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a b s t r a c t 

In this article, an experimental and theoretical study on the buoyant non-condensable gas jet that is in- 

jected horizontally into a high-density liquid ambient at different initial conditions is performed. Direct 

and instantaneous global measurements of the interface were performed using a high-speed photography. 

The position and motion of the entire gas jet were captured by a high-velocity camera and the images 

were processed, averaged and analyzed to extract the jet parameters and interface position. In the math- 

ematical model, the rate of entrainment is assumed to be a function of the jet centerline velocity, the 

ratio of the mean jet and the ambient densities, while the entrainment coefficient depends on the local 

Froude number at the jet region. An interfacial shear stress acting at the interface between the jet flow 

and the water ambient in the opposed direction to the main jet momentum flux is considered. The re- 

sults showed that the model is able to accurately predict the jet parameters: trajectory, spread, jet angles 

and penetration lengths as well as the jet regimes. An overall good agreement was obtained between 

the simulation and experimental results over a large range of Froude numbers and jet diameters. The 

developed model has proven to be an adequate tool to predict the different jet parameters. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Turbulent buoyant jets form a complex multiphase system,

hich have a great interest in many environment and industrial

pplications. A buoyant jet is formed when a continuous stream

f low-density fluid with large momentum originating from a noz-

le enters into a liquid medium with bigger density. Depending on

he initial jet momentum and the density difference between the

wo fluids, the jet breaks up into a train of bubbles, either imme-

iately at the nozzle exit or at some distance downstream. Three

eneral groups of factors govern the buoyant jet behavior they are:

i) jet parameters, (ii) environmental parameters and (iii) geomet-

ical factors. The first group includes the initial jet velocity, the tur-

ulence level, the jet mass, momentum and the density deficit be-

ween the jet and the ambient fluid. The second group of variables

ncludes the ambient fluid parameters, such as turbulence level,

urrents, and density stratification. These factors usually begin to

nfluence the jet behavior at some distance from the orifice. Fi-

ally, the geometrical factors include the depth of submergence of
∗ Corresponding author. 

E-mail address: jlcobos@iqn.upv.es (J.L. Muñoz-Cobo). 

b  

m  

v  

w  

ttp://dx.doi.org/10.1016/j.ijmultiphaseflow.2017.03.008 

301-9322/© 2017 Elsevier Ltd. All rights reserved. 
he jet, the jet shape, its orientation and proximity to solid bound-

ries or to the free surface. 

The considerable research activity in the area of buoyant jets

ver the past 50 years has resulted in different experimental stud-

es and a number of different models that mathematically describe

he jet flow path. Different experimental investigations have been

onducted in the past few decades on the turbulent jets and the

esults provided support for the mathematical modeling approach

 Liang et al., 2016; Taib, 2015; Harby 2012; Francis et al., 2014 ). 

The mathematical models based on the jet behavior existing

n the literature can be classified mainly into three different cate-

ories: integral models, length-scale models, and models that use a

ombination of both length-scales and integral techniques. Integral

odels which are based on the conservation equations of mass,

omentum and buoyancy fluxes are the most common ones; they

re widely used in engineering practice for the prediction of the

haracteristics for these buoyant jet discharges ( Ficher et al., 1979 ).

ost of these models consider only the mean mass and momen-

um fluxes in the set of conservation equations. Hence, they can

e referred to as first-order integral models. However, few experi-

ental data and calculations on the buoyant jet with large density

ariations can be found in the literature. Most of the researches

ere carried out for small density variation when the Boussinesq

http://dx.doi.org/10.1016/j.ijmultiphaseflow.2017.03.008
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijmulflow
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmultiphaseflow.2017.03.008&domain=pdf
mailto:jlcobos@iqn.upv.es
http://dx.doi.org/10.1016/j.ijmultiphaseflow.2017.03.008
https://www.researchgate.net/publication/299420604_Experimental_investigation_on_submerged_gas-liquid_mixture_injection_into_water_through_a_micro-channel?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
https://www.researchgate.net/publication/280739527_In-water_injection_of_high-pressure_pulsed_gas_jet_A_simple_analytical_tool_for_direct_injection_of_gaseous_fuels_in_automotive_engine?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
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approximation is valid and the jet is discharged vertically ( Harby

et al., 2014a ). There is still very little experimental data and calcu-

lations to understand well these flows ( Harby et al., 2014b ). 

Crapper and Baines 1977 suggested that the upper bound of ap-

plicability of the Boussinesq approximation is that the initial frac-

tional density difference �ρ0 / ρa is 0.05. In general, one can say

that the Boussinesq approximation is valid for small initial frac-

tional density difference, �ρ0 / ρa � 1. The non-Boussinesq plume

was studied by a number of researchers ( Woods, 1997; Carlotti

and Hunt, 2005 ). Xiao et al. 2009 studied and developed a non-

Boussinesq integral model for horizontal buoyant round jets with

a modified entrainment hypothesis. The system of conservation

equations of the integral model was solved to obtain numerical so-

lutions in the transition region from jet-like to plume-like. They

concluded that for a strongly buoyant jet the Boussinesq approx-

imation is violated which will over-predict the mass entrainment

and under-estimate the buoyancy effect. This study reveals that

the Boussinesq approximation is valid when the density variation

is less than 10% being the entrainment assumption a key require-

ment for the integral model. 

The entrainment rate of a turbulent jet is defined as the am-

bient fluid that is mixed across the jet edge and becomes incor-

porated into the body of the jet. The agents of entrainment are

turbulent eddies forming a mixing layer between the jet and its

surroundings. This process has the effect of increasing the total jet

mass flux ( Houf et al., 1956 ). The first to incorporate the entrain-

ment approach into a general jet model was Fan and Brook (1969 )

which used the Eulerian integral method, in which the flow passed

through a fixed control volume, and integrated the equations of

motion over that control volume. Other ones, who have used this

approach, are: Muellenhoff et al. (1985 ), Wood (1993 ), Chu and Lee

(1996 ) and Jirka (2004 ). 

