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A novel simple method is suggested in this paper to evaluate the contributions of the sources (including
the generators and branches’ charging capacitances) or the loads to the branches’ reactive flows and
losses separately as well as to calculate the sources’ shares in providing the loads’ reactive powers. In
the method, the study system is first converted to the system, each branch of which only has reactive loss,
using a new technique for modeling the generating branches based on the AC load flow results. The prop-
erties of two new matrices (i.e. injection-bus and absorption-bus matrices), which are constituted for the
obtained system, are then used to derive three other matrices. These matrices, which express reactive
power productions of the sources in terms of reactive power consumptions of the demands (viz. the loads
and branches’ losses) and vice versa, contain the intended contributory factors. Three-bus system is
applied to demonstrate the computing process of the method whereas several IEEE systems are used
to show its capability to implement on the transmission systems with arbitrary topologies and sizes.
Some advantages of the method compared to the earlier methods are also illustrated.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

With the trend toward the deregulation of the electric power
industry, the allocation of the transmission service cost to the users
in an equitable and reasonable manner becomes much more signif-
icant. To ensure fair calculation of the price of all power wheeling
transactions in this new competitive environment, it should be
needed to know how each market participant utilizes the transmis-
sion network. This information can be determined only when the
paths of delivering the powers from the sources to the loads and
their amounts are assessed by power flow tracing. However, it is
very difficult to answer the question ‘what fractions of the given
branch flow and loss are attributed to a particular source or load?’
in a nonlinear power system. Thus, one complicated issue that has
attracted many researchers is finding the widely accepted solution
for power flow tracing problem.

Since the direction of the reactive power flow incurred by the
selected source through the specified branch may not be the same
as the direction of the active power flow, power flow tracing
should be accomplished separately for active and reactive power
[1]. Because the main commodity traded in the present day elec-
tricity markets is active power, a large part of the technical litera-
ture focus on active power flow tracing and the methods developed
in some of them are said to be applied straightforwardly to trace
the reactive power flows. In general, this statement is not correct
because the branches always waste active power, whereas they
can be considered to be both producer and consumer of reactive
power due to their capacitive and inductive behaviors [2]. Owing
to these facts and regarding the vital role of the reactive power
in maintaining voltage at all buses of the system within limits
and improving active energy transfer capability, there are the out-
standing papers which emphasize on finding the shares of various
sources in the reactive power flow and loss of each branch to iden-
tify that each source feeds which loads and how much. The meth-
ods presented in these papers can be broadly classified into three
main groups:

(1) This kind of approaches assumes that the power flow com-
ing into each bus contributes to all power flows leaving that
bus the same as the proportion of its amount to the total
inflow powers [1–13]. Although this assumption is intu-
itively logical, but its correctness can never be theoretically
proved. This makes the validity of the application of these
approaches to be doubtful.
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(2) Since these methods use the admittance (Y) or impedance
(Z) matrix and the load flow equations directly to derive
the sources and loads’ participations in the transmission
costs and losses [14–29], they pay more attention to the
actual characteristics of the system and thus have a great
advantage over the previous group of methods. In some of
these methods [14–17], the basic circuit relations are com-
bined with the game theory for the division of the branch
power flow and loss among the generators and loads. To
implement this type of methods, the storage of a huge
amount of data and a considerable computational burden
are often required. Therefore, they are inappropriate for
real-time applications. Moreover, Refs. [14,15] obtain non-
zero values for each generator’s contributions to the reactive
power flows of all branches. This issue does not seem rea-
sonable, because the reactive power cannot actually flow
to long distances from its producer. Refs. [16,17] suppose
that the generating and demand buses have the same
responsibility in the use of every branch and consequently
half of the total costs or losses of the transmission system
should be allocated to each class of buses. The lack of a phys-
ical and economic justification for this allocation ratio
causes its specification to be arbitrary, which is not satisfac-
tory for market participants. Refs. [18–22] also do not con-
sider the generator as a supplier of reactive losses,
notwithstanding they employ no predefined sharing ratio
to split the reactive loss of each branch between the gener-
ators and loads simultaneously. In addition, since the effect
of the branches’ charging capacitances on providing the
reactive loads and losses is not discussed in Refs. [17–
20,23–25]; the reactive power produced by the charging
capacitance of each branch is considered as a part of its reac-
tive loss in Refs. [16,21,22,14,15,26,27] represent every
branch by the series impedance and ignore the shunt admit-
tances from its equivalent circuit model; these references do
not take into account the charging capacitance as a reactive
power source. Even though the reactive power production of
the charging capacitance is accounted in Refs. [28,29] by
integrating it with the end bus injections according to the
p-equivalent circuit of the branch, but this modification
may lead to a significant change in the system’s topological
features, which can influence the generators’ contributions
to some loads and branches’ flows. Furthermore, negative
loss allocation to a number of generators or loads is seen
in Refs. [14–16,21,22,26]. This situation, which results in
negative cost assignment, can be interpreted as cross sub-
sidy and thus it is not allowable from an economics point
of view.

