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1. Introduction

Effectiveness and simple model-free control structure are the
principal characteristics that make PID controller be useful in sev-
eral applications. Based only on state feedback, the PID control has
been developed for regulation tasks principally, [1-5]. The regula-
tion of robotic arms, without linearization scheme, stands out from
the overwhelming contributions in the literature on PID control. In
particular, it has become the preferred option in the industrial floor
for control of robot manipulators, [6]. To overcome the intrinsic
uncertainties of the model commonly encountered in the robotic
tasks, [7], some studies have provided the fundamentals for reg-
ulation without using the regressor nor any robot parameter, [8].
However, stability for the tracking case with a pure PID structure
of non-linear plants, in particular for robotic arms, remains largely
elusive in the literature. Additionally, to simplify the complex pro-
cedure of tuning constant feedback gains in the time domain for
robotic arms, explicit rules rely on advanced stability grounds [9], or
in view of the lack of simple procedures knowledge-based schemes
have been proposed as an alternative to tuning feedback gains
on-line [10]. In this paper, we explore a novel idea to design a
self-tuning PID controller for robotic arms to obtain exponentially
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semiglobal tracking, in the sense of Lyapuonov [11], even under
affine unmodeled bounded exogenous disturbance and smooth
joint friction.

Using a typical passivity-based robot control approach [12,13], it
is shown that the error equation can be stabilized in the extended
error manifold in the sense of Lyapunov, where the nonlinear inte-
gral control term yields a smaller stable domain of attraction. In
order to drive the error manifold to zero to ensure the tracking,
a neuro-fuzzy network is proposed to extract the knowledge and
tune a gain, avoiding any knowledge of robot dynamics, in contrast
to [14,15], nor attempting to approximate inverse dynamics, [12].
This gain is used together a PID controller of constant gains, result-
ing in a self-tuning PID control based on a single feedback gain
using a neuro-fuzzy scheme. This self-tuning gain in fact expands
or contracts the domain of attraction where passivity is enforced to
yield Global Uniformly Ultimately Bounded, GUUB. Once tracking
errors are trapped in this domain of attraction, the tuning scheme is
synthesized and an exponential convergence to the desired trajec-
tory is enforced, as long as initial conditions belong to the compact
set in the neighbourhood of the time-varying desired trajectory.
In this sense our proposal extends, by simplifying, the involved
neuro-fuzzy structure of [16-18] such that the neuro-fuzzy tuning
scheme enforces a dissipative mapping in terms of the error mani-
fold by shaping the dissipation rate function to dominate the robot
dynamics. This shows that a simple and intuitive fuzzy-based tuning
rules keeps a model-free PID control structure to get tracking.

This paper is organized as follows. A short background on
self-tuning PID is presented in Section 2 to contextualize our
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contribution. Then, the proposal is given in Section 3, with the
self-tuning policy presented in Section 4. Section 5 shows the
main result and its stability analysis, with discussions and remarks
in Section 6. Comparative experimental results are presented in
Section 7, which highlights the viability and potential of the pro-
posed approach in real robotic arms applications. Final conclusions
are provided in Section 8.

2. Background on self-tuning PID

The seminal work of Ref. [20] established the fundamentals for
regulation of robotic arms with PID control using constant gains,
and [21] sets the grounds for its applicability to tracking tasks.
Afterwards, various schemes of non-constant self-tuning feedback
gains have been studied to provide better stability properties,
[22]. Schemes such as linearizing robot dynamics, regressor-free or
non-constant feedback gains have been introduced for improved
performance, e.g. gain scheduling [23], iterative learning control
[24], regressor-free [8], neuro-fuzzy [25], adaptive fuzzy [26], or
state-dependant tuning gains [27].

Among these schemes, in contrast to the classical neural net-
work plus a PID-like stabilizer, see [28,29], there appear other
schemes whose PID structure in fact hides a classical function
approximation scheme, see [30] for neural networks, with wavelets
in [31], recurrent neural networks in [32], and fuzzy neural
networks in [33]. Although several schemes claim tracking capa-
bilities with PID control, a close scrutiny shows the lack of stability
results or in fact turns out BIBO stability even for LTI plants, at best,
similar to [21] for the non-linear robot arm case. From the instru-
mental work of [34], PID fuzzy-based control for linear plants has
been applied indistinctly for a wide family of systems and regimes,
including for semiglobal regulation of non-linear robot dynamics
[14], however unsuccessfully for tracking regime. Although there
are impressive application studies on PID control of complex plants,
the vast majority of these contributions share the common charac-
teristic that no stability proof is presented, [35]. Recently, in [36]
an adaptive fuzzy controller for tracking of a single-link robot
manipulator is proposed based only in the measurement of posi-
tion while the velocity signals are estimated using an adaptive
fuzzy filter observer. The boundedness of the closed loop signals
is guaranteed under assumption that the non-linear uncertainties
are unknown. Within the large body of literature on PID control,
our proposal is aligned to the schemes that preserve only a PID
control structure without resorting on any type of inverse dynam-
ics compensation while the feedback gains are time-varying. The
proposed self-tuning mechanism, based on dissipation rate using
a PID error manifold, facilitates the design controller because the
non-autonomous representation of the open-loop error equation
is parametrized by such PID error manifold, which is used as the
output of the passivity inequality. In this realm, we claim that
our proposal stands for the first one that enforces and proves
semiglobal exponential tracking for robotic arms using a self-
tuning PID, or PD.