Morton 1965 concluded that there was an average entrainment

into the jet-like flow that was proportional to the mean center-

line velocity. List et al. 1979 showed that the entrainment mecha-

nism is the same in both jets and plumes and is dominated by al-

most periodic large-scale motions which engulf the ambient fluid.

The unmixed fluid is transported well into the turbulent fluid and

mixed by the action of small eddies. Abraham 1963 showed that

the rate of expansion of a buoyant flow was independent of the

type of flow (jet-like or plume-like) and with this alternative as-

sumption proceeded to the solution. List and Imberger 1973; Jirka

and Harleman 1979 were able to relate the two assumptions and

derive the entrainment constants for the jet and the plume. Taylor

(1958 ), Kotsovinos (1975 ) and Agrawal and Prasad (2004 ) sug-

gested that for turbulent buoyant jets, the turbulent entrainment is

usually parameterized by relating the inflow velocity to the mean

flow in the jet body also they suggested that a substantial con-

tribution to entrainment is made through nibbling of small scale

vortices see also Mathew and Bassu (2002 ). 

Numerous experimental and numerical studies provided values

of the entrainment rate for example Houf and Schaefer (2008 ), El-

min et al. (2010 ) and El-Amin and Kanayama (2009 ) assumed

that the local rate of entrainment consisted of two components;

one was the component of entrainment due to jet momentum

while the other one was the component of entrainment due to

buoyancy. Also, they reported that the local rate of entrainment

increases as the jet leaves the momentum-dominated region and

enters a region where the effects of buoyancy become more pro-

nounced. This non-similarity of the entrainment rate along the jet

trajectory has been discussed by Carazzo et al. (2006) . Other au-

thors predicted the behavior of the buoyant jet by using integral

equations formulated under the assumption of axial symmetry and

self-similar transverse profiles ( Fisher et al., 1979; Wood, 1993;

Pantokratoras, 1998 ). Batchelor (1954 ) showed that a strong en-

trainment from the ambient will take place when the density ratio
ends to unity ( ρg / ρa → 1) while as the density ratio tends to zero

 ρg / ρa → 0) the entrainment falls to zero and as the density ratio

aries between the two limits there will be a smooth transition. 

The horizontal buoyant jets with large density variations have

ot received sufficient research before, and almost no experimen-

al data could be found in the open literature. However, submerged

orizontal gas jets in liquid exhibits different flow characteristics

rom gas-gas flow because bubble breakup occurs in two-phase

ow and the unsteady motion of the gas-liquid interface has a

trong influence on the momentum transfer and the buoyancy

orce. Hence, it remains a challenging issue to understand well

hese flows, to calculate the flow structures numerically, to verify

he numerical models and to measure them experimentally. 

In their effort s to underst and the characteristics of submerged

as jets, past researchers have relied on point measurements such

s electro-resistivity probes to separate the liquid and gas phases

or study ( Mori et al., 1982; Ito et al., 1991 ). In these techniques,

he probe is placed at the measurement point for some time and

s then traversed in space. The sensing element can be a singular

easurement point or be composed of several measuring points

apable of simultaneous measurement at multiple spatial locations.

n either case, the probe itself is intrusive and only permits time-

veraged whole-field measurements since the probe can only exist

t one (or several) points in space at any given time. In such an un-

teady and highly irregular flow field, a global measurement is pre-

erred since instantaneous information can be obtained. An exam-

le of a global measurement is high-speed photography, which has

een used in the past ( McNallan and King 1982; Loth and Faeth

989 ) to observe the interface, but the level of quantitative detail

athered from the recorded images was very low. 

In this study, an integral numerical model was developed to

redict the behavior of a horizontal gas jet injected from straight

ubes into water ambient under different operating conditions.

ince a major goal of this work was to study the interface motion

tself, the technological limitations imposed by traditional mea-

urement techniques were unacceptable. Thus high-speed photog-

aphy was used to record the position and motions of the entire

as jet and the digital images were analyzed to extract the inter-

ace position. Thus direct and instantaneous global measurements

f the interface were taken. Recorded images are a projection of

he density variations seen in the test section. The gas jet parame-

ers were obtained performing first a time-average of the recorded

mages followed by a careful analysis of the processed data. The

odel equations and a solution procedure was coded with input

nd graphical output routines into a MATLAB program and finally

ompared with the experimental data. 

. Model description and assumptions 

Fig. 1 shows the sketch and streamline coordinates of the de-

eloped model. The round buoyant jet starts from the origin at an

ngle Ө0 = 0 ° with respect to the horizontal x-axis and discharges

nto a stagnant uniform water ambient. Variables s and r are the

atural coordinates, and θ is the angle of the s-axis with the hori-

ontal direction. The parametrical coordinate (s) measures the dis-

ance along the jet axis from the origin. The initial density, velocity,

nd diameter of the orifice are denoted by ρg , u 0 and d N respec-

ively. The density of the water ambient is ρa . In addition, u g, s (s, r)

u g ( s, r ) and u g, r (s,r) denote the velocity components of the curvi-

inear natural coordinates and u s is the centerline velocity along

he s-axis. Normally the radial component is negligible in compar-

son with the component in the direction of the s-axis 

As mentioned before, the flow of the buoyant jet contains both

omentum and buoyancy fluxes. Depending on the relative im-

ortance of the inertial and buoyancy force, the flow can be classi-

ed as jet-dominated or plume-dominated. Therefore, the jet flow

https://www.researchgate.net/publication/285743063_Flow_induced_by_jets?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
https://www.researchgate.net/publication/285743063_Flow_induced_by_jets?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
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Fig. 1. Definition sketch and details of the proposed mathematical model and coor- 

dinate system of a horizontal buoyant gas jet discharged from a round orifice into 

a stagnant ambient. 
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long the downstream distance (s) can be divided into (i) momen-

um jet regime within a length L m 

from the nozzle exit region and

ii) buoyant jet regime within a length L b measured from the end

ection of the momentum region, see Fig. 1 . In the first regime, the

et shape remains straight or is slightly diverging due to the high

elocity of the jet. After the jet penetrates into the liquid, buoy-

ncy makes the jet bend towards the free surface and the buoyant

et eventually becomes a plume. We use these two regimes in or-

er to divide the captured image. 

