v < T,
T 1
/ / [0; (1 — uz) — 0xx (B1(u1) — B1(u2))] ¢ dx dt
o Jo

T 1
= / f ¢axx(B1 (Ltz) - Bz(l/lz)) dx dr.
0 0

Apply integration by parts on the left side of this equation,
T 1
/ / [0 (1 — u2) — 0ux (B1(u1) — Bi(u2))] ¢ dx dt
o Jo
T 1 1
== [ [ @~ @+ Diucr. g arar s [ - gl
0o Jo 0
T
—f [¢0x (By (u1) — Bi(u2)) — 9, (By (uy) — By (u2))1}=5 dt,
0
and on the right side as well,

T 1 T
/O /O (02 (B1 (1) — Boun))) dx dr = /0 (60, (By (u2) — Ba(ua)) =) dl

T 1
—/ / (D1 (u2) — D2(u2))0,p0yus dx dt,
o Jo
where for all (x,t) € O, u(x, t) lies between u; (x, t) and u,(x, t) such that for (x, ) € Q.

By(ui(x, 1)) = Bi(ua(x, 1)) = Di(u(x, D)[ur(x, 1) — uz(x, 1)].

Then we obtain the following integral expression
T 1 1
[ [ - w0+ D moravar+ [ - ulax
0o Jo 0
—/ [¢3 (B1(u1) — Ba(uz)) — 3, (B (u1) — By(u2))1XZy dt
0

T 1
= —/ / (D1 (u2) — Da(u2))0x$p0xus dx dt.
o Jo
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The boundary and initial conditions of the direct problem cause this expression to reduce
to

T 1 1
—/ /(u1—uz){3t¢+Dl(u(x,t))aquﬁ}dde/ (1 —uz)(x, 7)p(x, v)dx
0 0 0
+/ ¢(09t)ax(Bl(ul)_B2(”2))dt_/ (1, )[By1(u1) — Bi(uz)]dt
0 0

T 1
= —/ / (D1(u2) — D3(u2))0,¢dyus dx dt. (2.5)
0 Jo
Now require the arbitrary function ¢ (x, ) to solve the so-called g-adjoint problem,
9 ¢ + Di(p(x,1))0xp =0 in Q-

¢(x,t) =0 0<x<l,

(2.6)
#(0,1) =0(1) 0<t<r,
0;¢(1,t) =0 O<t<r,

where 0(¢t) = F(t — t) and F is any function satisfying (2.2). Then (2.5) reduces to

T T 1
/O 6(0)lg1(1) — g2(0)]dr = /0 fo (D1 (u3) — Da(u2))d:ddsuz dx di. (2.7)

An argument similar to that used in the proof of the previous lemma, applied to (2.6),
shows that the assumption on the adjoint input, 6, implies d,¢(x,#) < 0 on Q.. Since
dyuy < 0on Q7 and Dy (uy) > D,(uy) it follows that the right side of the last expression is
positive. Since (2.7) holds for all 6(t) = F(t — t), such that F' satisfies (2.2), it follows that

g1(t) —g() >0 for 0<t<T,
ie.,
g1(t) = ®[f, D11(t) > @[ f, D2](1) = g2(1).

To see that this is true, note first that if D;(u) > D,(u) for u € J, then existence of an
interval (0, #;) with g,(f) < g2(¢) for 0 < t < ¢ is precluded by (2.7) simply by choosing
T = f;. Suppose then that there exists , > f; > 0 such that g;(¢) > g>(¢) for 0 < ¢t < f; and
g1(t) < g2(t) fort; < t < 1. Then choosing T = #, in (2.7) implies that for any admissible
0(1),

15} 153 1
f O()[g1(t) — g2(1)]dt =/ / (D1 (u2) — Dy (2)) 9 pxur dx dt
I 1 0

1 1 4]
+f (D1 (u2) — Dy (u2))0x$pdyur dx dr — / 0()[g1 (1) — g2(1)]dr.
0 0 0

By applying equality (2.7) with T = 71, the last two terms of the previous equation vanish.
By assumption, the right side of the resulting expression is strictly positive, while a suitable
choice of 6(¢) makes the left side non-negative. This contradicts (2.7).
Suppose now that we choose ¢ in (2.5) to solve a problem different from (2.6). This
problem will be called the A-adjoint problem,
0 + Di(p(x,1))0xp =0 in Q-
¢(x,t) =0 0<x<l,
¢0,1) =0 O<t<rt

D(u(1,1)d,:0(1,1) = B(1) 0<t<rt.

(2.8)
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Here, choose () = F(t —t) where F is any function satisfying (2.2). Then (2.5) reduces
to

T T 1
/ D(u(L, )0 (1, 1) (ur (1, 1) — ur(1, 1)) dt =/ / (D1 (u2) — D> (u2))9xpdyus dx dt
0 0 Jo

or

T T 1
/0 ﬁ(t)[hl(t)—hz(t)]dt=/0 /0(DI(MZ)_D2(u2))ax¢8xu2dth- (2.9)

In this case, the hypotheses on B(¢) imply that 9,¢ (x,7) > 0 on Q, and since d,u, < 0
and D (u;) > D»(uy) Yu, € J, it follows that the right side of (2.9) is negative. Since this
holds with B(¢t) = F(r — ¢t) for any F satisfying (2.2), it follows that

W[ f, Di1(t) = ui(1,1) < us(1, 1) = W[ £, D,](¢) for 0<t<T.

Finishing the argument as in the previous case, we see that this holds for < 7. ]

The conclusions of lemma 2.2 assert that input-to-output mappings ¢ and WV are monotone
mappings. More precisely, the mapping @ is isofone while the mapping W is an antitone

mapping.

