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An iterative method based on prediction of wheel-rail forces is presented to determine the dynamic
response of railway vehicle-track coupled systems. The key idea of the present method lies in the mod-
ification of the starting value of each step during the iteration by prediction. The conventional iterative
method begins iteration of the current step at the previously converged value of the wheel-rail forces.
However, in the present method, the predicted wheel-rail forces by the Weighted Least-Squares Error
(WLSE) predictor are used as the starting value for the current step. The equations of motion of the vehi-
cle and the track subsystems are established separately and solved iteratively. According to the response
of the wheelsets and the rails, and considering the track irregularity, the predicted wheel-rail forces are
corrected by the wheel-rail interaction model in which detailed wheel rail contact geometry relations and
nonlinear wheel rail creep forces are taken into account. The relaxation technique is adopted to solve the
problem of numerical diffusion in the iterative process.

A moving vehicle travelling on a two layer flexible track is considered in this study. The accuracy of the
proposed method is verified by comparing the results obtained from the present method with the results
from the commercial software NUCARS and the efficiency are verified by comparing with the conven-
tional iterative method. Numerical results show that the present method not only gives results compa-
rable to those using the NUCARS software in terms of accuracy, but also saves at least 25%
computational cost compared with the conventional iterative method. With the nonlinear wheel-rail
contact relation fully considered, the present method can get more detailed results of the vehicle-track
coupled model. Meanwhile, the efficiency of the present method is enhanced by means of prediction
of wheel-rail forces with the WLSE predictor.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The dynamic response of the vehicle-track coupled system can
be solved in either the frequency or the time domain [1]. The fre-

The dynamic model of the vehicle-track coupled system and its
solution method are essential to a series of advanced studies, such
as evaluation of running safety and ride comfort performance of
high speed trains, prediction of wheel wear and vibration noise.
The numerical results can be used as a theoretic guidance for find-
ing out the cause of some practical engineering problems such as
out of round wheels, rail corrugation, identifying the sources of
vibration or noise, and developing solutions or treatments to those
problems. Therefore, it is of significance to solve the dynamic
response of the vehicle-track coupled system efficiently and
accurately.
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quency method is applicable for efficient solution of infinite length
or periodic track structures, especially for the solution of wheel-
rail dynamic interaction at high frequencies, but the time domain
solution appears to be necessary where there are significant non-
linearities such as wheel rail contact geometry relation and stick-
slip.

For solving the dynamic response of the vehicle and track sys-
tem in time domain, there are mainly two methods available: the
coupled method and the iterative method. The coupled method
considers the vehicle and the track subsystems asa whole and
solves the coupled system equations without any iteration by a
step-by-step integration method. However, the system coefficient
matrices vary according to the position of the vehicles on the track
and must be updated and decomposed at every time step. This will
reduce the computational efficiency. Another drawback is that the
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formulation of coefficient matrices depend on both the vehicle and
track models, that is to say, all coefficients must be changed if a
new type of vehicle or track is introduced. The iterative method
can effectively avoid these shortcomings.

In the iterative method, the whole system is divided into two
subsystems at the interface of vehicle and track. The two subsys-
tems are coupled by enforcing equilibrium of forces and compati-
bility of displacements at the contact points between the wheels
and the rails. The equations of motion of the two subsystems are
solved separately with an iterative procedure. Green and Cebon
[2,3] involved convolution of the vehicle loads with modal
response of the bridge to predict its dynamic response under a
given set of vehicle wheel loads and extended this method to
include dynamic interaction between the vehicle and bridge by
an iterative procedure. Yang and Fonder [4] presented an iterative
method to solve the dynamic response of the Yangtze-River Bridge
at Wuhan under a moving train with 2 locomotives and 4 freight
vehicles. Xu et al. [5] performed dynamic analysis of coupled train
and cable-stayed bridge systems in cross winds with an iterative
procedure. Majka and Hartnett [6] developed a numerical model
which incorporated a three dimensional multi-body train and a
finite element bridge to investigate the effects of various parame-
ters, such as the speed of the train, train-to-bridge frequency, mass
and span ratios, bridge damping, on the dynamic response of rail-
way bridges with a modified Newton-Raphson iterative procedure.
Zhang et al. [7] proposed a coupled wind-vehicle-bridge dynamic
model which considered the shielding effect of bridge tower with
triangular wind barriers and solved the vehicle-bridge dynamic
equations with time-varying external loads. Nguyen et al. [8] con-
sidered the vehicles and substructure as two separate systems
interacting though a proposed wheel-rail contact model and pro-
posed a new iterative scheme for solution of wheel-rail contact
forces and checking contact loss. Hawk and Ghali [9] proposed
an analytical procedure called the iterative dynamic sub-
structuring method (IDSM) to solve the response of a beam-slab
bridge system traversed by multi-axle trucks without considera-
tion of roughness effects. Marchesiello et al. [10] dealt with the
interaction of a multi-span continuous bridges modelled by isotro-
pic plates with a vehicle modelled by seven degrees of freedom
mass-spring-damper system moving at constant speed and com-
puted the dynamic response of the vehicle and the bridge itera-
tively. Feriani et al. [11] studied the dynamic interaction between
a travelling vehicle and a bridge and compared both the perfor-
mance and the efficiency of the two iterative procedures which
performed either on the whole time history (WTH) or in the single
time step (STS). Vincenzi et al. [12] analyzed the dynamic interac-
tion between trains and a bridge and carried out a parametric
investigation, including the influence of the travelling speed and
the weight of the train on dynamic response. Lei et al. [13] pre-
sented a cross iteration algorithm to solve the dynamic response
of the China’s high speed train CRH3 vehicle and slab track cou-
pling system. Li et al. [14] developed a computer-aided numerical
method for analyzing coupled railway vehicle-bridge systems of
nonlinear features and investigated the convergence of iterative
computation schemes with and without wheel jumps. In the itera-
tive method, the decomposition of the coefficient matrices at every
time step can be avoided and thus a more efficient solution method
can be developed separately according to the structural character-
istics of each subsystem. But it is worth noting that the iteration
process may not be easy to converge or converge slowly, especially
for large-scale structures. These disadvantages restrict the scope of
application of the iterative method.

To overcome the drawbacks of the aforementioned solution
methods, an iterative solution method based on prediction of
wheel rail forces is proposed and verified in this paper. The
wheel-rail forces are predicted by the WLSE predictor and then

substituted into the equations of motion of the vehicle and track
separately to solve the dynamic response of each subsystem.
According to the response of the wheelsets and the rails, consider-
ing the track irregularity, the predicted contact forces are corrected
by the wheel-rail interaction model. If the difference between the
corrected and the predicted forces is greater than the specified tol-
erance, iteration continues until convergence is achieved. The
relaxation technique is adopted to avoid the problem of numerical
diffusion in the iterative process. Taking the CRH2 vehicle [15] run-
ning on a straight track as an example, the dynamic response of the
vehicle to different types of track irregularities is solved in time
domain by the present method, the conventional iterative method
and NUCARS, respectively. The accuracy of the present method is
demonstrated through a detailed comparison of numerical results
with NUCARS and the efficiency is verified by comparing the com-
putation cost with the conventional iterative method.

2. Vehicle-track coupled dynamic model

The iterative method proposed in this paper is not limited to the
types of vehicles and track. Due to the limitation of the modelling
capabilities of the track structure in NUCARS, the track is modelled
as two parallel Euler beams with a finite length laid on two-layer
flexible point supports. The vehicle is modelled as a mass-spring-
damper system with 35 DOFs. The predicted wheel-rail forces are
corrected by the wheel-rail interaction model to consider the non-
linear effects related to wheel-rail contact.