3. Model-based control and our proposal
3.1. Dynamic model in error coordinates

Consider the Euler-Lagrange formalism to model the energy bal-
ance of articulated mechanical systems, then let the well-known

non-linear dynamic model of a rigid serial n-link robot manipulator
be represented as follows:

H(q)4+ C(q,q)q +8(q) =T — T + T4, (1)

where q e R", g ¢ ®" are the generalized position and velocity
joint coordinates, respectively, H(q) € R denotes a symmetric
positive definite inertial matrix, C(q, q) € :3"*" represents the Cori-
olis and centripetal forces, g(q) € R" models the gravity forces,
and t € R" stands for the torque input. Term 7 = Bg + C tanh(Dq)
stands for joint friction where B and C are positive definite diago-
nal n x n matrices modeling viscous damping and kinetic friction,
respectively, and bounded D e R}*" gives rise to a reasonable
approximation of the non-smooth Coulomb friction model. Dis-
turbance torque 74 is assumed bounded and possibly slowly
time-varying.
Let the following linear parametrization of (1), [40],

H(q)4r + C(q, q)dr + g(q) + Bgr + Ctanh(Dgy) — 74 = Y ©, (2)

where the regressor Y, =Y(q,q,qr, §r) € R™*P represents the
matrix of known terms and ® ¢ 93P is a p vector of unknown param-
eters, [13], and ¢, € ®" stands for the nominal reference, being g,
its derivative. Adding and subtracting (2) into (1), there appears the
open-loop error equation:

H(q)S+C(q,§)S = T - Y;©, 3)
where the error manifold S is defined as:
S=q-qr. (4)

Let the nominal reference given by Ref. [19],

i
r=qq—aAq— K,»/ tanh(ASg)dt, (5)

to

where S; defines the PD error manifold by:
Sq=Aq+aAq, (6)

for o, A, and K; as positive-definite diagonal feedback gain matrices,
Aq(t)=q(t) — q4(t) denotes the position tracking error for q4(t) € C2
(the dependency on t will be dropped subsequently to avoid any
confusion and simplify the notation) the bounded differentiable
continuous desired trajectory, with g, its derivative as the desired
velocity, and tanh(Ax) is the continuous hyperbolic tangent func-
tion of x € M". Substituting (5)into (4), it renders the extended error
manifold:

S =Sq+Ko, (7)
¢ = tanh(ASg), (8)

notice that (7) and (8) stands for a PI error manifold homoge-
neous in Sg, whose unforced derivative $q = —K; tanh(1Sq) has a
unique solution at Sq=0. Then, if there exists a controller 7 that
renders asymptotically S — 0, we can show that the unforced solu-
tion of (7) and (8) attains an unique asymptotic equilibrium at
(Ag, Aq) = (0, 0) for a storage function Vg = 1/2555,;. Finally, at
this point, observe that o =0 yields a linear PD error manifold with
similar results.

In this paper, we exploit the model-free non-linear PID con-
troller with constant gains t = — K;S and show that it yields GUUB.
Moreover, we show that if K; is chosen on-line using a neuro-
fuzzy scheme, then there arises exponential convergence of S.
To motivate the structure of this controller, and similar to [21],
we show that the well-known result for local stability of robots
using the PI error manifold (7) and (8) is valid. This fact will
empower our self-tuning proposal to include input knowledge
of the user by means of setting bounded multi-valued criteria to
tune online K; based on a neuro-fuzzy mechanism. In the sequel,
we will review some well-known techniques to contextualize our
proposal.
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3.2. Model-based robot control

Before to present the control-system stabilization of unknown
regressor and parameters (Section 3.3), it is necessary to briefly
explain the passive computed torque with and without adaptation,
in order to remark the importance of adaptation by using only one
varying parameter, named Kj.

3.2.1. Passive computed torque: Yy and ® are known

Aiming at preserving passivity in closed-loop when Y; and ®
are available, it is easy to see that a dissipative mapping is glob-
ally valid for a storage (Lyapunov) function V; = I/ZSZH(q)Sq for
T=—K4Sq+Y:® where Kq = KT > 0 e ®*", [38]. To see this, notice
that the following closed loop equation appears:

H(q)Sq + C(q, §)Sq = —KaSq — v1, 9)

where v; =0 is a virtual input defined for analysis purpose. The
passivity balance leads to:

t t
/ SqTV1 dt = / iV](Sq)df +$ (10)
N t dt

in virtue of the antisymmetry of 1/2H(q) — C(q, ¢), [42], and & =
f[; Sq"K4Sqdt > 0stands for the dissipation function, with Ky its dis-

sipation rate gain. In this case, any constant K; endows the system
with dissipative behavior and a global domain of stability D;, con-
taining the open set R of initial conditions X(tg) = Xy is established.
More precisely, (10) leads to V; (Sq) = —SqTKdSq which suggest the
GUUB of the origin. Now, let us review the case of unknown ® in
light of the adaptive approach of Ref. [13].