Now suppose Di(u;) and D,(u;) are any two coefficients, both satisfying (2.3). Let
uy(x, 1), uy(x, t) denote the solutions of (2.1) when the coefficient is, respectively, D («) and
D> (u),and fori = 1, 2, let

gi(t) = @[f, Di] and
hi(t) = V[ f, Di] 0<t<T.
Now choose the data in the adjoint problems (2.6) and (2.8) as
81(1) — &(1)

0, 1)=0(t) = —————,
llgr — g21llz2p0,7

in (2.6)

and

h —h
Dy(u(l, )iy (1,1 = Bty = -0 = MO o g,
1 — ol o]

It follows at once from (2.7) that

T 1
g1 — 2llzor < ‘ / f (D1 (2) — Da(2))d42dp dx di
0 0
< C|Dy — Dzl sos

and from (2.9) that

T 1
1 = hall 20, < ‘/ / (D1 (u2) — Dy(u2))0xuzd, v dx dt
o Jo
< CID; — Dl

Evidently, this is just the assertion that ® and W are continuous as a function of D from
W (J) into L?[0, T]; i.e.,
g1 — &2llz20,71 = 1O (f, D1) — ®(f, Do) llz2j0,71 < CllD1 — Dsll o,
I~y = hallL2j0.7y = IV (f, D1) = W(f, D) ll2j0.71 < ClID1 — Dales.
Having shown that ® and W are continuous and strictly monotone, one is encouraged

to believe that this inverse problem is not so badly ill-posed and that ® and ¥ might be
continuously invertible. Such a strong result seems to be unlikely without a simple ordering
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on the domain and range of these maps but it is at least true that the input/output maps ¢ and
W are injective as the following lemma shows.

Lemma 2.3. For afixedfsatisfying (2.2 ) and coefficients Dy, D, € W (J) let g;.(t) = D[ f, Di]
and hy(t) = V[ f, Dt], fork =1, 2.
Then

(a) ®[f, D] =P[f, D2],0<t < T implies Di(u) = Dy(u) for wuelJ.
BDYVY[f,Di]=V[f,D:],0<t<T implies D(u) = Dr(u) for wue€J.

Proof. Suppose first that D;(f(0)) = D,(f(0)). Now, since D; and D, both satisfy (2.3),
their difference satisfies (2.3) and if these functions are not identical on J then there exists a
positive time #;,0 < #; < T, where the difference, D;(f(¢)) — D>(f(¢)) is of one sign on
[0, #;]. Thenlemma 2.1(a) implies Dy (uz(x, 1)) — Dy (ua(x, t)) is of one sign on (0, 1) x (0, #;).
Using the identity (2.7), we have

t 1 41
/ / (D1 (ua(x, 1)) — Da(ua(x, 1)))0yu20,¢ dx dr = / (81(1) — &2(1))0 (1) dz,
0 0 0

where ¢ solves (2.6) with T = ;. Then the hypotheses imply that the right side of this equation
vanishes, i.e.,

N 1
/ / (D1 (t2) — Da(u2))dsuzdep dx di =0,
0 0

and this holds independently of the data 6(¢) chosen as input to the adjoint problem. It is
clearly possible to choose 6(¢) so that d,¢p < 0 on (0, 1) x (0, #;) and in view of lemma (b)
it is also the case that 9,1, < 0 on (0, 1) x (0, #;). Then the vanishing integral above has
an integrand which is of one sign over the domain of integration and vanishes on no positive
measure subset of the domain. This contradiction is in opposition to the assumption that D,
and D, are not identical.

If we suppose Di(f(0)) # D,(f(0)) then it follows that either there is a smallest time
11,0 < t; < T, where the difference D{(f(t)) — D,(f(¢)) is zero, or else t; = T and the
difference is of one sign on [0, T']. In either case, it is evident that D;(f(¢)) — Da(f(¢)) is
of one sign on [0,7],0 < #; < T, and the argument can be completed as before. A similar
argument, using the identity in (2.9), establishes conclusion (b). (|

Formally, we can write

(BLf, D11 — BLf, D21, 6)12 £ 3Dy, DIAD, 0),.2
= (AD,"§®[Dy, D210)wyxw):-
In view of (2.7),

T
(®Lf, D1] = @[f, D»]. )2 = /0 (81(1) — g2(0))0 (1) dr

T 1
_ / f (D1 (2) — Da(2)) 23, dx dr,
0 0
= (AD,'8®[Dy, D210)wxw)-
Similarly,

(WIf, Dy] = WIf, Do), B)r> = (SW[Dy, D,]AD, B) 1
= (AD,"8V[Dy, D21BYwnxwy
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and, referring to (2.9),
T
(WLf, D1l = YL f, D2], B) 12 = ; (h1 () — ha())B (1) dt

T 1
_ f (D1 (3) — Dau2))suzds dx di
0 0

= (AD,'8W[D1, D2]B)wyxw)--

Evidently, (2.7), (2.9) provide realizations for ‘§®[D,, D,] and ‘§W[Dy, D;], the
Gateaux derivatives with respect to D of the mappings ® and W. It will be shown in the
next section that ‘§®[ Dy, D,] and '§W[D,, D,] are invertible in an approximate sense. More
precisely we will devise a restriction of the coefficient to data maps that induces a mapping from
R into R. The restriction inherits the strict monotonicity and continuity from the coefficient
to data map hence the restriction defines a homeomorphism from its domain onto its range.
Inversion of this mapping leads to an approximate inverse for the coefficient to data map.