2.1. Equations of motion of vehicle subsystem

The CRH2 is one of the high-speed trains running in China, with
the operating speed of 200 km per hour. Based on the structural
characteristics of the CRH2 vehicle, a three dimensional dynamic
model for one single vehicle is developed in this paper, composed
by one car body resting on two frames and four wheelsets, as
shown in Fig. 1. The car body, frames and wheelsets are all mod-
elled as rigid bodies. Each rigid body is assigned with 5 DOFs,
which are the lateral y, vertical z, roll ¢, pitch g and yaw v, while
the longitudinal motion is supposed to be known and character-
ized by a constant speed V. Thus the total number of DOFs of the
vehicle model is 35. For convenience, the front and rear frames
are numbered 1 and 2 respectively; the wheelset at the front of
the vehicle along the running direction is numbered 1 and others
are numbered 2, 3 and 4 consecutively. The left wheels or rail refer
to the wheels or rail on the left when viewed from the front. Such a
35-DOF model is widely used, for example, in [16,17].

By assuming motion about the static equilibrium position, the
equations of motion of the vehicle can be written as

M,X,+C,X, +K,X,=Fy, (1)

where X,, X, and X, are the vectors of displacement, velocity and
acceleration of the vehicle subsystem, respectively. The displace-
ment vector X, can be written as

T
_ T T T T T T T
XV - {xc’xtl7xt27xwlﬂxw27xw37xw4} (2)

Subscripts “c”, “t;”, “t2”, “wy”, “w,”, “w3” and “w,” denote the car
body, front frame, rear frame and wheelsets 1-4 respectively.

X = {yivzia¢i7ﬁi>l//i}Ta

M, K, C, are the mass, stiffness and damping matrices of the vehi-
cle system respectively and can be expressed as follows

Mv:diag[Mth]7Mt27Mw17Mw27Mw37Mw4] (4)

i:C>t17t27W17W27W31W4 (3)
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Fig. 1. Three dimensional dynamic model of the railway vehicle system.
K, 0 0 0 0 T The external force vector acting on the vehicle from the track F,; is
0 Kiw, Kiw, 0 0 written as
T
Ko, 00 Kow, Ko, F.={F.F, .F.F, F,.F,F,] ()
0 Kyuw, 0 0 0 (5)
0 0 K, 0 0 where
I(W3f2 0 0 I(W3W3 0 F. = Ft1 = th =0 (8)
K, 0 0 0 Ko, | are the sub-force vectors acting on the car body, the front and the
_ rear frame, respectively. F,, (i = 1,2, 3,4) is the sub-force vector act-
Ca, 0 0 0 0 ing on the ith wheelset and can be expressed as
0 Ct1 wy Cn wy 0 0 L R
Ci,e 0 0 Cow, Cow Q+Q
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where superscripts L and R indicate the left and right wheels; sub-
scripts x, y and z indicate the longitudinal, lateral and vertical direc-
tions respectively; subscript i stands for the wheelset number. Q}
and P! are the forces acting on the left wheel (« = L) or the right
wheel (o = R) of the i th wheelset from rails in the positive y and
z directions

Fa +N“
Qa . ay (x=L,R) (10)

Py =F, +Nj,
N;, N;, and N;; are the normal force components acting on the

Wheels in the x, y and z directions; Mj, Mj, and Mj; are the moments
acting on the wheels about the x, y and z directions; r* are the
instant rolling radius of the wheels on the ith wheelset; I, is the
pitch moment of inertia of the wheelset; m,, m, and m. are the
mass of the wheelset, frame and car body respectively; g is the grav-
ity acceleration; d is half of the lateral distance between wheel-rail

contact points.

2.2. Equations of motion of track subsystem

The two-layer flexible track model is composed of two parallel
rails, mounted on sleepers by means of elastic fasteners, as shown
in Fig. 2. The first layer of the track consists of rails, represented by
simply supported Euler beams with a finite length discretely sup-
ported on the fasteners. The vertical and lateral bending and tor-
sional deformations of the rails are all taken into account. Each
sleeper in the second layer of the track is regarded as a rigid body
with three DOFs of lateral displacement, vertical displacement and
roll. The connections between the rails and the sleepers (fasteners)
and the connections between the sleepers and the subgrade are
represented by a set of linear spring-damper elements in the lat-
eral and vertical directions. The motion of the subgrade is
neglected. The rail cant is 1/40.

Detailed equations of motion of the rails and the sleepers can be
found in Ref. [18]. With the motion about the static equilibrium
position as the object of this study, combining the equations of
the rails and the sleepers in generalised coordinates, the general
equation of the track system can be expressed in matrix form

Mtxr+crxt+’(txt =F, (11)

where X;, X; and X, are the vectors of displacement, velocity and
acceleration of the track subsystem respectively. The displacement
vector X; can be written as

T T T
={@)". @0} (12)
in which
L L L L L L L T
qr = {Qy]7'~'7qu7qzl7'"7qzl(~,Q[17"'7th}
T
q§ = {q§]7"'7q§K7q§]7'"7q§K7q§17"'7q§(} (13)
T
st{ys17""y5N57251 '7ZSN57¢31’~-~7¢SN5}

where ¢}, g3 and g7, are the kth modal coordinates of the left rail
(oe = L) or the right rail (o = R) in lateral and vertical bending, and
torsion directions, respectively; k=1~ K, K is the number of
modes considered for the rail beam; Vs 2 and ¢, are the lateral,
vertical and roll angular displacements of the jth sleeper,
respectively.

M, K, C; are the mass, stiffness and damping matrices of the
track system respectively and can be expressed as

M, = diag [Mﬁ,Mf,Ms] (14)

K: 0 K.
Ki=| 0 K K (15)
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Fig. 2. Two-layer track system dynamic model.
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The external force vector acting on the vehicle from the track F;, is

written as

T T T
Fo = {(F) . (F)) F{}
where

Nw
= {ZQ?Y] (Xw,)s - - ZQ Yie(Xw,), ZP Z1(Xw,),

(17)
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>}T
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where N,, is the number of the wheelsets; x,, is the longitudinal
coordinate of the ith wheelset; Y, Z, and @, are the kth mode shape
functions of the lateral, vertical bending and torsion of the rail,
respectively; M;, = —Q?h, — P{e is the equivalent moment acting
on the left rail (o = L) or the right rail (o = R) from the ith wheelset;
h; is the vertical distance from the rail’s torsional center to the point
of application of lateral wheel-rail force; e is the lateral distance
from the rail’s torsional center to the point of application of vertical

wheel rail force.