.1. Underlying model assumptions 

i. The velocity profiles are assumed to be self-similar at all cross

sections normal to the jet trajectory, however the entrainment

rate is not assumed to be self-similar and therefore the entrain-

ment coefficient is not constant and can change along the jet

trajectory. 

ii. The sum of the static pressure plus the dynamic pressure is as-

sumed to be uniform at a given cross section normal to the

flow trajectory inside the gas jet. However it can change from

one point of the trajectory to another one due to pressure

losses. 

ii. Longitudinal turbulent transport is small compared with latitu-

dinal convective transport. 

.2. Velocity profile 

To simplify the problem the usual approach is to integrate the

et of conservation equations of mass and momentum across the

et assuming a time averaged mean velocity profile normal to the

et axis. The most common profile used by investigators is a Gaus-

ian distribution, with no dependence on the azimuthal angle ϕ
oordinate ( Rouse et al., 1952; Chen and Rodi, 1980; Rodi, 1982;

ist, 1982; Turner, 1986; Bhat and Narasimha, 1996; Agrawal and

rasad, 2003 ). The jet mean velocity is given by: 

 g (s, r) = u s (s ) exp(−( 
r 

b(s ) 
) 2 ) (1)

here, b = b(s) is a characteristic jet half width, that change along

he jet trajectory. The self-similarity of the velocity radial profile
as been checked measuring the velocity distribution and comput-

ng the ratio u g ( s, r )/ u s of the velocity for different distances and

everal Froude numbers, the conclusion is that the velocity profiles

re self-similar within the experimental errors. 

.3. Entrainment of ambient fluid 

One of the major difficulties in the turbulent two-phase jet

nalyses is in quantifying the rate of growth of the jet plume

hich comes from the entrainment rate (E) of ambient fluid into

he jet. The entrainment rate value is not constant along the jet but

aries as the relative buoyancy or local Froude number changes.

ig. 2 shows a suggested definition sketch for liquid entrainment

o the gas jet. 

According to the entrainment hypothesis, the rate of entrain-

ent around the circumference of the jet control volume is pro-

ortional to the velocity of the entrainment at the edge u e and to

he contact area 2 πbds. Therefore, the amount of ambient fluid en-

rained per unit time at this contact area is given by: 

 E = 2�b u e ρa d s (2)

here ρa is the water ambient density. The velocity of entrain-

ent (u e ) depends not only on the characteristic velocity (u s ), but

lso on the square root of the local density ratio of the gas jet and

he ambient fluid. Ricou and Spalding (1961 ) based on their empir-

cal measurements for an arbitrary density ratio, in order to deter-

ine the amount of water droplets entrained by the gas jet, sug-

ested that the entrainment velocity can be calculated as follow:

 e = α

√ 

ρg 

ρa 
u s (3) 

here, α is the local entrainment coefficient, and ρg the gas den-

ity. Morton [19] provides additional justification for this form of

he entrainment velocity on dimensional grounds assuming that

he rate of entrainment into a strongly-buoyant plume is a func-

ion of ρg / ρa and the local Reynolds stresses which have a local

agnitude proportional to ρg u 

2 
s . The Morton assumption has been

lso proven by different researchers ( Houf and Schefer, 2008; El-

min et al., 2010; El-Amin and Kanayama, 2009; Steward, 1970 ).

q. (2) can be rewritten in the following form: 

 E = 2�b ρa α( ρg / ρa ) 
1 / 2 u s d s (4) 

The local rate of entrainment increases as the jet leaves the

omentum-dominated region and enters a region where the ef-

ects of the buoyancy become more pronounced. The local coeffi-

ient of entrainment is a function of the local Froude number (or

ocal Richardson number) for the case when the jet is injected hor-

zontally ( Priestley and Ball, 1955; Davidson et al., 2002 ), the local

ntrainment coefficient ( α) can be written as: 

= α j + ( αp − α j ) 

(
F r p sinθ

F r s 

)2 

(5) 

Where Fr s is the local Froude number at the jet center given by:

 r s = 

u s √ 

( ρa − ρg ) / ρg gb 
, (6) 

nd where αj is the jet-like entrainment coefficient, while αp is the

lume-like entrainment coefficient, finally θ is the local angle of

nclination of the jet. This formula allows the entrainment coeffi-

ient ( α) to be determined along the jet trajectory when there is

ither a jet or a plume. The entrainment coefficient varies from αj 

o αp during the transition from jet-like to plume-like. Ficher et al.,

979; Rodi, 1982 summarized much of the work on the entrain-

ent hypothesis and proposed the values of αj = 0.052 ± 0.003 for
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Fig. 2. Definition sketch for liquid entrainment into the main jet. 
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the pure jet and αp = 0.0833 ± 0.0042 for the pure plume. The en-

trainment rate of a plume is greater than that of a jet and the en-

trainment rate of a buoyant jet is in between the two. The plume

dependent constant Fr p has a value that varies between 3.4 and

3.7. 

3. Mathematical modelling 

The jet integral method proceeds by making use of the

boundary-layer nature of the flow and by integrating all terms of

the governing equations of motion across the cross-sectional plane

∫ ()dA in which dA = rdrd ϕ , being ϕ the azimuthal angle. For the

given axisymmetric profiles, the integration amounts to 2 π
∫ b 

0 () dr.

The ‘jet radius’ b is understood in boundary-layer parlance as the

‘edge of the jet’ at which boundary conditions can be clearly speci-

fied or, alternatively, beyond which no further contributions to the

integration should arise. The basic governing equations for the in-

tegral model are based on integrating the fundamental differential

conservation equations for mass and momentum over the cross-

sectional area of the jet. 