3. The approximate solution of the inverse problem

We consider the inverse problem in which the coefficient D = D(u) is to be identified from
data which are assumed to be recorded at fixed nodes 0 =ty < t; < --- < ty = T in the
interval [0, T]:

ft) = pk
gt) = —D(up)oxu1 (0, 1) = yi k=0,1,...,N.
We are also interested in the identification of D = D(u) based on the alternative data,

ft) =
hty) = ui (1, tx) = i k=0,1,...,N.

data(f, g) {

data( f, h) {

More precisely, we are going use one or the other of these data sets to construct a polygonal
(i.e., piecewise linear and continuous) approximation to the unknown coefficient D(u). The
data set, fy = f(#%),k = 0,1,..., N, is assumed to be given at fixed nodes which define
a partition, 0 = 1y < t; < --- < ty = T, of the interval / = [0, T]. This partition of
I will be called the ‘inner mesh’. We then define an associated (but coarser) partition of
J = [f(0), f(T)], the domain of the coefficient D. This partition will be called the ‘outer
mesh’ and is given by f(0) = o < 1 < -+ < uy = f(T),1i.e., no = fo,and uy = fy
and foreach j =1,..., M < N, we have u; = f; for some k > j.

Itis necessary for the outer mesh to be coarser than the inner mesh since on each subinterval
in the outer mesh, we will need to compute interior values of the solution u (x, ), for the direct
problem in order to be able to evaluate the integrals which appear in the identities used in the
identification. Between two outer mesh knots w; = f(#) and 41, several inner mesh knots
must occur and this fact prevents the outer mesh from being made arbitrarily fine in order to
improve the accuracy of the identification.

We can now consider a family of polygonal functions, D, associated with the partition of J.
Each member of the family is characterized by its values at the nodes u, i.e. ford; = i)(uk).
More precisely, we define

M
D) =) [de1px1) + didi ()] 3.1
k=1
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where

Mi+1 — U .
— if Mk S U S ke

px(u) = § i1 — Mk = * 1<k<M—1,
0 otherwise
U — Ur—1 .
— if Me—1 S U < [k

Ak(u) = Mk — Mk—1 1<k< M.
0 otherwise

Equivalently, we could write for 1 < k < M,
D(u) = di_1pe—r () + dihe(u) — for ey <u < pu (32)

We will introduce the following notation:

° D(u) = Pyldo, d, ..., dy] denotes the polygonal coefficient given by (3.1) based on
nodal values [dy, dy, ..., dy].

e u(x,t; D, f) denotes the solution of the direct problem (2.1) with coefficient D and
data, f.

e ¢(x,t, D, 0) denotes the solution of the adjoint problem (2.6) with coefficient D(x, ) &

D(u(x,t)) and data, 6(¢). ot
e Y (x,t, D, B) denotes the solution of the adjoint problem (2.8) with coefficient D (x, t) =
D(u(x, t)) and data, B(t).

For a given f(¢) satisfying (2.2), an unknown coefficient D = D(u) satisfying (2.3)
and measured flux data g(t) = ®[f, D], we assume there is a fixed outer partition,
N={0=py < pu <---<uy = f(T)}of J. Then we will define a polygonal coefficient
approximation to D by the following recursive algorithm based on ( f, g) — data, { f(¢), g(t)}:

e d is assumed to be given
e fork =1,2,...,d, is determined from dy, dy, ..., dx_1 by
Tk Tk
® (dy — dy—1) A (u2)dxuzdxp dx dr = — (8(r) — g2(1))0 (1) dt, (3.3)

Ti— T—1
where
Di(u) = Pyldo, dy, ..., di1, di],
Dy(u) = Pyldo, di, ..., di—1, dr-1],
ur(x,t) =u(x,t; Dy, ),
82(t) = —Da(f(1))0,u2(0, 1) 0<x<1,0<t< Ty,
o(x,t) =¢(x,t; Dy, f(T —1)) for 0<x<1,0<r<T;.

The approximation of D(u) based on (f, h) — data, { f(¢), h(¢)}, is analogous. We can
show then

Lemma 3.1. For f(t) satisfying (2.2), for coefficient D satisfying (2.3) and for a fixed
partition, T1 =0 =g < pu; < --- < uy = f(T) of J, let the nodal values [dy, dy, . .., dy]
be determined by the algorithm (3.3). Then fork =1,2,..., M,

|D (i) — die] < Clisk — pri—1]- (3.4
Proof. We are going to assume that the initial nodal value, D(19) = D(f(0)) = dy, is known

and that the remaining values dy, . . ., dy; are determined by the algorithm (3.3). Consider first
the value d;. If we apply the identity (2.7) with T = T}, and,
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1

Figure 1. Isocurves.

e on J; = [po, 1], Di(u) = Pyldo, di], and Dy (u) = Pyldo, dol,
eon Q;=(0,1) x (0, T)ui(x, 1) = u(x,t; Dy, f),and us(x, 1) = u(x, t; Dy, f),

then we have
T

T, 1
f / (D1 2) = D)) s e = [ (500) = g20)0(0) .
0 0 )

Here g(¢) is the measured flux data and g, (#) is the output generated by solving (2.1) with
the coefficient D(u) = D,(u), i.e., go = ®[f, D;]. The functions 6(¢) and ¢ (x, t) denote the
data and solution respectively for the g-adjoint problem. Since the function f(¢) in the direct
problem satisfies (2.2), it follows from lemma 2.1(a) that u, satisfies

fO) =po <uz(x,t) <y = f(Th) for (x,t) € (0,1) x (0, Ty).