3.2.2. Adaptive passive computed torque: Yy is known but © is
unknown

When Y; is known but ® is unknown, the well-known adap-
tive passive computed torque, or simply adaptive control of [13]
is defined. Considers T = —K;S; + Y;©, where K; = KT > 0e x>,
and the vector of parametric uncertainty A® is compensated adap-

tively by © = ~TYTS,. This gives rise, by Barbalath Lemma, to
the local asymptotic stability using the Lyapunov function V, =
1/2STH(q)Sq + 1/2A®TT -1 A®. In this case, a dissipative mapping
can be obtained locally to guarantee tracking with smooth control
effort under an over-parameterization of the closed-loop dynam-
ics in virtue of p>» n. Interestingly, this can be re-interpreted as if
@)(t) were time-varying feedback gains that contributes to drive
error Sq— 0 at the expense of full knowledge of the robot model
encoded through Y. Finally, notice that even though online adap-
tation of vector ®(t)is not constant obviously, it does not contribute
to the dissipation rate because it targets to compensate for para-
metric uncertainty A®, that s, & is the same as previous case. Now,
let us analyze the case when both Y; and ® are unknowns.

3.3. Stabilization with a PID of constant gains under unknown Y;
and ©®

In this case, for unknown Y; and © let

T = 7de = *deq — KdKiO’
(11)
= —KyAq - KyAq - K0,

be a PID controller parametrized by the PI error manifold, where
Kq =K} > 0e R, Kp=Kga, Ky = Ky, and K, =KyK;. The closed-
loop system, using (11) and (3), leads to the very same (9):

H(q)$ + C(q, @)S = —K4S — vy, (12)

however in this case v;=Y;0®. Clearly, we obtain (10), that
is ftgsTvl dr:ft; dyy(S)dr+& for V3(S)=1/2STH(@)S and &=

ft; STK;Sdt > 0. This is not passive because v; #+ 0, however, for

large enough K; abounded local domain of stability Dy can be estab-
lished to guarantee stability of tracking errors. To see this, consider
that there exists positive scalars p; (i=0, ..., 5) that bounds Y;®,
[19,21], as follows:

IH@)I = Am(H(q)) > po > 0,
IH(@I < Am(H(q)) < p1 < o0,
IC(q, Il < p2114ll,
(13)
el < ps,
lgrll < pa+alAq| +Kilo|,
grll < ps+al|Aq],

where A (A), Ap(A) stand the minimum and maximum eigenvalues
of matrix A € R™", respectively, and pg4, p5 sets the upper bounds
for desired velocity and acceleration, respectively. Then, we have
that:

Y, ®

A

< IH(@Igr Il + (1Bl + 1€(q, DIgr I + 11g(@)ll + ICII tanh(Tg, )|l
P12 AGll + {Am(B) + o211411} - (el Agll + Killoll + p4) + Am(C) + p3
n(e),

IA

IA

(14)

where p; = p105 + p3, and n(t) = f(Aq, Agq, o, p;, t). According to
(14), we have that V3 < —|IS||(Am(Kg)IS|| — n(t)). Thus, there exists a
finite time t; > tp such that |IS || > (c/Am(Ky)) for c>supargon(t) for
which V3 < 0. Then, for small initial conditions Xg < cg, for ¢y >0,
n(to) belongs to a neighbourhood with radius r> 0 centered in the
origin S = 0. This shows the existence of bounded domain of stability
Dy for a large enough feedback gain K, implying that S converges
into a set &1 of radius r{ >0 bounded by S < ¢c/An(Ky) Vit > t,. There-
fore, S < ¢, for some real . Namely,

S—>&=>S5—¢& and (S5,S¢)cDy Vt=t, (15)

this stands for local stability of S and the boundedness of all
closed-loop signals, in the £, sense, which leads to the exist-
ence of bounded neighbourhoods &, >0, and €3 >0 such that ||S|| <
£, ||S|\ < &3. Finally, in virtue of (7), the boundedness of tracking
errors is established, that is |Aq|| < &4, |Aq| < €5, |0 < &g, for
aPID controller t = —K;S = —K4Sq — KgKjo = —-Kp, Aq — KyAq — Ko
with constant K. Thus, we have proved the following result.

Proposition 1. Consider the closed-loop system (12), then the non-
linear PID controller (11) yields global uniform ultimate boundedness
(GUUB) with constant Ky assuming small errors on initial conditions.
|

Remark 1. Notice that the size of ¢; is reduced as K; increases,
however the saturation level of actuators sets a finite upper limit for
Kg. An alternative approach is online tuning of K; depending on the
size of position tracking errors. We pursue this idea based on neuro-
fuzzy arguments to show that for bounded S, a bounded K; =f(S)
gives rise to local exponential stability, which can be expanded in
the semi-global sense, [15]. Now, we review the case of finite K;(t)
under controller t = — Ky(t)S.