3.1. Continuity equation 

The fixed injection of gas mass flow rate ( ˙ m g ) at a given sub-

mergence, can be expressed as the conservation of mass flux and

is given by: 

˙ m g = 

∫ 2�

0 

∫ b 

0 

ρg u g .r dr dϕ (7)

The jet mass flow rate remains constant for a non-condensable

gas so: 

d 

ds 
( ˙ m g ) = 0 (8)

Eq. (8) can be written as: 

d 

ds 

∫ 2�

0 

∫ b 

0 

ρg u g .r dr dϕ = 0 (9)

Performing the derivative in Eq. (9) , on account that the param-

eter b(s) depends on s, it is obtained: 
 π b ρg u s e 
−1 db 

ds 
+ 2 π ρg u s 

db 

ds 

∫ b 

0 

exp 

(
−
(

r 

b 

)2 
)

2 

(
r 

b 

)3 

dr 

+2 πρg 
d u s 

ds 

∫ b 

0 

exp 

(
−
(

r 

b 

)2 
)

r dr = 0 (10)

Performing the integrals that appear in the second and third

erms, the mass flux equation can be rewritten as: 

( 2 π b ρg u s I 3 ) 
db 

ds 
+ 

(
π b 2 ρg I 3 

) d u s 

ds 
= 0 (11)

here, I 3 = (1-e −1 ). 

.2. The x-momentum flux 

The x-component of the gas momentum flow M x is given, on

ccount of Eq. (1) for the gas velocity, by: 

 x = 

∫ 2 π

0 

∫ b 

0 

ρg u g ( u g cos θ ) r dr dφ

= 2 π ρg u 

2 
s cos θ

∫ b 

0 

exp 

(
−2 

r 2 

b 2 

)
r dr (12)

Performing the integral that appears in Eq. (12) it is obtained:

 x = �b 2 I 2 ρg u 

2 
s cosθ (13)

here, I 2 = 

1 
2 (1-e −2 ) is a constant. 

At sufficiently high jet velocities, a part of the liquid driven by

he jet begins to move and flow in the jet direction whereas the

est of the liquid still remains stagnant. Therefore, a shear layer

f thickness ( δ) at the gas/liquid boundary appears. An interfacial

hear stress ( τ i ) is acting at the interface between the jet flow and

he liquid ambient, Fig. 3 . The interfacial shear stress tends to in-

rease with the increasing of the superficial gas velocity. 

The interfacial shear stress depends on the interfacial friction

actor (f i ), jet density and the square of the relative velocity be-

ween the average jet velocity and the interface one. The following

orrelations were proposed by Wallis (1970 ) to determine the in-

erfacial shear stress: 

i = f i 
1 

ρg ( ̄u g − ū li ) 
2 (14)
2 
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Fig. 3. Schematic diagram shows the interfacial shear stress acting at the interface 

between the gas jet and liquid ambient. 
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= �g b ( ρa − ρg ) − τ − M (33) 
¯
 g − ū li 

∼= 

ū g (15) 

here, ū g and ū li are the mean gas core jet velocity and the inter-

acial liquid velocity respectively. However, ū li is sufficiently small

o be neglected in comparison to ū gi . The mean gas velocity can be

alculated as: 

¯
 g = 

1 

πb 2 

∫ b 

0 

u g 2 π rdr = 

1 

πb 2 

∫ b 

0 

u s e 
−
(

r 2 

b 2 

)
2 π rdr = u s I 3 (16)

here, ū g is the mean jet gas velocity at the jet cross section. The

nterfacial friction factor (f i ) is crucial in the determination of the

nterfacial shear stress, which strongly influences the loss of mo-

entum of the jet. The interfacial friction factor is given by the

ollowing expression: 

f i = c 1 R 

−c 2 
em 

(
1 + 360 

δ

D 

)
(17) 

here c 1 and c 2 have constants values of 0.079 and 0.25 respec-

ively. The corrected jet Reynolds number Re m 

is defined as: 

 e m 

= 

ρg ū g D 

μg 
= 

ρg ū g 2 b 

μg 
= 

2 ρg u s I 3 b 

μg 
(18) 

here, μg is the gas dynamic viscosity ( μg = 1.983 × 10 −5 kg/ms),

 is the hydraulic diameter of the jet flow (D = 4A/p = 2b), and δ is

he liquid perturbed region thickness given by ( Wallis, 1970 ): 

= f 2 D (1 − f 3 R 

f 4 
em 

) (19)

here, f 3 = 2.5 × 10 −3 and f 4 = 0.5 are constants. And f 2 is a vari-

ble that has two values depending on the jet region, being 1

n the momentum region (from the nozzle exit to the transition

oint) and 0.04 for the buoyant region (starting from the transition

oint to a maximum point in which the jet can arrive). If the en-

rainment becomes important then according to Wallis the density

f the vapor core ρg in Eq. (14) must be substituted by the average

ensity of vapor core including entrainment ( Collier 1981 ). The en-

rainment can be calculated with recent correlations obtained by

erna et al. (2014, 2015 ). 

Substituting Eqs. (17) , ( 18 ), and ( 19 ) into Eq. (14) and multiply-

ng by the jet contact area per unit length (2 πb), the total interfa-

ial shear force per unit length τ it is given by: 

i t = c 1 �b ρg ( u s I 3 ) 
2 (1 + 360 

δ

D 

) [ R em 

] 
−c 2 (20)

The interfacial shear force per unit length in the x and y direc-

ions is given by: 

itx = τi t cosθ (21) 

it y = τi t sinθ (22) 

Some flying water droplets with a velocity less than the veloc-

ty of the jet are entrained into the jet. These water droplets have
 small value of momentum per unit mass. In the present study,

he total momentum of the water droplets per unit length was cal-

ulated as the mass flow rate of the water droplets entrained per

nit length ( ˙ m d ) multiplied by the velocity of the entrained water

roplets in the gas jet (u d ) as: 

 dt = 

˙ m d u d (23) 

here, M dt is the total momentum of the water droplets per unit

ength. The mass of the water droplets ˙ m d, it was observed from

he experiments that was about 20% of the entrainment mass flow

ate per unit length. 