Then according to (3.2) foru € J; = po < u < Uy,

Dy (u) = dopo(u) +diri (u), Do (u) = dopo(u) + dohi () = dy,
and so
Dy(uz) — Da(uz) = (di — do)r1(u2).

Note that for each nodal value, ui, 0 < k < M, we have uy(x(¢), 1) = i along some
curve x = x; (1), with x;(0) = g and x(tx) = 1 for some 7z > 7,y > --- > 11 > O.
Examples of such curves are shown in figure 1.

Then we have u,(x(t), 1) = po along a curve x = xo(¢), with xo(0) = 0 and xo(7;) = 1
for some t; > 0. We suppose further that 7} is sufficiently small that 0 < xo(77) < 1. Then

o — uz(x, 1)

Auz(x, 1)) = Mo — M1
0 if x>x(),0<r<T

if 0<x<x(),0<r<T

and the integral identity reduces to,
T,

T xo(t)
(d, — do) / / I dndpdedi = [ (g() — g2(e)0() dr,
0 0 0
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ie.,
T (g(t) — g2(1)0 (1) dr
oTl foxom A1 (u2)0 U0 dx dt )

This equation defines the first unknown nodal value d;. Now we will establish the
relationship between d; and D (). It follows from (2.7) that

d1:d0+

Ty

T pxo()
/ / (D(u2) — Da(u2))0xu20,¢p dx dr = (g(1) — g2(1)0 (1) dr
0 0 0

Ti  pxo(t)
= (d, — do)/ / A1 (u2)05u20,¢ dx dr.
o Jo

Let Dy (1) denote the polygonal coefficient on the partition IT which satisfies Dy () =
D(uy) for all k. Note that this coefficient does not, in general, generate the given measured
data, g(t), and is not then the polygonal coefficient with nodal values {d;} generated by the
algorithm. However, these coefficients are related as follows:

Ty pxo(t)
/ / (D(uz) — Da(u2))d 423 b
0 0
T, xo(t) R
_ / / (D) — Dy (2)) 1420, dx di
0 0
T, xo(1) R
" f / (Das(42) — Da(u2))dsu20,p dx di
0 0
Ty xo(t) R
- / / (D) — Dy (2))d420,b dx dit
0 0

Ti pxo(t)
+(D(wr) — do)/ / A1(u2)0xu20,¢ dx dt,
0 0

and by combining these two expressions it follows that

Ty xo(t)
(d\ — D) / / Mt (1) 420 b dx di
0 0

Ty pxo(t) .
= / / (D(uz) — Dy (u2))9xuz0,¢ dx dt
0 0

Ty pxo(t)
/ / OyU0,¢pdx de|.
0 0

max| D — Dyl = |D(us) — Dar ()| for some  ji. € Ji.
1

< max|D — Dy|
1

Now

But
1D(is) = Dar ()] < 1D(ws) — D(o)| + [ D(1t0) — Diyg (1)
< Klps — pol + 1Dar (o) — Dag (1)1
In addition,
D (10) — D ()| < Kt — paol,

and

|D () — Dar (1| < 2K |t — ol
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Then
|f0Tl foxo(t) 9,129, ¢ dx dt|
|f0T1f0xo(l) A1 (U2) D129 dx dt |

Since it is clear that for some A7,0 < A} < 1,

Ty pxo(t) Ti pxo(t)
f / M (u2)0yurd ¢ dx dt = )LT/ / 0,u»0,¢ dx dt
o Jo 0o Jo

|di — D(u1)] < 2K [pts — ol

we find
Ty pxo(r)
< ’fo Jo 3xbt23x¢dxdt| _ 1
T ) st p dx di] A

< Q.

Then
2K
|di — D(up)| < o [y — ol < Cilpr — pol -
1
This is the result (3.4) for k = 1.
In determining the succeeding values di, we assume dy, dy, ..., dy—; are known and
we let
o on [uo, k], D1(u) = Pyldo, di, ..., di1,d] and Dy(u) = Pyldo, di, ..., di,
di—1],
e on Q= (0,1) x (0, T), uy(x,t) = ulx, t; Dy, f) and us(x, t) = u(x, t; Dy, f).
Then D;(u) and D,(u) are identical on [u, pr—1] and only differ on J; = [i—1, tr]
where we have
Dy(u) = dy—1px—1(u) + diri (1) for wr—1 <u
D>(u) = di—1px—1 () + dj—1 A1 (u) = dy_y for pp_1 <u

ko

IN N

7
M-
Then

T pl
/ / (D1(u2) — Da(u2))0xuz0,¢ dx dt = /
o Jo T

k—1

T ol
/ (D1 (u2) — Da(u2))0,ur0, ¢ dx dt
0

Ti Xp—1(1)
= (dy — dy—1) / Ak (u2)05u20,¢p dx dr.
Ti_y JO
and we have
Te  pxx—1(0) Ty
(dr — di—1) [0 A(u2)0xuz0xp dx dt = (g(1) — g2(1)0(2) dt,
Ti—1 Ti—-1

as prescribed by (3.3). Now we proceed as in the first part of the proof to show that

ldx — D(up)| < Clpg — i1l
The proof of the analogous result based on the data { f (), h(#;)} proceeds similarly.
O

For dj fixed and d; > 0, let Py(dy)(u) = dopo(u) + diA1(u) for u € J;. Then P; is a
mapping from [0, oo] into a one-dimensional subspace of W (J;). It follows from (3.3) in the
case k = 1 that

(AD(u2),"8@[Pi(d1), Pi(do)1(®)) = ((di — do)r1(u2), 8P [P1(d1), P1(do)1(6))