2.3. Wheel-rail interaction model

The wheel-rail interaction model is the key component of the
vehicle-track coupled system. It mainly includes three sub-
models: the contact geometry model, the normal force model
and the tangential creep force model. The wheel-rail contact geom-

etry model is used for describing the locations of the contact points
on the wheel and rail interfaces and is the prerequisite for solving
the wheel-rail forces. In traditional wheel-rail contact geometry
computation method [19], the rails are assumed to be fixed with-
out any movement and the wheel-rail contact geometry parame-
ters are the nonlinear function of the lateral displacement and
yaw angle of the wheelset. The wheelset rolling angle is adjusted
iteratively until left and right minimum vertical distances between
wheel and rail surfaces are equal. To consider the effect of the track
vibration, especially the rail motions, the new wheel-rail contact
geometry model [20] proposed by Chen and Zhai is used to solve
the wheel-rail contact geometry relation. It considers the elastic
deformation and instantaneous separation of the wheels and rails
and avoids iterative solution of the wheelset rolling angle. To
account for the instantaneous separation of the wheels from rails,
the nonlinear Hertzian elastic contact theory is used to calculate
the wheel-rail normal forces according to the elastic deformations
of wheels and rails at contact points in the normal direction. In
order to improve the accuracy of creep forces estimations, the tan-
gential wheel-rail creep forces are calculated by FASTSIM algo-
rithm [21] which was based on Kalker's simplified theory. The
FASTSIM algorithm has been widely used in multiple commercial
software, such as NUCARS, SIMPACK, and UM. To better illustrate
the wheel-rail interaction model, the definitions of the wheelset

and rail coordinates are shown in Fig. 3.
The detailed solution process of the wheel-rail contact geome-

try relation is described as follows:

Step 1: By solving the equations of motion of the vehicle and
track subsystems, the instantaneous responses of the wheelset
and the two rails at each time step are calculated.

Step 2: A line of points on the wheel profile where contact is
possible, named contact locus, are obtained by the contact locus
method [22]. Fig. 4 shows the contact geometry relation of the
right wheel and right rail. C* denotes the contact point of the

right wheel and right rail.

For the known lateral displacement y,,, the known angle of
attack ,, which refers to the yaw angle and the known roll angle
¢,, of the wheelset, the contact locus on the tread of the right
wheel can be determined by the following formulae
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Fig. 3. Wheelset and rail coordinates.
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s

Fig. 4. The three-dimensional geometry relation between right wheel and right rail.

Xe = byl + LR tan of

rR

Ve = buly - i (1, tan 0" + Lm) +y, (19)
ze = byl, — 2 (Bl tan 6" — 1,m)

where o denotes the wheel-rail contact angle; r® denotes the
instant rolling radius of the wheels; b, is the distance between
the mass center of the wheelset and the contact point; the param-

eterm=4/1-— 1,2((1 + tan?s®); I, l, and I, denote the direction cosi-
nes of the center line of the wheelset

Iy = —cos ¢, siny,,
I, = cos ¢, cos (20)
I, = sin¢,,

When b,, changes, a series of possible contact points form a
curve called the “contact locus”. The contact locus for the left
wheel-rail contact can be derived in the same way.

Step 3: The discretized rail dynamic profiles are calculated by
transforming the reference frame in which the rail profile is
defined to the absolute coordinate system, considering the rails
displacements and irregularity.

Step 4: The wheel and rail profiles have been discretized and
spline functions are then used to represent profiles so that the
minimum vertical distance between the wheel and the rail for
any position can be obtained by interpolation [23]

As shown in Fig. 5, the rail profile firstly projects on the contact
locus to give the interpolated distances between wheel and rail and
the minimum wheel-rail interpolation distance d;, at the contact
point is expressed in a discrete form

dmin = min(dzl 5 d227 ey dzp) (21)

where d,;(i=1,...,p) are the interpolated distance between the
wheel and rail; p is the number of discrete points of the rail profile.

\

Fig. 5. The calculation method of the minimum vertical distance.

Step 5: The coordinates of contact points on the wheel and rail

surfaces on both sides are obtained. Based on the known loca-

tions of the contact points, corresponding parameters at the

contact points are acquired, such as instantaneous rolling

radius of the wheels, contact angles, and curvature radius.

The wheel-rail normal force depends on the relative normal dis-
placements between wheel and rail. Therefore, based on Hertzian
nonlinear contact theory, it can be calculated as

o7% /GIP? 872 >0
N0 - { T/ O (22)
0 672 <0

where G = 3.86r,%115 x 107 (m/N*?) is the wheel-rail contact con-
stant [20], 1o is the wheel’s nominal radius; 6Z;, is the normal dis-
placements at the wheel rail contact points and 6Z;, < 0 means that
the wheel lifts off from the rail. The normal displacements can be
expressed as

{ 0Ziy, = (Zwy () = (AZy, (£) — AZ(0)))/ COS(5} + by,

R R R (23)
0Zip, = (Zu,(t) = (AZy, (£) — AZw,(0)))/ cOS (3 — ;)

where Z,,(t) is the vertical displacement of the ith wheelset center
of gravity at time t; AZj, (t) is the minimum vertical distance
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between the wheel and rail at time ¢, calculated by the wheel rail
contact geometry model; AZ,,(0) is the minimum vertical distance
at zero moment (due to symmetry relationship,
AZ;, (0) = AZ;, (0) = AZ,, (0)); o}, of are the left and right wheel-
rail contact angles, respectively.

Once the normal contact forces are known, the tangential creep
forces and spin creep moment may be determined. The wheel-rail
creep forces and spin creep moment are calculated by FASTSIM
algorithm based on Kalker’s simplified theory in this paper. The
creep forces and the spin creep moment result from the tangential
motion of the wheel relative to the rail in the contact region, there-
fore they depend on the creepages. Thus wheel-rail creepages
should be calculated first. The longitudinal creepage &, , lateral

creepage g“,-y and spin creepage ¢, can be defined as follows

e

& = AV IV
59‘ = AV}, /V“ (24)
5‘ = Aw}, A0},

where Vi = (V +r#Vcos(y,,)/r0)/2 is the real running speed of

wheels; AV , AV?;C are the relative velocity components of the con-
tact point in x* and y* axis of the wheel-rail contact coordinates,
respectively; Awf,_is the relative angular velocity component about
the z# axis of the wheel-rail contact coordinates.

The relative velocity of the contact points on the wheel and rail
interfaces in the wheel-rail contact coordinates are given below

AV} =TIAV? (25)

where T is the transformation matrix from the absolute coordinate
to the wheel-rail contact coordinates;

AV = {AV“ AVE, AV“} =V, — V] is the relative velocity of con-
tact points in the absolute coordinate; Vj,i = Vo, + O, X Rfj,i is the
absolute velocity of wheel at a contact point; V,,, is the transla-
tional velocity of the center of mass of the ith wheelset in the abso-
lute coordinate; w,, is the angular velocity of the ith wheelset in the

absolute coordinate; Ry, is the vector from the contact point to the

center of mass of the wheelset; V} = {o,yg +jyx7z3 +];}T is the
absolute velocity of rail at the wheel-rail contact point; y%, z* are
the lateral and vertical vibration velocities of rails, respectively;
];‘ J* are respectively lateral and vertical change rates of rail
irregularities

— V- lim % _y. 5w

o _ Aly
Ji = lim L

(26)

=V. 11m Ny 2

— AJZ
Jr= lim z

Similarly, the relative angular velocity between the wheelset
and the rail in the wheel-rail contact coordinate

ixc?

T
Al = {Aw“ A} Awgc} can be expressed as follows

= T*Aws? (27)

iy?
lar velocity between a wheelset and rail in the absolute coordinates;

T
where Aw¥ = {Aw“ Aw? Aw”} = wy,, — of are the relative angu-

ot = { 2,0 O}T is the absolute angular velocities of the rails.

So far, the longitudinal creepage & , lateral creepage &, and
spin creepage &, of the ith wheelset at time ¢ have been solved
and the wheel-rail creep forces Fy, Fj and spin moment Mj_can

be obtained by use of FASTSIM algorithm, together with the calcu-

lated normal forces N7, according to Eq. (22). The normal force and
creep forces are all defined with respect to the wheel-rail contact
coordinates. By coordinate transformations, creep forces and creep
moment are obtained in the absolute coordinate. Finally the force
vectors of the equations of motion of the vehicle and the track can
be formed from Eqgs. (7) and (17).