˙ 
 d = f e ˙ m e (24) 

here, ˙ m e =dE/ds 

Satoshi [50] studied experimentally the gas jets injected in wa-

er ambient and he measured experimentally the velocity of the

ater droplets (u d ). He concluded that the water droplet velocity

u d ) was around 1/30 ∼1/60 of the injected velocity of the gas at

he nozzle exit (u 0 ), and that increased when increasing the jet

ressure and it is larger than the entrainment velocity (u e ): 

 d = f d u 0 (25) 

The momentum of the water droplets entrained per unit length

n the x and y-direction is given by: 

 d x = M dt cos θ (26) 

 d y = M dt sin θ (27) 

here, M dx is the entrainment momentum in the x-direction per

nit length and M dy is the entrainment momentum in the y-

irection per unit length. The change of the x- momentum gas flux

er unit length can be calculated by: 

d M x 

ds 
= −τitx − M dx (28) 

The change of the x-momentum gas flux per unit length is

iven by: 

�ρg u s b 
2 I 2 cos θ

d u s 

ds 
+ 2�ρg u 

2 
s b I 2 cos θ

db 

ds 

−�ρg u 

2 
s b 

2 I 2 sin θ
dθ

ds 
= −τi x − M dx (29) 

.3. The y- momentum flux 

In horizontal buoyant jets, the jet axis is deflected upwards be-

ause of the increase of vertical momentum flux due to the ac-

ion of the buoyancy force. The buoyancy force is acting on the

et vertically, which is equal to the rate of change of y-momentum

ux, shear force and momentum of entrained water. The jet y-

omentum flux is given by: 

 y = 

∫ 2�

0 

∫ b 

0 

ρg u g ( u g sinθ ) r dr dϕ (30) 

The buoyancy force per unit length ( β) can be written as: 

= g 

∫ 2�

0 

∫ b 

0 

( ρa − ρg ) r dr dϕ = �g b 2 ( ρa − ρg ) (31)

The momentum conservation equation per unit length in the

-direction is written as: 

d M y 

ds 
= β − τity − M dy (32) 

Substituting Eqs. (30) and ( 31 ) into Eq. (32) gives the change of

he vertical momentum gas flux per unit length: 

�ρg u s b 
2 I 2 sinθ

d u s 

ds 
+ 2�ρg u 

2 
s b I 2 sinθ

db 

ds 
+ �ρg u 

2 
s b 

2 cosθ I 2 
dθ

ds 
2 
i ty dy 

https://www.researchgate.net/publication/274052764_Annular_Two-Phase_Flow-Part_1_A_Simple_Theory?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
https://www.researchgate.net/publication/269277191_Review_of_droplet_entrainment_in_annular_flow_Characterization_of_the_entrained_droplets?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
https://www.researchgate.net/publication/260440901_Review_of_droplet_entrainment_in_annular_flow_Interfacial_waves_and_onset_of_entrainment?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
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Fig. 4. Schematic diagram of the experimental set-up. 

Fig. 5. Photograph showing the experimental set-up (a) and (b) shows a view with dimensions of the test section. Perforated sheets that helped to control the surface 

disturbances were used. 
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3.4. Geometric relations 

To determine the jet trajectory two additional equations (kine-

matic relations) are needed which are solved simultaneously with

the previous set of equations: 

dx 

ds 
= cosθ (34)

dy 

ds 
= sinθ (35)

4. Solution method 

The set of previous equations provide the first derivatives of

the jet-plume parameters along the jet trajectory from the source
nd are solved using the same solution method as that used in the

nalysis of Hussain and Narang (1984 ) to obtain d θ /ds, du s /ds and

b/ds from Eqs. (10) , ( 29 ) and ( 33 ): 

 

C 1 C 2 C 3 
M 1 M 2 M 3 

E 1 E 2 E 3 

] 

⎡ 

⎣ 

dθ
ds 

d u s 
ds 

db 
ds 

⎤ 

⎦ = 

[ 

C 4 
M 4 

E 4 

] 

(36)

The descriptive variables are the jet width b(s), the jet local an-

le of inclination ( Ө) and the jet centerline velocity (u s ). 

dθ

ds 
= 

C 4 M 2 E 3 − C 4 M 3 E 2 − C 2 M 4 E 3 + C 2 M 3 E 4 + C 3 M 4 E 2 − C 3 M 2 E 4 
C 1 M 2 E 3 − C 1 M 3 E 2 − C 2 M 1 E 3 + C 2 M 3 E 1 + C 3 M 1 E 2 − C 3 M 2 E 1 

= f 1 ( u s , b, θ, s ) (37)
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Fig. 6. Basic scheme of a visualization system with the shadow photography system. 

Fig. 7. Recorded shadowgraph images of the entire gas jet. 
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N  
d u s 

ds 
= 

C 1 M 4 E 3 − C 1 M 3 E 4 − C 4 M 1 E 3 + C 4 M 3 E 1 + C 3 M 1 E 4 − C 3 M 4 E 1 
C 1 M 2 E 3 − C 1 M 3 E 2 − C 2 M 1 E 3 + C 2 M 3 E 1 + C 3 M 1 E 2 − C 3 M 2 E 1 

= f 2 ( u s , b, θ, s ) (38) 

db 

ds 
= 

C 1 M 2 E 4 − C 1 M 4 E 2 − C 2 M 1 E 4 + C 2 M 4 E 1 + C 4 M 1 E 2 − C 4 M 2 E 1 
C 1 M 2 E 3 − C 1 M 3 E 2 − C 2 M 1 E 3 + C 2 M 3 E 1 + C 3 M 1 E 2 − C 3 M 2 E 1 

= f 3 ( u s , b, θ, s ) (39) 

Based on the derived conservation equations the expressions for

he coefficients to solve this system of equations are: 

 1 = 0 , C 2 = �b 2 ρg I 3 , C 3 = 2 πb ρg u s I 3 , and C 4 = 0 (40)