Ti pxo(t)
=(d, — do)/ / A (u2) 020, dx dt.
o Jo
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This means that the double integral in the expression above is a representation for the
derivative with respect to the parameter d, of the coefficient-to-data mapping, P, restricted
to the one-dimensional subspace of W(J;). Since the double integral can be shown to be
nonzero, it follows that the restricted input/output mapping is locally approximately invertible.
Lemma 3.1 asserts that, if we are given the data, { f (#;), g(#)} or { f (), h(#;)}, then we can
compute the nodal values {d;} which reproduce the measured data in the sense of (3.3) and
that these nodal values approach the nodal values of the ‘true coefficient” D(u ), as the mesh
size of the outer mesh decreases. However, this conclusion ignores certain difficulties:

e it is not possible to know the coefficient D;(u(x, t)) in the adjoint problems since D is
the coefficient we wish to identify and p is an indeterminate point between u; and u5.
This means we can only approximate the solution to the adjoint problem and this will
have an influence on the conclusions of lemma 3.1.

e the integrals in the identity can only be approximated by numerical integrations for which
only a limited degree of refinement is possible. This may further interfere with the
agreement between dj and D(uy).

We will consider both of these effects, starting with the effect of the approximate adjoint
solution.

Note first, that the algorithm (3.3) asserts that in determining the nodal value uy, it is
necessary to solve the adjoint problem only on the strip Sy = {(0, 1) X (Tj—1, Tx)}. Let <13(x, t)
denote the adjoint solution we compute using a convenient approximation for the unknown
coefficient D (u(x, t)) on this strip. For example, suppose the coefficient in the g-adjoint
problem is chosen to have the known constant value, di_1, i.e.,

Di(u(x, 1)) = di—1, w(x, 1) € Jp = [fr—1, mxl-

Then if we replace ¢ in (3.3) by ¢(x, ), we can denote the resulting computed nodal
value by dy. Note that with this choice for the coefficient, there is now no difficulty in solvmg
the adjoint problem (2.6) for ¢ on the strip, (0, 1) x [T;_, T] and proceeding to compute d
using (3.3). It remains to be seen how the values d; compare to the values di. We begin with
a lemma.

Lemma 3.2. Let f(t) satisfy (2.2), let coefficient D satisfy (2.3) and let T1 denote a fixed
partition, I1 = {ux = f(Ty) : k =0,1,..., M} of J. For k between 1 and M consider the
following adjoint problem,

at¢(-xst)+caxx¢(-xat)=0 ESka

¢(x,Ty) =0 x € (0,1),
$0,1) = f(Tx — 1) t € (Ti1, Ty,
0:p(1,1) =0 t € (Tr—1, Tp).

Suppose {¢;, c;i}, i = 1,2 denote two solutions to the adjoint problem corresponding to
distinct choices of the coefficient c. In particular, suppose ¢1 = ¢ (x, t, c1, ) for the constant
c1 = dr_1, while ¢ = ¢(x,t,ca,0) corresponding to the choice, cy(x,t) = D(u(x,1)),
where (x, t) denotes a function that is continuous on the strip Sy = (0, 1) x (Ty—1, Ty) with
values in Jiy = [k—1, ). Then

105 (b1 — P 25y < Clisx — pr—1l-
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Proof. Begin by noting that A¢ = ¢ — ¢, satisfies

8I(A¢) + Claxx(A¢) = (62 - Cl)axx¢2 ()C, t) € S,

Ap(x,T) =0 x € (0,1),
Ap(0,1) =0 € (Ty—1, Tx),
0 (Ag)(1,1) =0 t € Ty, Ty),

and if ¢ denotes an arbitrary test function, then

/ / (3, (A®) + 10, (A)}D,r dx di = / (= Ach )i de dr.
Sk

Sk

Integration by parts yields

1 I
/f 0; (A¢@) 0y dx dr =// dy (A¢)o,yr dx dt +/ A¢3x1/f|izgdx —/ A¢8xl/f|;z(1) dz,
Sk Sk 0 T

k—1

k—1

and
Tk
f f 0.r (AG)I Y dx di = — / / 0 (AB)dre s dx di + f 0.(AB)A W [F=h di.
Sk Sk T,
SO

1
// 0 (AP0, — c10xx W] dx dt +/ A¢8X¢|;j271 dx
Sk 0

Tr Ty
_ / Agdw F=ldr + ¢, f 0. (A@)DYILh dr
T;

k=1 T

_ / (= Acd o) 4 dx dr.
Sk

Now choose the test function y to satisfy

W — c10xy = 0:(AQ) (x,1) € S,

Yx, Tr1) =0 x € (0, 1),
Y (0,1) =0 t € (Ti—1, Tp),
W(],Z‘)ZO 1 e (Tk_l,Tk).

Then the previous integral identity reduces to

/ / [0 (AG) dx dr = / / (ca — €1)drbpdofr dx dr.
Sk Sk

Now, ¥ is the solution to a linear problem with constant coefficients so it can be expressed
in terms of a Green’s function, I'(x, t),

t 1
w(x,o:/ / Flx— v, 1 — (AP (. 1) dydr, (x. 1) € i,
Ti—1 YO
and

t 1
3x¢(x,t)=/ / O (x =y, 1 = 1)3:(Ad)(y, 7) dydr.
Ti—1 JO
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Then for all (x, t) € Sy,