3.4. Proposal: varying K; under unknown Y,®

In the sequel and provided that Proposition 1 holds, there
remains the question on what sort of improvement can be obtained
with time-varying K;, and more important, how to obtain the
corresponding stability proof. This question is pertinent because
experience indicates that some tasks can be executed more
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Desired
Trajectories

Neuro-Fuzzy
Block

Fig. 1. Block diagram of the proposed controller.

accurately and smoothly when feedback gains are time-varying
according to the error and initial conditions rather than using con-
stant gains. Now, consider the following controller:

‘L'=—RdSE—RpAq—RDAq—RIO', (16)

for Rp = Ko, Kp = Ky, and R; = RyK;, for constant positive definite
feedback gains «, and K;. Intuition suggests that a time-varying gain
policy can simply consider that if error increases, then increases the
gain that affects most such error, and viceversa, and so forth, which
eventually will result on (&4, £5) — 0 accordingly. This motivates to
argue that since K; shapes the dissipation rate £ in the passivity
inequality (10), it seems reasonable to embrace tuning of K; based
on the deviation of position errors, essentially a greater dissipa-
tion rate to greater deviation is required and vice-versa. Clearly,
that under unknown Y,;®, an analytical algorithm to tune Kj is
incomplete, (pag. 26 of [34]), but exploiting user experience and
knowledge on system performance, it seems feasible to resort in
neuro-fuzzy schemes with the purpose to design a self-tuning algo-
rithm for K; without any attempt to approximate inverse dynamics.

4. Self-tuning design of K,
4.1. Design of Ry

Let a neuro-fuzzy scheme tune the gain K; as follows:
r r
Ki= ka(k) =" Bilk) ua,(K), (17)
i=1 i=1

where g;(k) is a parameter to minimize a quadratic cost function of
S(k), and ps,(k) stands for the membership function. In this way,
and based on user experience, it is assumed the user is able to
tune them to obtain tracking for a given bounded and smooth time-
varying trajectory, resulting in bounded K;, see Fig. 1. The tuning
process will be explained later. Let the universe of discourses of
S and kg be defined as S ¢ S and k4 c Ky, respectively, [34]. Then
for each S input, the fuzzy IF-THEN rule, similar to a Sugeno-type
model, is defined as:

Rulei: IFSISA; THEN Ky = kgi(k) = B;(k) pa,(k), where A; denotes
a linguistic-classified subset linked with the membership function
(MF) of the fuzzy state, for i=1, 2,..., r-fuzzy states and kg;(k) c Kj.

We now shows firstly the self-tuning fuzzy logic scheme to
obtain B;(k), and then we describe the rationale behind the design of
a;(k). In fact, the gain R4 > 0 is tuned using a two-stages neuro-
fuzzy algorithm. In the first stage, fuzzy logic rules are designed
based on S vector, while in the second stage, it is used the output of
the first stage as inputs of a neural network (with unity weighting
between layers) to obtain the corresponding summation to build
up the output Ky, see Fig. 2.

Fig. 2. The fuzzy-neural network is driven by input joint error manifold S to produce
a Ky output, at instant k. The network structure is decomposed into four layers: (1)
S-input-vector layer decomposed on S; elements, (2) membership function layer, (3)
linear consequence layer, and (4) K4-output layer.

4.2. Design of membership functions

The Rule i indicates that if S belongs to the fuzzy set A;, with
corresponding membership value j4,(k), then the fuzzy value of
the output of this rule, denoted by kg;(k), is equal to the linear con-
sequence (LC) defined by the product B;(k) ua,(k); where B;(k) and
ta;(k) represent the slope of the LC and the membership value of

the MF, respectively. Once the rules are processed, the output K; at
instant k is computed from the summation of all kg4;(k) values by
using defuzzification.

Each fuzzy rule is transferred through a fuzzy-neural network
composed by four layers. This particular configuration has a simple
structure able to transfer knowledge about S based on fuzzy rules
injected into the network, [16-18]. It can be seen that the input
layer simply processes S into the second layer, where each node
has a Gaussian or sigmoid MF, given by A; = u4, (k) correspond-
ing to one linguistic level (e.g. negative, positive, etc.). The MFs are
processed to the corresponding i-th node of the next (LC layer),
which is computed as (17), that is:

kai(k) = Bi(k) pea; (k). (18)

Finally at the output layer gives rise to (17). This structure allows
to tune a suitable K, value according to user experience on system
performance encoded in terms of tracking errors or error manifold
S, which is useful to modulate the domains of attraction D;. Now, an
adaptive algorithm for LC §;(k) is proposed to minimize a quadratic
index of extended error manifold S.

4.3. Online adaptation of parameter B;(k)

Due to Ky = f(S(k)) is an state-dependent non-linear function of
S(k) = Aq(k) + aAq(k) + Kio(k) with Aq(k)=q(k)—qq(k), Ag(k) =
q(k) — qq(k),and o(k), representing position and velocity errors, and
the integral term, at instant k, respectively. The convex quadratic
cost function F(k) defined as:

Fk)= %ST(k)S(k), (19)
is minimized as k— oo when:
Fk+1) = %ST(I<+ 1)S(k +1) - 0, (20)

with S(k+1)= Aq(k+1)+aAq(k+1)+Kjo(k+1). Thus, the
adjustment of ApB;(k) can be defined along the negative gradient
of (20) as follows:

(21)