 1 = −�ρg u 

2 
s b 

2 I 2 sinθ, M 2 = 2�ρg u s b 
2 I 2 cosθ, 

 3 = 2�ρg u 

2 
s b I 2 cosθ and M 4 = −τi tx − M dx (41) 

 1 = �ρg u 

2 
s b 

2 I 2 cosθ, E 2 = 2�ρg u s b 
2 I 2 sinθ, 

 3 = 2�ρg u 

2 
s b I 2 sinθ E 4 = �g b 2 ( ρa − ρg ) − τi ty − M dy (42) 

In the above system of ODEs ( Eqs. (34 ), ( 35 ), ( 37 ), ( 38 ) and ( 39 ))

here are five unknowns i.e. the jet centerline velocity u s (s), the jet

alf-width b(s), the angle of inclination Ө(s) and the coordinates
x) and (y) of the jet axis. The numerical model starts the integra-

ion at s = 0. The boundary conditions are the initial values for the

nknown parameters; 

 = 0 , y = 0 , θ(s =0) = 0 , u s (s =0) = u 0 , b s (s =0) = d N / 2 (43)

here, u 0 is the initial velocity of the gas jet at the nozzle exit,

nd d N is the nozzle diameter. A MatLab subroutine has been de-

eloped to reproduce the sets of governing ordinary differential

quations formulated for the continuity, momentum, and jet trajec-

ory equations. Also, when integrating these equations we take into

ccount the interfacial shear stress across the external surface of

he jet, the entrainment coefficient depending on the Froude num-

er and the modification to include the momentum of the water

roplets entrained into the jet. The system of ODE are solved si-

ultaneously by means of a 4th order Runge–Kutta method, and

sing appropriate boundary and initial conditions to obtain the

ariable values along the jet path and the buoyant jet trajectory.

owever, the program can be run in a stand-alone mode to pre-

ict the different jet parameters, and it is embedded into the im-

ge file subsystem for the prediction of the two-dimensional jet

rajectories. 

. Experimental set-up and procedures 

The experiments were conducted in the Thermal-Hydraulic and

uclear Engineering Research Laboratory of the Institute for En-
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Fig. 8. Flow chart of: a) Image recording, calibration and storage steps, and b) Image processing and data storage in a 3.D matrix. 

Fig. 9. Steps used to detect the jet boundary. 
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ergy Engineering at Polytechnic University of Valencia, Spain. The

experimental set-up consists mainly of a rectangular water tank

(10 0 0 × 400 × 750 mm) made of stainless steel sheets with trans-

parent sidewalls for flow visualization and optical measurements

as shown in Figs. 4 and 5 . 

A large gas tank of 0.1 m 

3 was located before the water tank

to ensure a stable gas pressure in the test section and to acts as

storage capacity during the working intervals. A set of four inter-
hangeable stainless-steel straight tubes (nozzles) with inner diam-

ters of 2, 3, 4 and 5 mm were fixed horizontally at submergence

epths of 400 mm and 200 mm distance above the tank bottom.

his distance ensured that the tank boundaries had minimal effects

n the jet flow. A pressure regulator valve insensitive to back pres-

ure changes was used in conjunction with the gas tank to deliver

 constant mass flow rate to the injector. The free water surface
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Fig. 10. Comparison of the experimental data with model prediction trajectories for horizontal buoyant jets in still ambient, dimensions in mm. 
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Fig. 11. Experimental and predicted center line jet trajectories for different Froude numbers and jet diameters. 

Fig. 12. Comparison between measured and predicted results of (a) momentum length (L m ), and (b) buoyant jet length (L b ), both normalized to the geometric length (L Q ). 
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Fig. 13. Predicted normalized jet centerline trajectory at different jet diameters. 
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t  

t  

r  

t  
f the tank was covered with a perforated flat plate to provide a

onstant hydrodynamic pressure and limit surface waves. 

Observations of the jet parameters such as the penetration

ength and the interface between the jet and the water ambient

ere performed with direct visualization technique using a high-

peed camera (CCD) and a system of illumination shown in Fig. 6 .

he shadowgraph images produce a projection of the gas jet onto

 two-dimensional image. However, the jet images were acquired

sing a CCD camera PCO, model 1200 hs. The camera was used

n conjunction with a Nikon AF Nikkor 50 mm f 1.8d (closest fo-

using: 0.45 m/1.5 ft, filter size: 52 mm) camera lens. A white-light

amp bank consisting of six 500 W halogen lamps arranged uni-

ormly behind a diffusion Plexiglas sheet (to reduce the intensity of
ight illuminating the jet before entering the camera) was used for

ackground illumination. The illumination system, the video cam-

ra, and the computer are combined to form the basis for the flow

isualization technique, Fig. 6 . 

The jet flow rate was measured using two different flow ro-

ameters (Key Instruments, series FR 4500) connected in parallel

ith ranges of 4–50 and 30–300 l/min. Temperatures and pressures

ere measured by K-type thermocouples ( ± 0.1 °C accuracy) and

ruck 1400-PTX pressure transducers ( ± 0.15% accuracy) respec-

ively. Several ranges of transducers and thermocouples were used

o measure signals of different ranges in an effort to minimize er-

ors. All thermocouples and pressure transducers were connected

o a data acquisition system (National Instruments, model 6259,
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Fig. 14. Centerline velocity decay at different jet diameters and Froude numbers. 
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16-bit), which works in conjunction with LABVIEW software, to

monitoring and controlling the different magnitudes. To obtain the

jet parameters in the momentum region a total of 15,600 images

were recorded at 1.2 kHz sampling rate during 13 s for each exper-

iment. In the buoyant region a total of 90 0 0 images were recorded

at 1 kHz sampling rate during 9 s for each experiment. 