3. Iterative procedure based on prediction

A fast and accurate method for getting the wheel-rail forces
at each time step is the key to determine the dynamic response
of vehicle-track coupled system. The WLSE predictor is intro-
duced to predict wheel-rail lateral force Q} and vertical force
P} in the iteration process. Substituting the predicted forces into
the equations of motion of the vehicle and the track respectively,
dynamic response of each subsystem can be obtained. Then
according to the response of wheelsets and rails and considering
the track irregularity, the predicted forces are corrected by the
wheel-rail interaction model. If the difference between the cor-
rected and the predicted forces is greater than the specified tol-
erance, iteration continues until convergence is achieved. The
relaxation technique is adopted to avoid the problem of numer-
ical diffusion. The dynamic response of the vehicle-track coupled
system can be determined efficiently by means of prediction of
wheel-rail forces.

For convenience, taking Q as an example, subscript n € [0, N,]
indicates the integration time t, = nAt, N, is the total number of
time steps, At is the time step; superscript k indicates the iteration
number at time t,, and k = 0 means the starting step of an itera-
tion. The main solution procedure for the vehicle-track coupled
dynamics consists of the following nine steps

Step 1: Inputting vehicle parameters and forming the mass
matrix M,, stiffness matrix K, and damping matrix C, of the
vehicle model according to Eqgs. (4)-(6), respectively; Inputting
track parameters and forming the mass matrix M,, stiffness
matrix K, and damping matrix C; of the track model according
to Egs. (14)-(16), respectively;

Step 2: At time ¢y, setting the initial displacement, velocity and
acceleration vectors of the vehicle and the track to zero:
X0 =Xeo =Xy0 = Xeo = Xpo = Xi9 = 0.

Step 3: At time t;, setting the starting value of iteration of
wheel-rail vertical force: Pjy = —(my, +m./2 + m./4)g; Setting
the starting value of iteration of wheel-rail lateral force and

. o,0 o,0 .0 o0 0
other forces to zero: Fj =Ny =M =M =M=

M"‘*O1 = 0; Forming the starting value of iteration of the force
vectors F%,, and F?,, by Eqs. (7) and (17), respectively.
Step 4: For 2 < n < N, Fi,0, N5, M55, M55, M%5, and M;;°, take

ix,n’ ix,n’ ix,n’ xyn' izn’
the last converged value at time t,_;; In conventional 1terat1ve

method, Q.“‘O and P?‘O take the last converged value at time

tp,_1. But in the present method, Q“‘0 and PO‘0 are predicted by

the WLSE predictor (for the detailed algorithm see Section 4).

Forming the starting value of iteration of the force vectors
F,, and F?,, by Egs. (7) and (17), respectively.

Step 5: Calculating the starting value of iteration of the dis-

placement velocity and acceleration vectors of the vehicle

X9, X9, X9, and the track X{,, X?,, X?, by substituting F), ,
and F°, . mto Eqs. (1)and (11), employmg the explicit numerical

integration method developed by Zhai [24].
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X?/.n =Xon1 +Xona A+ (1/2 4 9) Xy 1 A2 — X, o AL
XO =Xpn1 + (1 + @) Xpn 1At — Xy oAt
X%:M(ﬂm K Xyn1 = Xon1(1+@)C, + (1/2 +9)K, A) At

~Xon-1(Co + KyAt) + X2 (€ + YK, AL AL)
(28)

Xgn = Xt.n—l +X[,n—l At + (1/2 + V)Xt.n—lAtz - th.n—zAtz
X0 =Xen-1+ (1+ @) Xen 1At — X2 AL
X0, =M, (F},, —KXen-1—Xen1(1+@)Ce+ (1/2 + 7)KAb)At
~Xin_1(Ce + KAL) + X; 2 (0Cr 4 7K A AL)
(29)
in which, ¢ and y are the integration parameters: ¢ =7y = 0 when

n=1and ¢ =y =1/2 when n#1. Based on the time-independent
characteristics of vehicle and track system coefficient matrices,
matrices C, + K,At, (14 @)C, + (1/2 + P)K,At, M,', ¢C, + YK, At,
C.+K.At, (1+@)C+(1/2+7)K.At, M;' and ¢C, + KAt only
need to be calculated once and be called directly at each time step
to reduce the computational cost.

Step 6: Calculating the corrected forces Q' and P}, with the
wheel-rail interaction model based on the calculated displace-
ments and velocities of wheelsets and rails from step 5, consid-

ermg the track irregularity. Forming the force vectors F!__ and
by Egs. (7) and (17), respectively. Calculatmg the relative
P%' and the
and then comparing the error with a
) <é& and

vtn

tvn

error between the corrected forces Q%!

00 pox0
1n‘P

specified tolerance as max(‘(Qf;—Qﬁf)/Qf#

in?

predicted forces Q,

max(‘(P“

Ln

P:ﬁo)/Pa 1

) ¢, in which ¢ is the specified toler-

ance and its value is taken to be 1.0 x 107> in this study. If
the convergence criterions are satisfied, return to Step 4 as
the next time step; otherwise, go to Step 7 for the next iteration
step.

Step 7: At time t,, assuming that the kth iteration has been
completed and the (k + 1)th iteration is now being considered.
Calculating forces Q7 k41 and Py k+1 wwith the wheel-rail interac-
tion model based on the calculated displacements and veloci-
ties of wheelsets and rails at the kth iteration, considering the
track irregularity. Introducing the relaxation method to
improve forces Q"' and P’ by Egs. (30) and (31) for the

nn
next iteration. Forming the force vectors F/} and Ff;} by Egs.
(7) and (17), respectively.

Qy Kk+1 lexnk + n(Qlotno - Q'zxnk> (30)

Pt = P4 (P = PEY) (31)

where 7 is the relaxation coefficient which has to be in a certain
range (0 < 5 < 1) to ensure convergence. When the relaxation coef-
ficient is within 0.2 < n < 0.4, sufficient accuracy can be obtained
with less computational time.

Step 8: Calculating the dynamic response of the vehicle and

track at the (k + 1)th iteration by substituting F'! and F¥! into

vtn tv,n
Egs. (1) and (11). Calculating forces Q/"* and P%¥** with the
wheel-rail interaction model, considering the track irregularity.

Step 9: Checking convergence of the solution. If
maX(|(ank+2 yk+1)/ro k+2|) and
max(|(P}E? — PEE) /PEE2)) < ¢ are not satisfied, go to Step 7

and enter the next iteration step. Otherwise, output the results
and go back to Step 4 for the next time step.

The iterative solution procedure above show that the present
method based on prediction of wheel-rail forces only needs two
layers of iteration loops and is easy to implement. Especially when
Step 6 is executed, the iteration can be avoided and the computa-
tional efficiency can be enhanced significantly if the error between
the predicted and the corrected forces satisfies the convergence
criterion.

4. Weighted least squares error prediction method

The WLSE predictor has been successfully applied in many
fields, such as navigation, industrial process control, and system
identification, due to its adaptive and fast convergence nature
[25]. In this paper, the WLSE predictor is introduced to predict
wheel-rail forces.