AB(I) = —ni(k) [a];;‘(z;)] ,
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for n;(k)>0 the learning rate at instant k for the i-th LC. Applying
the chain rule, the term dF(k 4+ 1)/0p;(k) is obtained as follows:

OF(k+1) _ 0Ak+1) 9S(k+1) dAqk+1) IKy(k)

0p(k) oSkt 1) DAgk+ 1) dRgl) OB D)
Clearly,
%:5(“1), (23)
% —a, (24)
g’;"((,'j)) = 1 (K), (25)

but the term dAq(k + 1)/0R (k) cannot be computed analytically,

yet, for a fast enough sampling rate (relative to the constant time

of the electromechanical robot) it can be approximated reasonably

by:

0Aq(k+1) _ Aqk+1)— Aq(k)  AAq(k+1)
R 4(k) Ry(k) — Ry(k—1) AR (k)
Now, by design, it is desirable to make the ratio (26) sensible to

parameter K;(k) so as to K;(k) reacts faster than Aq(k+1) does, i.e.

the ratio (26) is such that:

dAq(k + 1)
0K (k)

is small and positive, by design. Finally, substituting (23)-(27) into

(22),(21) becomes:

Bi(k + 1) = Bi(k) = ni(k)Yp Sk + 1) e pua, (k) (28)

given that B;(k+1)= Bi(k)+ ABi(k). Note that {n;(k)Yp} <n;(k) e (0,
1] in virtue of (28), which can be interpreted as a new learning rate.

(26)

=Tp«1, (27)

Remark 2. On the no dependency of B(k+1) on velocity tracking
errors. We underline that state g(k), explicit in Ag(k), is omitted
purposely in (22) because S(k) is homogeneous in Aq(k), then when
Aq(k) — 0= Ag(k) — 0, but the converse is obviously not always
true. In this way, this algorithm avoids that K, reacts to typical noise
measurements of velocity tracking errors.

5. Main result

We are now in the position to state the main result with its
stability analysis in the following theorem.

Theorem. Consider the robot dynamics (1) in closed-loop with the
controller (16) with a varying Ry, (17). If \m(Ky) satisfies Proposition 1
and B;(k) is computed according to (28) then, the extended error man-
ifold S is driven exponentially to zero. Thus, a semiglobal exponential
stability of tracking errors is guaranteed, (Aq, Aq) — 0.

Proof. Consider a Lyapunov function candidate as follows:
Va(k) = %ST(k)S(k), (29)

whose discrete time difference yields:
AVy(k) = Va(k + 1) — Va(k)

1

i{sT(k +1)S(k+1) = ST(k)S(k)}

(30)

%{[S(k) + ASU)T[S(k) + AS(K)]. .. — S(k)TS(k)}

= AST(k)[S(k) + %AS(k)],

for AS(k)=S(k+1)—S(k); owingto (26), AS(k) can be approximated
along small variations of A B;(k) as follows:

As(h) = SN~ %Aﬂi(k). 31)
Similar to (22), dS(k+ 1)/0B;(k) becomes:

ISk +1)

S = oAl (32)
Finally, from (28), A B;(k) becomes:

ABi(k) = —ni(k)Yp Sk + 1) o pup (k) - (33)

Substituting (32) and (33), (31) can be written as follows, using
o?=oTo and S(k+1)=S(k)+ AS(k),

AS(k) = —ni(k) Y3 S(k + 1)a? 13 (k).
= —mi(k) Y5 o pg (k) [S(k) + AS(K)],
= (k) Y32 13 (K)S(K) — ...1i(K) 3 o 3 (k) AS(K),

~BS(k),

(34)
where B = B/1+ B,and B = n;(k) Y2 a? 12 (k), then Bis well posed
since0 < B <1, V B > 0.Finally, from (30) and (34) we obtain:

AVa(k) = —BST(k)S(k) + %EZST(k)S(k),

S v TSR, (35)

IA

< —y Vy(k),

for rate y>0, concluding the exponential convergence of the
quadratic convex function Vy4(k), with the unique equilibrium at
S(k)=0, since B > B Resorting on definition of Sin (4) and (7) and
(8), it guarantees that S(k) - 0 = (Aq, Aq) — (0, 0) exponentially.
|

6. Discussions
6.1. Fuzzy reasoning and regions of attraction

Let us explain intuitively how the fuzzy reasoning is connected
with the physical meaning of the attractors (also see [38,39]). An
interpretation of the interplay of these gains in the workspace is
established by identifying two regions of attraction, see Fig. 3, by
arguing the following:

e It is clear that & and K; have a particular impact on the applied
torque T = —K;S since S = Ag + aAq + K;o. For large o and large
Ag, Sislarge then K; can be small, otherwise T may attain imprac-
tical large values for real applications.

e Conversely, large o and small K, for a large Aq, may result in
a small applied torque, then the domain of attraction may be
too large, which means large tracking errors, consequently low
performance, again impractical for real applications.

¢ [n order to modulate adequately the expansion and contraction
of the domain of attractions, we have to define regions in which
K, should be automatically adjusted.