6. Measurement description and image analysis 

Flow visualization techniques are an important tool in the fluid

dynamics research; they are used extensively in engineering. Es-

pecially, these techniques are widely used in the study of differ-

ent phenomena associated with the two-phase flow as the present
tudy. A series of experiments were performed using the photo-

raphic technique to record the position and motion of the entire

as jet trajectory (complete image includes the momentum and

uoyancy region). Measurements on the momentum and buoy-

ncy regions were performed to measure the jet lengths. Measure-

ents on the entire jet have been performed to measure the two-

imensional jet trajectories and to verify and validate the mathe-

atical model. This video was recorded at 1 kHz with CCD arrays

nd it had a resolution of 1090 × 872 pixels; each centimeter cor-

esponded to 40.5 pixels. An example of this video is shown Fig. 7 .

As shown from the figure, close to the jet source, jet momen-

um dominates. The jet spreads linearly as it entrains the ambient

uid. At downstream flow, the buoyant force acts in the vertical
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irection of the gravity, it changes the vertical component of the

omentum at a rate equal to the buoyancy force. 

The collected digital images were collected, stored and ana-

yzed to extract the interface position, in order to measure the

wo-dimensional jet trajectories for different initial conditions. The

ame image processing technique that was used in our previous ar-

icles was performed here ( Harby et al., 2014a; Harby et al., 2014b ).

ig. 8 . Illustrate a summary of the main structure of the program

Flow Chart) that is used in this study to record, calibrate and pro-

ess the images. 

To detect the jet boundary, a routine was implemented in MAT-

AB consisting of several steps to perform the task of image pro-

essing as shown in Fig. 9 (a and b). The dark section is the buoyant

as jet and the white section is the water ambient. At the begin-

ing, a reference (background) with a ruler inserted into the tank

ideos were recorded without jet injection. These videos were used

or the background correction and calibration (pixels per centime-

er) procedures. Then, the jet images were recorded ( 9 a) and con-

erted into binary (black and white) image ( 9 b). This image was

hen filtered to remove the bubbles separated from the jet inter-

ace ( 9 c) and the holes within the jet were filled ( 9 d). Finally, the

et interface was adjusted by removing any small bubbles while

reserving the interfacial shape ( 9 e). The last step consists of the

dge (interface) detection, to find the perimeter of a jet image that

as used for jet penetration computation ( 9 f). 

. Results and model validation 

Depending on the relative importance of the inertial and buoy-

ncy force, the flow can be classified as jet-dominated or plume-

ominated. Therefore, the strength of the jet is directly related to

he value of its Froude number, Fr 0 . 

r 0 = 

u 0 √ 

( ρa − ρg ) /ρg gd N 
∝ c 1 R ed d 

−3 
2 

N 
(44) 

here d N is the nozzle diameter, and u 0 the initial jet velocity at

he nozzle exit. For a given diameter, jets with higher Froude num-

er have higher exit velocities and are dominated more by the ini-

ial momentum of the jet, while jets with lower Froude number

ave slower exit velocities and are dominated more by buoyancy. 

Fig. 10 (a–l) show a comparison between the simulation and ex-

erimental results (summed images) of the flow’s path and spread

t different Froude number and jet diameter ranges. The Figure

hows the center line and upper and lower jet trajectories ex-

ressed as y = y(x) plots. The experimental results for the location

f the jet flow are noted with the red color symbol (gas), water

mbient with blue color, and the predicted jet trajectories by black

ines. As can be seen, the jet has three separated flow regimes

long the downstream distance. The one close to the jet nozzle,

haracterized as the ‘horizontal’ part of the trajectory, where the

ow is essentially driven by the initial horizontal jet momentum

momentum-dominated regime). The second flow regime can be

haracterized as the bent regime of the flow (mainly for buoyant

ets with low Fr 0 ), that is the result of the buoyancy force acting

n the jet (buoyant dominated regime). The regime between both

revious cases is a transition flow (transition regime). As the ini-

ial jet velocity (Fr 0 ) increase, the transition point to the buoyancy-

ontrolled regime moves farther downstream from the nozzle exit.

The numerical model predicts reasonably well the jet flow path

etermined from the experimental data including; jet penetration

engths, jet spreading, as well as the local angle of inclination. In

ll cases, the numerical model provides a satisfactory transition be-

avior from the momentum dominated to the buoyant dominated

egion. 

While the model appears to predict the path of the jet flow and

ts outer edge, the outer edge of the 5 mm jet diameter for the
roude number Fr 0 = 99 is not well predicted in the buoyant re-

ion. However, the differences are relatively small. In the buoyant

egion, the jet edge is inherently unstable and buoyancy driven in-

tabilities in this region generate a significant vertical flux of mate-

ial out of the buoyant jet as it moves in a predominantly horizon-

al direction. This flux appears to destroy the typically entrained

ows that one would expect to see near the edge of the jet, but in

urn creates additional mixing in this region. The numerical model

oes not take into account the effect of the buoyancy-induced in-

tabilities and therefore overestimate the rate of increase of the

uoyancy-generated momentum flux. In addition, this difference

an be attributed to the increasing of the time-scale of the tur-

ulence. The relative importance of the initial momentum flux is

hus smaller, decreasing the horizontal distance from the source to

he point of maximum height. 

.1. Jet trajectory 

Fig. 11 (a–d) show a comparison between the predicted and

easured jet trajectories for different initial conditions of jet di-

meter and Froude number. As can be seen, the jet trajectory has

 strong dependence on Froude number. For fixed Reynolds num-

er, Froude number becomes proportional to d 

−3 / 2 
N 

, thus it means

hat if the nozzle diameter becomes smaller, the Froude number

ncreases significantly, and consequently the jet momentum plays

uch more role than the buoyancy. 

Again, the comparison shows that the simulation results agrees

elatively well with the experimental results for the different initial

onditions and jet regions. However, for higher jet Froude num-

er values, the prediction shows small deviations from the exper-

ments, particularly in the downstream region. This discrepancy is

een to be caused by the transition to turbulent flow, which should

e more pronounced for higher Reynolds number flows and in the

ownstream region. Once the transition occurs, the bending angle

egins to show a sudden decrease caused by the rapidly losing of

omentum, associated with the rapid turbulent mixing with the

mbient ( Kima et al., 2009 ). Also, it is due to the increase in the

nterfacial motion oscillations that is experimentally correlated to

 less stable jet exhibiting a greater number of pinch-off events.

owever, the proposed model is capable of predicting the jet tra-

ectories from momentum to buoyancy regions by considering the

roude number and jet diameter. 