The wheel-rail lateral force Q; is taken as an example to illus-
trate the prediction procedure. According to the given M past
forces Q% before time t, = nAt, the predicted force at time t, can
be expressed as

M
=Y a2 Q. , = (a)'Q: (32)
9=1

where M is the prediction order; a* = {aZ |,a% ,,...,a* ,}" is the
prediction coefficient vector, a*_, is the prediction coefficient;

i T
Q= { Q1 Qs Q) -

The prediction error is defined as the difference between the
predicted value Q%, and the actual value QZ,. In the WLSE algo-
rithm, the weighted sum of the error is taken, and it will be mini-
mized for a given set of weights. The coefficients should be
changed adaptively to meet the minimum WLSE criterion as

ZZ@[ 0 - (33)

— T
where a* = {a?,...,az,a?}"; Q% = {Q?‘ﬂfl,Qi“l,fp o Qf‘,,f,v,} is the
given M past forces before time 9; a% = {a%_,,a%_,,...,a%_, Tis
(a%)'Q% is the predicted
force; ¢, is the weight, here ¢, is set to be ¢"'(¥=1,2,...n,
0 < ¢ < 1). Through weight ¢, the older data points are increasingly
less importance. Variable ¢ is sometimes also referred to as the for-

getting factor and usually ¢ = 0.99 is used.
The WLSE predictor can be given as follows:

the prediction coefficient vector; inl, =

Step 1: Setting the predicted force at time t;: @fl = Q‘,{‘l, where
Q7 is calculated by the conventional iterative method.

Step 2: For 2 < n < N, calculating the force Q” at time ¢,
Q= (@)'Q; (34)
where aZ = {1,0,...,0}"; Q% = {Qﬂq»an,Z? e Q,?fn,M}T, in which
the forces with the subscript less than or equal to zero are set to

zero.
Step 3: Updating the prediction coefficient vector as

5O lor,- 02 35)

@, =+ —— 5
¢+(QY) B.Q;

n+1 n

where B = I (identity matrix of order M).
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Step 4: Renewing matrix B as
P ——
, _1[p BGQ)B;
n+1 — 5 n Ay T Yy
¢+(Q7) B,Q;
Step 5: Returning to Step 2 for the next time step until the cal-
culation is finished.

5. Numerical examples

(36)

A Chinese high speed train CRH2 vehicle model and a two-layer
flexible track model are established in this study. The wheel-rail
interaction model includes the effects of contact geometry and
dynamic creep forces. Periodic cosine rail irregularity and mea-
sured rail irregularity are adopted in the simulation. Time step At
is selected to be 0.01 ms. The main parameters of the vehicle sys-
tem [26] and the track system [27]| employed for analysis are listed
in Tables 1 and 2, respectively. To validate the present method, the

Table 1
Main parameters of railway vehicle used for the analysis.

Parameter Notation Value Unit

Car body mass me 28,800 kg

Car body roll moment of inertia Iex 93,312 kg m?

Car body pitch moment of inertia Iy 1,411,200 kg m?

Car body yaw moment of inertia Ie, 1331712 kg m?

Frame mass me 2600 kg

Frame roll moment of inertia Ix 2106 kg m?

Frame pitch moment of inertia Iy 1424 kg m?

Frame yaw moment of inertia I, 2600 kg m?

Wheelset mass my 1728 kg

Wheelset roll moment of inertia Tx 740 kg m?2

Wheelset pitch moment of inertia TIwy 115 kg m?

Wheelset yaw moment of inertia Iwz 740 kg m?

Longitudinal stiffness of primary Kpx 13,700 kN/m
suspension per axle side

Longitudinal damping of primary Cpx 13.7 kN's/m
suspension per axle side

Lateral stiffness of primary suspension per  ky, 5490 kN/m
axle side

Lateral damping of primary suspension per cpy 5.49 kN s/m
axle side

Vertical stiffness of primary suspension per  kj, 1244 kN/m
axle side

Vertical damping of secondary suspension ¢y, 19.6 kN s/m
per truck side

Longitudinal stiffness of secondary Ksx 159.7 kN/m
suspension per bogie side

Longitudinal damping of secondary Cox 245 kN s/m
suspension per bogie side

Lateral stiffness of secondary suspension Ksy 159.7 kN/m
per bogie side

Lateral damping of secondary suspension Csy 58.8 kN s/m
per bogie side

Vertical stiffness of secondary suspension ks, 990.8 kN/m
per bogie side

Vertical damping of secondary suspension s, 9.8 kN's/m
per bogie side

Half of longitudinal distance between I 8.75 m
bogie centers

Half of wheelbase I 1.25 m

Nominal wheel radius To 0.43 m

Half of the lateral distance between wheel- d, 0.7465 m
rail contact points

Half of lateral distance between the dy 1.0 m
primary suspensions of the two sides of
the bogie

Half of lateral distance between the ds 1.23 m
secondary suspensions of the two sides
of the bogie

Vertical distance from frame center of hew 0.08 m
gravity to wheelset center of gravity

Vertical distance from frame center of hy, 0.49 m
gravity to secondary suspension

Vertical distance from car body center of hep 0.62 m

gravity to secondary suspension

Table 2

Main parameters of two layer flexible track used for the analysis.
Parameter Notation Value Unit
Rail mass per meter my 60.64 kg/m
Sleeper mass mg 237.0 kg
Sleeper spacing L 0.545 m
Elastic modulus of rail material E, 2.059 x 10'"  N/m?
Rail moment of inertia about the Iy 322 %10°° m#

horizontal axis

Rail moment of inertia about the Iz 524 % 10°° m*

vertical axis

Polar moment of inertia of rail section I, 374%10°° m*

Density of rail material pr 7.86 x 10° kg/m?

Shear modulus of rail material Gr 7.92 x 101° N/m?

Torsional moment of inertia of rail It 247 x 10°° m*/rad
section

Vertical distance from the center of hy 9453 x 1072 m

twist to the point of application of
lateral force

Distance from the center of twist to a
the centroid of foot portion

Half of lateral distance between two b
vertical forces from the fastening

8.147x102 m

7.5 x 1072 m

Half distance between the left and d 7.55 x 1072 m
right rails
Sleeper length I 2.5 m
Rail cant 1/40
Gauge 1.435 m
Poisson ratio of wheel and rail 0.3
Wheel rail friction coefficient 0.35
Lateral stiffness of rail fasteners Kkpn 1.47 x 10 kN/m
Lateral damping of rail fasteners Cph 26 kN s/rad
Vertical stiffness of rail fasteners kpy 7.8 x 10* kN/m
Vertical damping of rail fasteners Cow 50 kN s/rad
Lateral connection stiffness between kon 50 x 10* kN/m
sleepers and subgrade
Lateral connection damping between ¢y 40 kN s/rad

sleepers and subgrade

Vertical connection stiffness between  kj,
sleepers and subgrade

Vertical connection damping between ¢,
sleepers and subgrade

5.12 x 10* kN/m

20.298 kN s/rad

numerical results are compared with the commercial software
NUCARS. The vehicle-track coupled dynamic model established in
NUCARS is shown in Fig. 6. The efficiency is verified by comparison
with the conventional iterative method. In addition, the predicted
forces are compared with the last converged value at each time
step to verify the accuracy of the WLSE predictor.