05 (x, )] < /T /I8 Fx =y, 1 =1)3:(Ad)(y, 7)|dydr

Ty 172
(/ /|a T(x —y, 1 — 1) dydr)
Ty—
1/2
</T /Ia (AP)(y, T)I dydt)

max, [0: ¥ (x, )] < Cl0x(AD) | 12(s,)-

(x,t
Then it follows that

/ / [0 (A®) dx dr = ‘ f / (c2 — c1)unad s dx di
Sk Sk

< msaxlAc(x,t)| |8xx¢28xw|dth
k Sk

< max|Ac(x, D [[dexp2llr19:V lloo
k

and

and
10x (AP) I L2(s,) < CmSaXIAC(x, Dl
k

Also
mSaXIAC(x, nl = mSaXIdk—l — D(u(x, 1))]
k k

S ldi—1 = D (- + max| D(pi—1) — D(p(x, 1))

< 2K|pg — pg—1l.
Then, it follows that,

10 (APl 2(s) < Clitk — =1l U

Now we will use this estimate in considering the effect of using the approximate adjoint
solution in the determination of the first nodal value, d;. It follows from (3.3) that the difference
between the value, d;, computed using the correct but unknown adjoint solution and the value,
d,, computed using an incorrect but computable adjoint solution is given by,

0 (@) —@@md [ (g0 = &)@ dr
S ) deuadeddxdr [ [0 A (1) B2 dx dr
_(g—8.0) (g—8.0)
11($) 11(¢)

1 1
== — ’0 —_— —
¢-& ){H«p) 11<¢>>}

11(¢) — 11()
11($) '

di—d =

di —dy = (d, —do){
Here

R T Xo(t) R
1) = / / 31 (U2 DuttD, dx dir.
0 0
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We wish to show that as the outer mesh is refined, the discrepancy 71(¢p) — 11 (¢3) that
is due to solving the adjoint problem with the wrong coefficient decreases to zero. On the
other hand, 11 (¢) also decreases towards zero as the mesh is refined. To see whether 117 (¢)
decreases more or less rapidly than 77(¢) — I'1 (¢3), it is necessary to examine the asymptotic
behaviour of 17 (43). We assume that x(77) < 1 since if this is not the case, we can always
refine the outer partition to shrink the width of the strip S} so as to make it true. Then the domain
of integration for I1(¢) is the approximately triangular region {0 < x < x(1),0 < 1 < T}}.
An exact analysis of the asymptotic rate of convergence of I1(¢) as T; tends to zero is
difficult, but if we assume that f () = Ar for a positive constant A, then it is possible to
solve explicitly for u,(x, ) and d;(x, t). Using arguments such as in [1], one finds that
g) = —=D(u,(0,1))0,u, (0, t) and g5(t) = —dyd,u>(0, t) behave asymptotically like /7.

This leads to

T, T
|60 60 dr = | (¢(0) — g2 AT - D dr ~ CT?. (35

A similar crude estimate for Bxuzaxé on0 < x < 1,0 <t < T, is the following:

detrdy P (x, 1) = Vtm(x)y/ Ty — tm(x),

where m(x) denotes a decreasing function with m(0) = 1 and m (1) = 0. In addition, for T}
small, one can suppose xo(f) = at for a positive constant a, and this leads to

R Ti pxo(t) .
11 (¢) = / / A (u2)0 U206 dx dt
0 0

Ty pat
<[ D oo T i g
0o Jo !

A

ie.
11($) ~ CT". (3.6)
Since this estimate (3.6) is rather rough, the quantity /1 (¢) was computed numerically
for a sequence of values for 7 decreasing to zero. The result of this numerical asymptotic

estimate supported the estimate (3.6) which asserts that 11 (¢) decreases like the % power of
T as T tends to zero.

Now
. 11(¢) — 11($)
—di = (d; — A
dy 1 = (d, do){ 119 }
and
. T Xo () R
[1I(¢) — 11(p)| = / / A1(u2)0xu2[0, ¢ — 3yl dx dt
o Jo
< CT)0x(AP) 225y < C(TD) 1 — pol-
Also,
|di — dol = |D (1) — D(o)| < K1 — pol,
and hence
- @) - 1@ _KCT),
|dy — di| < |di — do| 119) ‘S ) [e1 — ol
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Then for 7 sufficiently small,

. KC(T))
ldi —dil < — 55l — ol?
CT,

Kf (1) _
< %TI 12 for some 7 > 0.
In general, we have

Lemma 3.3. For f(t) = At,A > 0, for coefficient D satisfying (2.3) and for a fixed
partition, T1 = {up = AT :k=0,1,..., M} of J, fix k between 1 and M. Let (2) =
¢(x,t,di, A(Ty — t)) and ¢ = ¢(x,t,c, A(Ty — t)) corresponding to the coefficients,
di_1 and c(x,t) = D(u(x, 1)), respectively. Finally, let dy and d, denote the nodal values
determined from (3.3) using the values [dy, d, . .., dr_1] and the adjoint solutions ¢3 and ¢,
respectively. Then

R K Kf'(r)? _
di — di| < —— I — 1> < o 1T = Tl 12,

11(¢)

This lemma implies that the error introduced into the identification by solving the adjoint
problem with an approximate coefficient has an increasing effect as the outer mesh is refined.
As the mesh is refined, the discrepancy 11 (¢) — 11 (¢) does tend to zero like the square of
the mesh size. However, as the mesh size tends to zero, we find also that 7/ (¢3), which can
be viewed as an approximation to the Gateaux derivative of the mapping ® restricted to a
one-dimensional subspace of W (J;), tends to zero even faster, (like the % power of the mesh
size). It is likely that the means of approximating the adjoint solution could be improved so
that 71 (¢p) — I1(¢) would approach zero sufficiently rapidly that |di — di| would tend to zero
as the mesh size goes to zero. However, the next result will show that such an improvement
does not improve the convergence of the approximate solution.