Therefore, as depicted in Fig. 3, two regions of attraction are
considered: Region €2, based on the constant «, and region Q,,
for a region where Kj is more influential. We have then that:

Region 2, It covers the workspace far from the desired trajec-
tory, then we design o by considering the largest admissible Aq.
Notice that it enlarges the local domain of attraction to semiglobal
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The robot gets into the
second region of attraction,
and never leaves this region

Near of the second
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Fig. 3. Two regions of attraction splits the domain of attraction in the whole robot
workspace: the outer region €2,, and QKa' which contracts the stability domain

based on a time-varying K;.

one, [15]. The constant « is defined big enough to generate a suit-
able torque in order to guarantee the robot converges to region
Q. Thus, a constant « is proposed taking also into account the
maximum torque of each joint-motor pair.

Region 2, : This region is defined near the desired trajectory,
that is, for small S. Since S— 0 when t— oo and based on user-
experience or fuzzy-knowledge, then we define s, when |S|<1
with a suitable torque mainly affected by «, and once into Q,,

gain K is increased in order to reach and retain the desired trajec-
tory in the vicinity of origin S=0. Once in €2, then K; varies from

kdmin to Rdmax to produce exponential attraction, as established in
the main theorem.

In order to represent the above transition, from 2, to QKd, we
define three MFs: the first one, before the transition (big), the sec-
ond one, during the transition (medium), and the third one, after the
transition (small); as defined in Section 7.2.

Therefore, for a particular robotic arm, it is only necessary to
adjust the parameter « intuitively according to the maximum
torque specified by the motor manufacturer, and to design the fuzzy
inference mechanism for |S|<1 in order to discriminate between
regions 24 and €2, by varying the value of K, see Sections 4 and
7.2. Although K; is bounded, strictly speaking, it does not deliver
bounded torques because S is not saturated, but its contribution
through the fuzzy procedure including the selection of « has the
purpose of avoiding such saturation in order to produce suitable
smooth torques/controllers within actuator limits, as shown in
experiments of Section 7.3.

6.2. On the exponential convergence

Itis shown that tuning of B;(k) drives bounded S(k) to zero expo-
nentially by injecting a controlled dissipation rate & = STK,S into
V3. This eventually leads to enforcing an exponential attractor at
S(k)=0, arising semiglobal stability at (Aq, Aq) = (0, 0) in the sense
of [15]. This is due to the role that plays K; on the stability cri-
terion, in the sense of fuzzy reasoning [41]. Then by design, we
can select the minimum and maximum bounds of K, such that,
V3(S) = —=STR,S — STY; © leads to the following condition:

STR,S > 1STY, ), (36)

with a dissipation rate é:STf(dS, for a particular non-linear
Euler-Lagrange dynamical plant. Thus, there exists a finite time

Domain Do, Region &,
For large enough K, and VX (z,) c D,
°

Domain D1, Region &,

7 'For K, min iy Domain D2, Region &
i {FOTK (1) =[K 10 K s ] ?4%, Domain D3, where S()=0,
i =' P e which implies that S, (r) =0,
il ',‘ For K, then (Ag,Aq)=(0,0) is the
[ only exponential equilibrium
)
\
\

For any X (t,) € D,,> K, () such

that trajectory X{(z) tends to D,.

Then, asymptotically we have:
X()cD,cD,cD,cD,

Fig.4. The chain ofimplications on attraction domains shows that for any initial con-
ditions X(tp) contained within domain Dy, there exists a large enough K; bounded
within the range [Kqmin, Kamax] that contracts the domains Dy — D; — Dy — Ds,
which leads to S— 0 exponentially, that is, enforcing semiglobal exponential track-
ing.

t; such that for initial conditions within an open set, tracking
errors of the manifold S are trapped into a set-bounded &7 <é¢q,
consequently enforcing the exponential contraction of domains
Do — D1 — Dy — D3, through Ifd, then:

S—¢€7, S—eg, |SI<e&g, ISI<Eéto.

as shown in Fig. 4.
6.3. On the stability properties of the closed-loop system

Notice that when the state dependent friction, bounded smooth
exogenous, or endogenous, disturbances, are not present, it implies
simply that domains &4 and &5 are smaller but bounded and
the result stated in the theorem applies. However, for hard non-
linearities such as backlash or more stringent dynamic terms like
dynamic friction that includes the Stribeck effect [37], limit cycles
may be induced which are advised to take into account to avoid high
frequency of K. Notice that the sizes of neighbourhoods &7 and &g,
defined around the origin S=0, are based on conditions (36), which
by design represent a fine tuning of the K; based on the experience
of the operator through the fuzzy-neural network.

6.4. Self-tuning with a PD controller

If there is not integral term or if K;=0, then a PD controller
appears, thatis, 7 = —Kp Aq — Rp Ag. In this case, notice that domain
D, does not arise, in which case, larger €4 and €5 appears, which
in turns demand large gains to react faster for tracking errors
changes. But yet, this PD controller with the same self-tuning
scheme applies, which guarantees also exponential tracking. This
was explored recently in our paper [38]. It shows that the integral
term induces a smaller stability domain, D, with smoother K, in
part because of the contribution of the nonlinear integral term of
the manifold S.