5.1. Periodic track irregularity

Periodic irregularity such as wheel out of roundness, dipped
rail-joint, rail corrugation, are typical excitation sources existing
in vehicle-track system. In this section, the dynamic response of
a vehicle travelling at a constant speed of 100 km/h over the tan-
gent track sections with periodic profile and alignment irregulari-
ties are calculated, respectively. The mathematical representations
of the profile and alignment irregularities are the same and can be
expressed as: 0.5A(1 — cos2mX/2) [20], where peak-peak value
A =10 mm for the alignment irregularities and A = —10 mm for
the profile irregularities, wave length /. = 50 m, X is track longitu-
dinal distance. Figs. 7 and 8 display the track alignment and profile
irregularities, respectively.

In order to avoid the effect of the irregularities in the initial seg-
ment, all the calculation results are selected after 50 m and the
starting value of the longitudinal displacement is set to zero.
Figs. 9-11 give time histories of the lateral displacements of the
1st wheelset, wheel-rail lateral forces of the 1R wheel which refers
to the right wheel of the 1st wheelset, and lateral accelerations of
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Fig. 6. Vehicle-track coupled dynamic model established in NUCARS.
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Fig. 8. Track profile irregularity.

the center of mass of the car body respectively, under the excita-
tion of track alignment irregularity, calculated by NUCARS, the
conventional iterative method and the present method. As shown
in Figs. 9-11, the results calculated by these three methods are
quite consistent. Figs. 12-14 give time histories of the vertical dis-
placements of the 1st wheelset, wheel-rail vertical forces of the 1R
wheel, and vertical accelerations of the center of mass of the car
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Fig. 9. Lateral displacement of the 1st wheelset with alignment irregularity.
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Fig. 10. Wheel-rail lateral force of the 1R wheel with alignment irregularity.

body, respectively, under the excitation of track profile irregularity,
calculated by NUCARS, the conventional iterative method and the
present method. It can be seen that the wheelset vertical displace-
ment calculated by these three methods have little difference. The
same is true for the car body vertical acceleration curves. The
wheel-rail vertical forces calculated by the present method are lar-
ger than those obtained by NUCARS, but they have the same vari-
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Fig. 13. Wheel-rail vertical force of the 1R wheel with profile irregularity.

ation tendency and the maximum relative error is 0.18% only.
Through the results discussed above, the present method is veri-
fied to be reliable.

Due to the adoption of the same iterative strategy, the results
calculated by the present method and conventional iterative
method are almost identical. But the computational CPU time
required for NUCARS, conventional iterative method and the pre-
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Fig. 14. Vertical acceleration of the center of mass of the car body with profile
irregularity.

Table 3
Statistical values of the number of iterations under alignment irregularity.

The number Conventional method Present method
of iterations Steps Steps/total Steps Steps/total
steps (%) steps (%)

2-4 83,574 3.07 37,111 1.97

5-9 50,362 1.85 14,693 0.78

10-19 17,150 0.63 4333 0.23

=20 1361 0.05 245 0.013
Table 4

Statistical values of the number of iterations under profile irregularity.

The number Conventional method Present method

of iterations Steps Steps/total Steps Steps/total
steps (%) steps (%)

2-4 57,777 2.13 28,230 135

5-9 36,076 1.33 12,335 0.66

10-19 11,121 0.41 3177 0.17

=20 813 0.03 150 0.008

sent method are 13.2 min, 25.3 min and 17.5 min respectively,
under the excitation of track alignment irregularity. The efficiency
of the present method is raised by 30.8% compared with the con-
ventional iterative method but reduced by 32.5% compared with
NUCARS. In the case of track profile irregularity excitation, the
computational CPU time required for NUCARS, conventional itera-
tive method and the present method is 12.7 min, 25.1 min and
17.3 min respectively. The efficiency of the present method is
raised by 31.1% compared with the conventional iterative method
but reduced by 36.2% compared with NUCARS. Tables 3 and 4 give
the statistical values of the number of iterations under track align-
ment and profile irregularity, respectively. The computation speed
of the NUCARS software is faster than the present method and we
should try to optimize the numerical code to improve the calcula-
tion efficiency of the present method in the future.

Fig. 15 compares the predicted wheel-rail lateral force with the
last converged value at each time step under the excitation of track
alignment irregularity. Similar agreement can be observed in
Fig. 16 for wheel-rail vertical force under the excitation of track
profile irregularity. As shown in Figs. 15 and 16, the predicted
and the last converged values have little difference under the exci-
tation of track periodic irregularity. This will improve the efficiency
with no iteration or fewer iterations.
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Fig. 15. Comparison of predicted and last converged values of wheel-rail lateral
force with alignment irregularity.

-48.8
- - - - Converged value 497
-49.0 { -~ o Predicted value -49.8 o,
-49.9 A
492
-50.0 J; 3
-49.4 4 -50.1 %
4967 /750'2160 165 170 175 180 185 190 195

4981 & o g 8e 2 & & & &
-50.0

o
250246 Lo

Wheel-rail vertical force (kN)

_o- 0- ©~
o -0- 0= ©7
0-0-9-°

9
504 4o
&

—506 T T T T T T T
0 50 100 150 200 250 300 350 400 450 500

@ 4
S d o

Distance (m)

Fig. 16. Comparison of predicted and last converged values of wheel-rail vertical
force with profile irregularity.

5.2. Measured track irregularity

One sample of measured track irregularity on Beijing-Tianjin
Dedicated Passenger Line is used here as the system excitation,
which is representative of real track irregularity. The vehicle speed
is 200 km/h. Fig. 17 displays the vertical and lateral irregularities of
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Fig. 17. Measured track irregularity.
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Fig. 18. Wheel-rail lateral force of the 1R wheel with measured irregularity.
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Fig. 19. Wheel-rail vertical force of the 1R wheel with measured irregularity.
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Fig. 20. Lateral acceleration of the center of mass of the car body with measured
irregularity.

the left and right rails representing the Beijing-Tianjin Dedicated
Passenger Line condition. Figs. 18-21 give time histories of the lat-
eral and vertical forces of the 1R wheel, lateral and vertical accel-
erations of the center of mass of the car body, respectively,
calculated by NUCARS, the conventional iterative method and the
present method. The maximum absolute values are compared in
Table 5. As can be seen in Figs. 18-21 and from Table 3, the results
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Table 5
Maximum absolute values of vehicle response.

Maximum absolute
values of car body
acceleration (m/s?)

Maximum absolute
values of wheel-rail
forces (kN)

Calculation method

Lateral Vertical Lateral Vertical
NUCARS 3.510 66.533 0.272 0.327
Conventional method 3.682 65.479 0.257 0.329
Present method 3.682 65.479 0.257 0.329

calculated by the conventional iterative method and the present
method are almost identical. The trends of lateral dynamic
response calculated by the present method are basically in good
accordance with NUCARS. Compared with NUCARS, the relative
error of the maximum absolute values of the wheel-rail lateral
forces and car body lateral accelerations are 4.9% and 5.5%, respec-
tively. The trends of the vertical dynamic response are more con-
sistent with NUCARS than the lateral dynamic response. The
relative error of maximum absolute values of the wheel-rail verti-
cal forces and car body vertical accelerations are 1.58% and 0.6%,
respectively. Through the numerical results discussed above, the
accuracy of the present method is further verified.

Due to the adoption of the same iterative strategy, the results
calculated by the present method and the conventional iterative
method are almost identical. But the computational CPU time
required for the NUCARS, conventional iterative method and the
present method is 25.7 min, 45.6 min and 34.2 min respectively,
under the measured track irregularity excitation. The computa-
tional efficiency of the present method is raised by 25% compared
with the conventional method but reduced by 33.1% compared
with NUCARS. Table 6 gives the statistical values of the number
of iterations under measured track irregularity. Figs. 22 and 23
compare the predicted wheel-rail lateral and vertical forces with
the last converged value at each time step respectively. The effi-
ciency of the present method is further verified.