We wish finally to consider the effect of numerical integration errors on the calculation
of dy. We begin by considering k = 1. We have

T
. (g(t) — g2(1)0(1) dr 1(g — 82)
dy=dy+ 2= e —dr 22
0 fO M (12)0xupr 0 dx dt 11(¢)
and
N I*(g —
@ = dy + (g — &)

117(¢)
where I*(g — g») and I1*(¢) denote, respectively, the computed results using the inner mesh
to numerically approximate the corresponding exact single and double integrals. Then,
I"(g —8) —1(g —g)+1(g — &)
11%() — 11() + 11($)
LHg—g)l+e
11($) l+e

dATZd()+

where
I—1T*
1

11 —1rI*
|

slz' and 822‘

Now
1+81

X 1l+e +ée,
1+e&
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SO
A I(g — 1+¢ I(g —
& = do + (g Agz) U ado+ (g Agz)(1+81+82)7

11(¢) l+e& 11(¢)

and
5o 1(g —8) 5
di —df| < | —=—Z (g1 + &) = |d| — do|(e] + &2).
ldy — di] ‘”(¢>) (&1 +&2) = |dy — dol(e1 +&2)

The numerical integration errors are estimated by terms of the form

|I — I*| < C(A1)? for At = inner mesh size,

and

[T — I11*| < C(AxAt) = C(Ar)%.

Use of higher order integration schemes is limited by the fact that reducing the mesh size
of the outer or J-mesh in order to achieve identification accuracy absorbs /-mesh node points
into the J-mesh leaving only enough points in the inner mesh to perform low-order numerical
integrations.

It follows from (3.5) and (3.6) that

T
I=| (gt) — g2)AT — 1) dr = T,

0
Ty pxo(t) 5/
11=f / A (u2)Byutrd,p dx dr = T;/%,
0 0

Then, since T} = kAt, we find

More generally, we have

Lemma 3.4. Under the conditions of (3.3), let dA,f reflect the error induced in dy, by numerically
approximating the integrals needed for (3.3). Then, as the (inner and outer) mesh size tends
to zero,

dy — d}| < C(an~2,

This estimate suggests that as the outer mesh is refined in order to improve the accuracy
of the identification of the nodal values of D(u;), more and more node points of the inner
mesh are absorbed into the outer mesh, resulting in numerical integration errors, |/ — I*| and
|I1 — I11%|,thatare of order Ar>. At the same time, the approximate Gateaux derivative 11 ((;3)
tends to zero like At>/? so the effect of approximating the integrals becomes magnified as At
tends to zero. Evidently, at some point the values of the integrals used to compute d; become
of the same order of magnitude as the numerical integration errors and the computation then
no longer contains information. Further decreasing the mesh size then only increases the error.

Finally, we can combine lemmas 3.1, 3.3 and 3.4 to write

|D(ui) — di| = |1DGui) — di +di — di +dy — dj|
<ID(u) — dil + |di — di| + |dy — df],
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and
|D () — di] < C1AL+Co(AD)~'2. 3.7

Evidently the error in identifying d; does not tend to zero as At tends to zero but is
minimized by an optimal At different from zero.

4. Numerical experiments

In the numerical experiments we describe here, we chose f(#) = At for some positive constant
A and defined the node points w; for the outer mesh by u, = ATy, k =0, 1,..., M. Here,
for each k, Ty = t; for some j > k where 0 = #) < t; < --- < ty = T denotes the
(inner) partition of [0, T']. The unknown nodal values for the coefficient D(u) are given by
dy = D(u), and we assume that dj is known. Since the initial state for the direct problem,
u(x, 0), is constant and f(¢) is monotone increasing, the domain Q7 consists of a sequence
of non-overlapping strips, S, with only one nodal value active on each strip. The algorithm
to identify D from the ( f, g)-data then proceeds as follows.

The algorithm. To begin, we apply the g-integral identity (2.7) on Q. Since the solution of
the direct problem satisfies lemma 2.1(a), we have o < u;(x, 1) < pj for (x,7) € Q. Then
only the known nodal value dy and the unknown nodal value d; are active on this strip. We
are going to compute the unknown nodal values iteratively and denote the ith iteration for dy
by d\”. Wesetd\” = dj.

We apply the integral identity (2.7) on Q; with

Dy = Pi[dy, d{"] and D, = Py[dy,d”],
ur(x, 1) = u(x,1; Dy, Ar) and &) = ®Lf, Da],

G(x, 1) = ¢(x,t; Dy, A(T) — 1)).
We compute

T

i pxo()
Ay = f / du)durdddxdr, b= | (g() — g(DAT — 1) di,
o Jo 0
and solve
A (d” —do) = by.

Note that Ay, and b; are computed from u5, <ﬁ &> all of which are based on the known
coefficient D5.

To continue, we apply the g-integral identity (2.7) first on Q1, where only dy, d; are active,
and then apply the g-integral identity (2.7) again, but now on Q, where dy, d;, d, are active.
That is,
on 0,

Dy = Pi[dy.d}”] d® is unknown,
and
D, = Py[dy. d}"] d\" is known,

and we compute A;; and b; as before.
Note that u», qS g» are based on the updated coefficient D, so that, in general, d{b will

not be the same as dl(l).
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T
—©— lteration
« True
© - No iteration
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Figure 2. Recovery of D(u) = 2 — arctan [6(u — $)].