.2. Jet penetration length 

As mentioned before, the jet length is pulsated and it varies in

ime along the jet axis. It should be noted that the proposed model

onserves the horizontal momentum flux and therefore, from a

heoretical point of view, the loss of momentum by friction in the

-direction and the increase of momentum by buoyancy in the y-

irection bend the jet trajectory and limits the jet penetration. Due

o the great momentum injection, the jet shape remains straight or

s slightly diverging due to the high velocity of the jet but the jet

iverging angle is not as significant as suggested by Ozawa, 1986 .

fter the jet penetrates into the liquid, buoyancy makes the jet

end vertically towards the free surface and the jet eventually be-

omes a plume. Therefore, the jet flow along the downstream dis-

ance can be divided into a momentum jet length (L m 

) and a buoy-

nt jet length (L b ). Fig. 12 (a and b) shows a comparison between

he jet penetration lengths (L m 

and L b ) observed experimentally

nd those predicted non-dimensionally by L Q . 

The results show that the model can predict the jet lengths in

oth the momentum and buoyant regions. The experimental values

ollapse well and are consistent with the model predictions with

10% error for both jet momentum and jet buoyant penetration

ength. 

https://www.researchgate.net/publication/274798555_Effect_of_Physical_Properties_of_Gas_and_Liquid_on_Bubbling-Jetting_Phenomena_in_Gas_Injection_into_Liquid?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
https://www.researchgate.net/publication/262196381_An_experimental_study_on_bubble_entrainment_and_flow_characteristics_of_vertical_plunging_water_jets?el=1_x_8&enrichId=rgreq-b8ca967757b5bcffb7611823e465ef25-XXX&enrichSource=Y292ZXJQYWdlOzMxNTMyMzY3MztBUzo0Nzg3MzI4MjI1NTI1NzZAMTQ5MTE1MDIwNzY1Mw==
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7.3. Jet centerline trajectory 

After the predicted results of the numerical model are validated

with the experimental results, the jet centerline trajectory, and the

other jet parameters can be predicted. Fig. 13 (a–d) show the cen-

terline trajectory data, non-dimensionalised by the jet initial diam-

eter and Froude number at different jet diameters. 

The results show that depending on the value of the initial

Froude number of the jet, the development of the momentum re-

gion can be significantly altered by the buoyancy forces. Trajec-

tories of jets with high initial Froude numbers persist traveling

longer distances, before they bend over to follow vertical motion.

Normalized trajectories of the buoyant jets seem to collapse in a

narrow stripe to the nozzle, which corresponds to the high val-

ues of Fr 0 . If the Froude number is zero as in the case of plume

produced by a fire; the core of the fire is contracting and highly

unstable. A swirl is often observed in such strongly buoyant flows

as the surrounding fluid is drawn into the low-pressure region of

the core. 

7.4. Centerline velocity decay 

Due to the absence of measured velocity data along the jet cen-

terline, it was decided to perform a series of numerical calcula-

tions using the proposed validated model. Fig. 14 (a–d) show the

decay of the normalized centerline velocity u s (s)/u 0 along the non-

dimensional jet trajectory (s/d N ) for different initial conditions. 

It can be seen, that the normalized centerline velocity decreases

in the downstream direction along the jet centerline path. As the

Froude number decrease the mean axial velocity decreases as well

in the downstream direction. Near the nozzle exit, the jet is in a

forced convection regime with fully turbulent motion causing sig-

nificant fluctuations near the jet edge. As the jet penetrates, it en-

trains liquid and also it expands and thus increases its volume.

This causes the velocities to decrease in the stream wise direction,

and the buoyancy forces become more important in the down-

stream direction. 

8. Conclusions 

The problem of a low-density gas jet that is injected into a

higher density liquid ambient is very important in environmental

and many industrial applications. The flow structure and processes

are essentially unsteady and turbulent. In the present study, an in-

tegral numerical model was developed based on the conservation

equations and momentum fluxes to predict the jet flow path. Ver-

ification of the model is established by comparing its results with

those observed experimentally by a visualization technique with a

CCD camera. In addition, a series of experimental tests were per-

formed to record the momentum and buoyant jet regions in order

to measure the jet lengths due to the momentum and buoyancy

forces respectively. 

The results from the processed images showed that, the jet flow

showed three separated flow regimes along the downstream dis-

tance namely i) momentum-dominated regime, it was driven by

the initial horizontal jet momentum close to the jet nozzle, ii)

buoyant dominated regime as a result of the buoyancy force act-

ing on the jet, mainly dominated by the buoyancy, and iii) transi-

tion regime located between the momentum and buoyant regimes.

The comparison results showed that the model predicts well the

jet trajectories, the penetration lengths, the jet velocity, and the jet

spread angles for a wide variety of jet initial diameters and Froude

numbers. The model also predicted well the upper and lower jet

trajectories as well as the jet penetration lengths (L m 

and L B ) for

the considered cases. The numerical model provides a satisfactory
ransition behavior from the momentum dominated to the buoyant

ominated region. 

The outer upper edge of the 5 mm jet diameter at large Froude

umbers are not well predicted in the buoyant region. However,

he differences are relatively small. This can be attributed to the

act that, the jet upper edges in the buoyant region are inherently

nstable due to buoyancy driven instabilities and another reason

ould be the increasing of the time-scale of the turbulence in this

egion. Since these effects increase with the injected inlet jet di-

meters due to the increase in the jet mass flow rate. 

Therefore, the effects of large density variation and high jet ve-

ocity on the entrainment coefficient need further study in the fu-

ure. The model has proved to be an efficient engineering tool for

redicting the buoyant jet trajectories injected in a high-density

mbient. This mean that, the calculation of the momentum losses

y friction and drop entrainment are pretty well calculated with

he expressions given in this paper. 
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