6.5. Extension to others PID-like schemes

Some others non-linear functions can be used as the error man-
ifold S, in particular, in substitution of tanh(*) and still preserving
the result of the theorem. This allows to introduce certain stability
properties and requirements. Consider the family of bounded dif-
ferentiable functions, possibly almost everywhere, defined in [42]
as follows:

Definition 1. Consider the function I'(u, p, x) with 1> © >0, p>0,
and x € R" denotes the set of all continuous differentiable increas-
ing functions f{x)=[f{x1), fix2), . . . fixn)]T such that:
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o X=X =plxl, YxeR": x| <p
e p=fixX)l=pnp, VxeR":|x|=p
* 1> (d/dx)f(x)>0,

where | - | stands for the absolute value. Function I'(u, p, x) attains
two properties needed for stability analysis in terms of the metric,
those are:

1. The Euclidean norm of f(x) satisfies for all x € R":

Ol > wixl, iflx| < p
T | o, iflx) = p,

and

Ixl, if)x| < o
IFI < .
4 { vnp, if|x| = p.

2. The function f{x)Tx satisfies for all x € ®":

wlxli?,  if x| < p

fx)Tx >

wplxl, ifx| = p.

Some non-linear functions f{x) that satisfies these properties are
the following:

¢ Sine function,

sin(x), if|x| < =
fx)=14 1, ifx> 2
2

. T

-1, ifx < —5-

e Saturation function,

+1, ifx > 1
f(x) =< sat(x), ifxe[-1,1]

-1, ifx < 1.
[«b]
=]
«©
>
=2
[
w
>
o)
1S
D
=

Fig. 5. Experimental setup (2-DOF robot arm).

All these function, as argument of the integral term into S, pro-
vides slightly different stability properties of D,. Thus, the general
joint error manifold for these kind of non-linear functions is given
as:

&
S=5 +K,~/ f(ASg)dr,
fo

where Sq = Ag + aAq. Clearly, the inclusion of the integral term
contributes to a fast response, even for small A.

7. Experimental results
7.1. Experimental platform

A real-time validation is carried out on a 2-DOF dynamic robot
actuated with direct-drive motors under a digital controlled current
servo-loop at 2 kHz, see Fig. 5. An Intel processor 2 GHz PC-based
platform in OS Windows 7 is programmed to run Labview 7.1,
with 4Gb of RAM memory. Real-time threads are implemented,
including for the acquisition card NI PCI-7041/6040E RT to enforce

o 0.1 0.2 0.3 0.4

0.5
IS
]

0.6 0.7 0.8 0.9 1

Fig. 6. Membership functions for each joint error manifold S; corresponding to link j=1, 2, with [S;j| < 1.
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Fig. 7. Setting of linear consequences for each joint error manifold S; corresponding to link j=1, 2, with (K

a constant 1ms sampling. The system is tested at first run, that
is, results are presented for experiments that are congruent with
theory at first trial, without an additional effort to tune it for cer-
tainly best performance, but those presented here are compliant to
Proposition 1 and Theorem.

7.2. Fuzzy engine and parameters
Considering the above discussion, specifically Section 6, let us

now to define a set of suitable IF-THEN rules for a robot arm of two
degrees of freedom (2-DOF),

RULE 1: IFS;ISb THEN kj 1 = Bj1 fhay,»
(Big joint error manifold) (Small K4 value)

RULE 2: IFS;ISm THEN ki a2 = B2 s, 5
(Medium joint error manifold) (Medium Ky value)

RULE 3: IFS;ISs THEN Kj a3 = B3 14, 5

(Small joint error manifold) (Big K4 value)

for the link j=1, 2. Terms b, m, and s denote big, medium, and
small linguistic levels, respectively. According to the consideration
about small error surface when |S| <1, in Section 6.1, membership
functions depends on three linguistic levels for each joint, as
depicted in Fig. 6. After all rules have been processed, the crisp
output K; = diag(Ry;, Kpp) is computed (where the labels d;
and d, corresponds to link 1 and link 2, respectively) based on
the corresponding linear consequences for each link by using
defuzzification (as described in Sections 4 and 6). The setting of
linear parameters f§;; >0 provide the upper bound of K.

In order to tackle an intuitive (fuzzy) process to select suitable
parameters, it is worth to point out a guide on how to do it in
terms of PID gains. Considering that Kp(t) = Ky(t)a, Rp(t) = Ry(t),
and Rj(t) = K4(t)K; are the proportional, derivative, and integral
terms, respectively; we choose the gains as follows:

¢ The parameters 3 are considered as the incremental product
about how many times the parameters « and K; should be incre-
mented within the region ,, providing at the same time, the
lower and upper bounds of Kj.

¢ The integral term is used to reduce the steady state errors, there-
fore, its effect must be more influential on the vicinity and within
Q2. In order to avoid overshoots when Agq is large, based on
user experience, this term should be selected small in the range

s Kamax ) = (1, 4).

min

0<K; <0.5, for minor impact when Agq is large and major one
when Agq is small, because this term increases for small errors
due to the product R; = Ry(t)K; through the increment of K.

¢ The proportional term is selected big enough in accordance to
the maximum torque, as established in Section 6.1. Notice that
by increasing «, raising time decreases (from region 2, towards
2, ) but at the expense of increasing overshoot.