On 0,

Dy = Py[do. d;”, d3"]
and

Dy = Py[dy. 4", d"] note : d =d”,
we compute

Ay = // A1 (U2) 0129, dx dt,
21
021 = {no Suz(x,t) <, 0<t <1,

T pxi(t) .
Ay =/ / A2 (U2)0xu20,¢ dx dt,
T, 0

T

by= [ (g(t) — g2t)A(Ty —1)dr,
0

and we solve
An 0 1[d? —d” by

Ay Az || dS —d? by

We proceed in this way, where at the kth stage we apply the integral identity & times, once
on each of the strips Q; to Q. Of course this produces k equations, one for each strip. On
each strip, Q;, there are only j unknown active node values dl(p ), e, d](q), at various stages
of iteration, hence the jth equation contains only the first j unknowns. This leads to a k by
k lower triangular system for the differences dj(.p ) dj(.P V. At the kth stage of the algorithm
we are solving for the first iterate for dj, for the second iterate of dj_;, etc. This algorithm,
which we will call the iterative algorithm, differs from the non-iterative algorithm described
in the preceding section. The non-iterative algorithm amounts to suppressing the iterative
feature so that for each k, the nodal value d; is obtained by solving just a single equation,
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Apr(dy — dr—1) = by. Suppressing the iteration leads to cascading errors in the sequentially
computed nodal values d; as shown in figure 2. The coefficient shown in this figure

D(u) =2 — arctan[6(u — 1/2)] O<u<l, “.1)

was recovered in two ways. In the first, the non-iterative algorithm was applied to the data
{ f, g} to produce the dashed line plot, while the iterative algorithm was applied to produce the
solid line plot. The data were generated by solving the direct problem (2.1) using a functional
form of the coefficient (4.1) on a mesh of 70 nodes with the Matlab solver ode15s. The
flux, g(r), was then computed using a difference formula. These flux data were submitted to
the recovery algorithms, which both used a 40-node mesh and ode15s to compute solutions
to the direct and adjoint problem. It is clear from the figure that the errors in non-iterated
nodal values for D(u) accumulate as the values are sequentially determined. We point out
that determining d; we are obliged to integrate over the approximately triangular region
{0 < x < xx(¢), Tr—1 <t < T}. However, the algorithm must numerically approximate
Xo(t;) on the inner mesh, and this leads to a systematic overestimation of the value of Ay
which, in turn, leads to a correction term that is too small. The fact that D is a decreasing
function of u, as given in equation (4.1), leads to a negative Ag(¢) and a negative correction,
by / Ak This is evident in the dashed-line plot of figure 2. The fact that Ay, is too large causes
the negative correction to be too small so that the graph of the computed polygonal function
lies above the graph of the true coefficient. Since the integrals for Ay, and by involve only the
interval [T;_, T}], each identified value, dj, can do nothing to diminish errors in previously
identified values, hence the identification error accumulates.

This suggests that iteration might prove useful. The solid line plot in figure 2 shows the
result of identifying the coefficient 4.1) but now iterating as follows. We use the identity (2.7)
on Q; together with the known value, d, to identify dl(l). Here the known value, dj, is used
to compute u,(x, t), g2(¢) and é(x,1). Next we use the identity (2.7) on Q| and Q, together
with known values, dy, dl(l) to identify dl(z) and dél). In the next step, we use the identity
(2.7)on Q1, Q> and Q3 together with known values, dy, dfz) and dél) to identify d1(3), dz(z) and
d3(1). At each stage, the known nodal values are used to compute u,(x, t), g2(¢) and qf)(x, 1).
Continuing in this way, we eventually obtain dz(v}) , dﬁll, R | I(M). It is evident from the solid
line plot in figure 2 that as a result of the iteration, the errors no longer exhibit the cumulative
character seen in the dashed line plot, where iteration was not applied.

Here the coefficient

D) = 1+ 1§ sinQmu) 0<u<l, 4.2)

was used to generate flux data as in the previous example, although here the Matlab solver
ode23s was used. These data were passed to the iterative recovery algorithm, the results of
which are plotted in figure 3.

The qualitative agreement between the computed and true coefficient appears reasonable
in this figure. Note that the approximation initially lies above the plot of the true coefficient
(4.2) in regions where D is increasing, which is in agreement with the analysis of the previous
experiment. The value at the last node is not iterated in this scheme, and is visibly less accurate
than the computed values on other nodes.

Figure 4 displays the effect of refining the outer mesh by increasing M, the number of
nodes, in order to identify the coefficient

Du)=1+u O<u<1l.

The results for M = 2, 5 and 9 are shown in addition to a plot of the L2%-error versus M.
This last display shows the error decreasing with increasing M up to about M = 5, at which
point the error again begins to increase. This result is in qualitative agreement with (3.7).
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Figure 3. Iterative recovery of D(u) = 1 + % sin(2mru).
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Figure 4. Recovery using 2, 5 and 9 degrees of freedom.

Figure 5 represents coefficient recovery in which the data contained induced error. A
relative uniform random error of 10% was induced in the flux data, and the iterative algorithm
was applied. The flux data used for recovery is plotted in figure 6. The recovered coefficient,
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Figure 6. Noisy flux (G) data.

plotted in figure 5, appears to capture the general structure of the true coefficient. No
preprocessing was applied to these data, which was possible since the error had mean zero.

The integration of the g data in (3.3) allows much of this error to cancel.

5. Conclusions

The integral identities (2.7) and (2.9) are equations providing explicit representations for the
input-to-output mappings associated with the inverse problem of identifying an unknown
diffusion coefficient from overspecified data measured on the boundary. These equations
provide a means for proving that the input output maps are continuous, injective and strictly
monotone. Such information is not so readily obtained from an output least-squares approach
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nor from equation error techniques. The equations may also be the basis for a numerical
approximation procedure although here it might be more difficult to compete with sophisticated
OLS implementations.
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