Table 6
Statistical values of the number of iterations under measured irregularity.

The number of Conventional method Present method

lterations Steps Steps/total Steps Steps/total
steps (%) steps (%)

2-4 365,058 7.45 191,071 5.19

5-9 115,642 2.36 72,894  1.98

10-19 79,381 1.62 41,969 1.14

=20 40,671 0.83 20,985  0.57

- - - - Converged value
-o - Predicted value

Wheel-rail lateral force (kN)

T T T T T T 1
0 50 100 150 200 250 300 350 400

Distance (m)

Fig. 22. Comparison of predicted and last converged value of wheel-rail lateral
force with measured irregularity.

- - - - Converged value

q0d -o - Predicted value

=20 -

=30

-40

-50

Wheel-rail vertical force (kN)

-60 4

T T T T T T 1
0 50 100 150 200 250 300 350 400

Distance (m)

Fig. 23. Comparison of predicted and last converged value of wheel-rail vertical
force with measured irregularity.

The main reasons for the differences are that the wheel-rail
interaction model used in the present method is different from
the one used in NUCARS, embodied in the following aspects: (1)
the wheel-rail contact geometry model: the new wheel-rail contact
geometry model proposed by Chen and Zhai [20] is used in the pre-
sent method, while the method used in NUCARS is not described in
enough detail in its Help file. (2) the solution method for wheel-rail
normal forces: in the present method, nonlinear Hertzian contact
theory is used while penetration contact model is used in NUCARS.
In addition, the processing methods of the wheel rail profiles and
track irregularity may also have some degrees of differences.

6. Conclusions

In this paper, an iterative method based on prediction of wheel
rail forces is proposed and applied to determine the dynamic
response of a vehicle-track coupled system. The Weighted Least-
Squares Error (WLSE) predictor is introduced into the iterative
solution process. By efficient prediction of wheel-rail forces and
adoption of relaxation technique, the problems of difficult in con-
vergence or the excessive number of iterations in the conventional
iterative process can be avoided. The present method not only
enhances the efficiency but also ensures the solution accuracy.
The dynamic response of the vehicle to the excitation of periodic
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and measured track irregularities is obtained by NUCARS, the con-
ventional iterative method and the present method respectively in
numerical examples. The accuracy of the present method and the
vehicle-track coupled dynamic model especially the wheel-rail
interaction model are validated by comparing the numerical
results with NUCARS. The efficiency is verified by comparing the
present method with the conventional iterative method. Numeri-
cal results show that the computational efficiency of the present
method under excitation form the periodic and the measured track
irregularities is raised by 30% and 25% respectively. The advantages
of the present method will become more prominent as more effec-
tive predictors are introduced. In addition, practical wheel and rail
profiles, detailed wheel-rail contact geometry relations and nonlin-
ear wheel-rail creep forces are all considered in the wheel-rail
interaction model. With the wheel-rail interaction model, the level
of details of the vehicle-track coupled model is enhanced and the
dynamic performance of a railway vehicle as related to safety
and comfort can be evaluated more accurately.

Acknowledgments

The authors are grateful for support under grants from the
National Science Foundation of China (11672060 and 11672052).

Appendix A. Notation

v,z Lateral and vertical displacements in inertial
coordinate system (m)

o, By Roll, pitch and yaw angular displacements in
inertial coordinate system (rad)

Vv Speed (km/h)

t Time (s)

L R Left and right side of the vehicle or track

o a=Lora=R

Ql, Qf Forces acting on the left and right wheel of
the i th wheelset from the track in the
positive y direction (N)

piL‘ pf Forces acting on the left and right wheel of
the ith wheelset from the track in the
positive z direction (N)

N3, Ny, N Normal force components acting on the ith
wheelset in the x, y and z directions (N)

M, Ml?;, Mz, Moments acting on the ith wheelset about
the x, y and z directions (N - m)

[ Instant rolling radius of the wheels of the ith
wheelset (m)

L, Pitch moment of inertia of the wheelset
(kg -m?)

My Wheelset mass (kg)

m; Frame mass (kg)

me Car body mass (kg)

g Gravity acceleration (m/s?)

do Half of the lateral distance between wheel-
rail contact points (m)

T Doy kth modal coordinates of the left and right
rail in the y direction

ak. q& kth modal coordinates of the left and right
rail in the z direction

qk., q&, kth modal coordinates of the left and right
rail in the torsion direction

K Number of modes considered for the rail
beam

Vs Zs; Lateral and vertical displacements of the jth
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sleeper (m)

Roll angular displacements of the jth sleeper
(rad)

Number of wheelsets

Longitudinal coordinate of the ith wheelset
(m)

kth mode shape functions of the lateral,
vertical bending and torsion of the rail
Equivalent moment acting on rails from the
ith wheelset (N - m)

Vertical distance from the rail torsional
center to the point of application of lateral
wheel-rail force (m)

Lateral distance from the rail torsional center
to the point of application of vertical wheel
rail force (m)

Contact point of the right wheel and right rail
Wheelset lateral displacement (m)
Wheelset yaw angle (rad)

Wheelset roll angle (rad)

Wheel-rail contact angle (rad)

Distance between the wheelset centroid and
the contact point (m)

Wheel rail contact point coordinates
Direction cosines of the center line of the
wheelset

Minimum wheel-rail interpolation distance
Interpolated distance between the wheel and
rail

Number of discrete points of the rail profile
Wheel-rail normal force

Wheel-rail contact constant (m/N?/3)
Nominal radius of the wheel (m)

Normal displacements at the wheel-rail
contact points (m)

Vertical displacement of the ith wheelset
centroid (m)

Minimum vertical distance between the
wheel and rail profiles (m)

Left and right wheel-rail contact angles (rad)
Longitudinal creepage

Lateral creepage

Spin creepage (1/m)

Real running speed of wheels (m/s)
Wheel-rail contact coordinates (m)

Relative velocity components of the contact
points in the x¥ and y? axis of the wheel-rail
contact coordinates (m/s)

Relative velocity of contact points in the
absolute coordinate (m/s)

Relative angular velocity component about
the z% axis of the wheel-rail contact
coordinates (rad/s)

Relative angular velocity of the contact
points in the absolute coordinate (rad/s)

Lateral and vertical vibration velocities of
rails (m/s)

Lateral and vertical change rates of rail
irregularities (m/s)

Absolute angular velocities of the rails
(rad/s)

Normal forces (N)



o
iz
Fe By,
o
Ve
tn
N¢
At
?, Y

n

¢ B e o

X0, X0, X
M, K,, C,

FV[

va th Xt

M;, K, C;

Fiy

X0, X00, X00
X0 Xi0, Xi0

0 vO
Xv,nv Xv,nv

o0
Xv,n

0 w0
Xin xt,nv

%0
Xen

0
Ftv,n
Fk

tu,n

FO

vt

Fk

vt

AV

W. Wang et al./Engineering Structures 151 (2017) 297-311 311

Wheel-rail creep forces (N)

Spin moment (N - m)

Simulation time (s)

Time step number

Total number of time steps

Time step (s)

Integration parameters

Specified tolerance

Relaxation coefficient

Prediction order

Prediction coefficient

Weight

Forgetting factor

Peak-peak value (mm)

Wave length (m)

Track longitudinal distance (m)
Displacement, velocity and acceleration
vectors of the vehicle