¢ The parameter A is related to the smoothness of the response of
the integral part, but increasing it may causes wind-up effects,
then care is advised on the numerical integrator.

Therefore, the feedback parameters for each link are defined
as a=diag(5, 7.5), A=diag(10, 10), and K;=diag(0.2, 0.2). The B;;
parameters of the linear consequences for the j-th link are gj; =1,
Bj2=2, Bj3=4, as depicted in Fig 7.

10 T 025\
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g 2 4 6 8
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2 st 1
£ .
[S) Joint 1
S

_10 Il Il Il Il Il Il Il Il Il Il Il

0 1 2 3 4 5 6 7 8 9 10 11 12
Time [s]
10 T 0.25! T T T

Joint error manifold S(t)

Time [s]

Fig. 8. Exponential convergence of manifold S for each joint. Time window shows a
zooming. Exponential convergence is enforced to domain D, — Ds.
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Fig. 9. Exponential position tracking errors for first (Ag;) and second (Aqz) joints,
respectively. The time window displays a zooming, showing small tracking errors
within the minimum resolution of the experimental platform.
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Fig. 10. Exponential velocity tracking errors for first (Ag; ) and second (A ) joints,
respectively. The time window shows a zooming.

7.3. Results

Let us now to consider the experimental results, where data
shows the expected smooth exponential tracking within the mini-
mum resolution of the system. From Fig. 8 is shown the exponential
convergence of the joint error manifold S, which is enforced to the
exponential stability of domain D, and subsequently to domain Ds.
Consequently, Fig. 9 shows the exponential position tracking errors,
where it can be observed that tracking errors converge to zero
within the minimum resolution of the experimental platform. The
exponential velocity tracking errors are shown in Fig. 10. Signals are
bounded within the best minimum physical precision range of the
12 bits digital encoders and bounded within the physical precision
range considering the Levant velocity estimation. Fig. 11 shows the
smooth evolution of the applied torques/controllers for each joint,
remaining within a suitable value according to each motor limits.
Finally, in Fig. 12 is shown the time-varying feedback gains K4(t)
for each joint, in which can be observed the change of domains of
attraction and that once the robot gets into the second region of
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Fig.11. Evolution of the applied torques/controllers for each joint. The time window
shows a zooming, where suitable torques are maintained within small values.
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Fig. 12. Online tuning of Ky(t) for (Ka,» Kimax ) = (1, 4). Surprisingly, a good agree-
ment with theory is found, once the robot gets into domain Ds, it never leaves this
region.

attraction 2, it never leaves this region. Therefore, experimen-
tal results prove semiglobal exponential tracking, demonstrating
consistency with proposed theoretical framework.

7.4. Discussions

The underlying assumption of this self-tuning PID scheme is
that the expert user knows bounds of the particular set of gains for
different operational performance, a typical assumption on fuzzy-
based control. Then, setting this as the minimum and maximum
appropriate gains, the system automatically tunes the appropriate
R4(t) gain to guarantee exponential tracking. When this is not the
case, that is, when tuning is deficient for the maximum gain, the
system will be only GUUB (Proposition 1), since by assumption
of minimum gain yields Dy at least, but will not attain track-
ing (Theorem). In practice, such tuning in fact tunes on-line the
dissipation rate to reinforce a dissipative mapping from torque
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input to manifold S, and when S is present, integral gain creates
a smaller stability domain D3, which in turns requires a smaller
maximum K. Trial-and-error is useful to improve the training
user, and to satisfy with conditions of Theorem, to guarantee a
semiglobal practical exponential stability and an alternative for
tracking in practical applications. Comparative studies of the pro-
posed approach, through simulations and real-time experiments,
with respect to traditional PD controller and considering different
PID-like structures are presented in [38,39].

8. Conclusion

The elusive problem of tracking in robotic arms has studied
in the realm of PID control with non-constants feedback gains. A
self-tuning controller is proposed which preserves a unique PID
structure, with the ability to track smooth references by tuning the
single dissipation rate gain, using knowledge-based rules. Conse-
quently, as it is customary in fuzzy-based controllers, it assumes
implicitly that the user knows bounds of feedback gains accord-
ing to specifications. The role of the self-tuning gain is to enforce
dissipativeness so as to dissipative terms dominate the unknown
robot dynamics and an unique exponential equilibrium is obtained
at the given smooth desired trajectories. Other PID-like schemes
can be used, in fact, some were discussed which may provide dif-
ferent performance metrics. It provides not only a flexible but also
a practical control structure, in which human/user experience can
be incorporated into the closed-loop of control. The experimental
study shows the feasibility of the proposed scheme where the eas-
iness of the implementation and tuning is highlighted in virtue of
null-knowledge of robot dynamics. Finally, it is important to stress,
that for a particular robotic arm once the tuning process have been
carried out, there is no need to tune it again due to the intelligent
self-tuned algorithm. For industrial applications, as robot manip-
ulators, once the controller is tuned then a set of trajectory tasks
can be carried out within the workspace of the robot. Therefore,
the industrial robot could be tuned by the manufacturer directly,
avoiding the tuning process by the user in the industrial floor.
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