Mass, stiffness and damping matrix of the
vehicle

Force vector acting on the vehicle from the
track

Displacement, velocity and acceleration
vectors of the track

Mass, stiffness and damping matrix of the
track

Force vector acting on the track from the
vehicle

Initial displacement, velocity and
acceleration vectors of the vehicle

Initial displacement, velocity and
acceleration vectors of the track

Starting value of iteration of the
displacement, velocity and acceleration
vectors of the vehicle at time ¢,

Starting value of iteration of the
displacement, velocity and acceleration
vectors of the track at time ¢,

Starting value of iteration of the force vectors

kth iteration value of iteration of the force
vectors

Relative velocity vector at the contact points
on the wheel and rail interfaces in the wheel-
rail contact coordinates

Transformation matrix from the absolute
coordinate to the wheel-rail contact
coordinates

Relative velocity vector of contact points in
the absolute coordinate

Displacement vector from the contact point
to the wheelset centroid

Translational velocity vector of the center of
mass of the ith wheelset in the absolute
coordinate

Angular velocity vector of the ith wheelset in
the absolute coordinate

Absolute velocity vector of the rail at the
wheel-rail contact point

Relative angular velocity vector between the
ith wheelset and the rail in the wheel-rail
contact coordinate

Aw? Relative angular velocity vector between the
ith wheelset and rail in the absolute
coordinates

o? Absolute angular velocities vector of the rails

Q2 Past forces vector

a’ Prediction coefficient vector

1 Identity matrix

B Renewing matrix

References

[1] Knothe K, Grassie SL. Modelling of railway track and vehicle/track interaction
at high frequencies. Veh Syst Dynam 1993;22(3-4):209-62.

[2] Green MF, Cebon D. Dynamic response of highway bridges to heavy vehicle
loads: theory and experimental validation. ] Sound Vib 1994;170(1):51-78.

[3] Green MF, Cebon D. Dynamic interaction between heavy vehicles and highway
bridges. Comput Struct 1997;62(2):253-64.

[4] Yang F, Fonder GA. An iterative solution method for dynamic response of
bridge-vehicles systems. Earthquake Eng Struct Dynam 1996;25(2):195-215.

[5] Xu YL, Zhang N, Xia H. Vibration of coupled train and cable-stayed bridge
systems in cross winds. Eng Struct 2004;26(10):1389-406.

[6] Majka M, Hartnett M. Effects of speed, load and damping on the dynamic
response of railway bridges and vehicles. Comput Struct 2008;86(6):556-72.

[7] Zhang N, Ge GH, Xia H, Li XZ. Dynamic analysis of coupled wind-train-bridge
system considering tower shielding and triangular wind barriers. Wind Struct
2015;21(3):311-29.

[8] Nguyen DV, Kim KD, Warnitchai P. Simulation procedure for vehicle-
substructure dynamic interactions and wheel movements using linearized
wheel-rail interfaces. Finite Elem Anal Des 2009;45(5):341-56.

[9] Hawk H, Ghali A. Dynamic response of bridges to multiple truck loading. Can |
Civ Eng 2011;8(3):392-401.

[10] Marchesiello S, Fasana A, Garibaldi L, Piombo BAD. Dynamics of multi-span
continuous straight bridges subject to multi-degrees of freedom moving
vehicle excitation. ] Sound Vib 1999;224(3):541-61.

[11] Feriani A, Mulas M G, Candido L. Iterative procedures for the uncoupled
analysis of vehicle-bridge dynamic interaction. In: Proceedings of ISMA 2010
including USD2010, Katoomba, 2010.

[12] Vincenzi L, Savoia M, F Rossi. Vehicle-bridge interactive analyses on the
lagoscuro viaduct. In: Proceedings of the eleventh international conference on
computational structures technology, Scotland, 2012.

[13] Lei XY, Wu SH, Zhang B. Dynamic analysis of the high speed train and slab
track nonlinear coupling system with the cross iteration algorithm. ] Nonlinear
Dynam 2016:1-17.

[14] Li Q Xu YL, Wu DJ, Chen ZW. Computer-aided nonlinear vehicle-bridge
interaction analysis. ] Vib Control 2010;16(12):1791-816.

[15] Li FS, Cheng D. The research on dynamic performance of 200 km/h CRH2 EMU
vehicle. In: Proceedings of 2011 international conference on electronic and
mechanical engineering and information technology; 2011, vol. 3. p. 1245-51.

[16] Zhai WM, Wang KY, Cai CB. Fundamentals of vehicle-track coupled dynamics.
Veh Syst Dynam 2009;47(11):1349-76.

[17] Xiao XB, Jin XS, Deng YQ, Zhou ZR. Effect of curved track support failure on
vehicle derailment. Veh Syst Dynam 2008;46(11):1029-59.

[18] Xiao XB, Jin XS, Wen ZF. Effect of disabled fastening systems and ballast on
vehicle derailment. J Vib Acoust 2007;129(2):217-29.

[19] Garcia Vadillo E, Giménez ]G, Tarrago JA. Wheel/rail contact: geometry study.
Veh Syst Dynam 1984;13(4):207-14.

[20] Chen G, Zhai WM. A new wheel/rail spatially dynamic coupling model and its
verification. Veh Syst Dynam 2004;41(4):301-22.

[21] Kalker ]. A fast algorithm for the simplified theory of rolling contact. Veh Syst
Dynam 1982;11(1):1-13.

[22] Li ZL. Wheel-rail rolling contact and its application to wear simulation. PhD
thesis. Delft University of Technology; 2002.

[23] Ren ZS, Iwnicki SD, Xie G. A new method for determining wheel-rail multi-
point contact. Veh Syst Dynam 2011;49(10):1533-51.

[24] Zhai WM. Two simple fast integration methods for large-scale dynamics
problems in engineering. Int ] Numer Meth Eng 1996;39(24):4199-214.

[25] Monzingo RA, Miller TW. Introduction to adaptive arrays. New York: John
Wiley & Sons; 1980.

[26] Zhang YG. Research on vibration behavior of CRH2-300 EMU trailer wheelset
(in Chinese). Master Thesis. Beijing Jiaotong University; 2009.

[27] Chen G. The analysis on random vibration of vehicle-track coupling system (in
Chinese). PhD Thesis. Southwest Jiaotong University; 2000.


http://refhub.elsevier.com/S0141-0296(17)31368-8/h0005
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0005
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0010
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0010
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0015
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0015
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0020
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0020
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0025
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0025
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0030
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0030
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0035
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0035
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0035
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0040
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0040
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0040
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0045
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0045
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0050
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0050
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0050
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0065
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0065
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0065
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0070
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0070
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0080
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0080
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0085
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0085
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0090
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0090
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0095
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0095
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0100
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0100
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0105
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0105
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0115
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0115
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0120
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0120
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0125
http://refhub.elsevier.com/S0141-0296(17)31368-8/h0125

	An iterative method for solving the dynamic response of railway vehicle-track coupled systems based on prediction of wheel-rail forces
	1 Introduction
	2 Vehicle-track coupled dynamic model
	2.1 Equations of motion of vehicle subsystem
	2.2 Equations of motion of track subsystem
	2.3 Wheel-rail interaction model

	3 Iterative procedure based on prediction
	4 Weighted least squares error prediction method
	5 Numerical examples
	5.1 Periodic track irregularity
	5.2 Measured track irregularity

	6 Conclusions
	Acknowledgments
	Appendix A Notation
	References