(3) To enhance the computation time of evaluating the amount
of the reactive powers transmitted from generators to loads,
Refs. [30–32] apply artificial intelligence. In these references,
the generators’ shares in reactive loads obtained by the pro-
cedure belonging to the other two groups of methods, are
used for training the neural network or support vector
machine. However, the proper performance of these tech-
niques is highly dependent on the training process, which
must be repeated for every change in the system topology,
and fine-tuning of their various parameters, which should
be done by the heuristic optimization algorithms. In addi-
tion, the methods developed by these references in such a
complicated manner cannot specify the contribution of each
reactive source or load to the branch power flow and loss.

In this paper, two novel algorithms are proposed to determine
the share of each source or load in the reactive loss of each branch.
These shares are used for specifying the contributions of the
sources or loads to the reactive powers at both ends of each branch.
One of these algorithms can also calculate the participation of each
source in the reactive power consumption of each load. To consider
the charging capacitance of each branch as an independent reac-
tive power source and take reactive losses into account directly
in the course of the algorithms, the new model, which is developed
based on AC load flow solution, is applied for representing the
branches. Therefore, neither embedding reactive power produc-
tions of the charging capacitances into the nodal powers nor add-
ing more virtual buses and branches to make the system lossless is
required in the proposed method. Instead of the proportional shar-
ing assumption, the method employs algebraic and physical mean-
ingful equations to obtain non-negative quantities for the sources
and loads responsibilities in reactive losses; thus, not only the exis-
tence of cross-subsidies is avoided, but also the relative locations of
the sources and loads within the system are reflected in the alloca-
tion result.

The proposed technique for acquiring a proper model of a
branch is introduced in the next section. Afterwards, the above-
mentioned algorithms are described in detail. Subsequently, the
procedure of implementing the method is illustrated using a sim-
ple example system, and its capability to trace reactive power
flows in any system configuration is shown by applying it to differ-
ent standard test systems. Additionally, the method is compared
with the previous ones to demonstrate its merits. Finally, conclu-
sions are discussed.

2. Proposed model for representation of system branches

In the proposed method, a branch connects two buses of the
system; thus, each line or transformer is considered as a branch.
In addition, a source produces reactive power in the system; hence,
a generator or branch can be regarded as a source. It is to be noted
that in the circuit model of each branch, the charging capacitance
does not exist, but there is the inductance; so, some of branches
play the role of a source, while all branches have reactive loss.
Therefore, if the number of the system branches is NL and the num-
ber of the branches, which also generate reactive power, is NC, it
can be written: NC 6 NL.

To trace the reactive power productions of the branches by the
proposed algorithms, the generated reactive power of each branch,
which is computable after executing the AC load flow, is first mod-
eled as a source on the independent fictitious bus. This bus is then
connected to the end buses of the original branch by two fictitious
branches. The reactive loss of each fictitious branch is assumed to
be equal to one half of the reactive loss of the original branch. In
other words, each generating branch is replaced with a bus and
two branches; thus, the system obtained by this action has
(NL + NC) branches, none of which neither produces reactive power
nor has bidirectional reactive power flows. Furthermore, if the
main system has NB buses, the obtained system will have (NB + NC)
buses. Fig. 1 shows the values of reactive powers come from the
fictitious bus, which is denoted by N in a dashed-circle. In this
figure, QC is the NC-dimension vector whose elements are formed
by reactive power productions of the generating branches of the
main system, and the NL elements of the QLoss vector are equal to
the values of reactive losses of the main system branches.

3. Tracing the reactive power produced by sources

The first step of the proposed algorithm is the formation of the
injection-bus matrix for the modified system considering the
values of reactive power flows of its branches. This matrix is
defined as:



Fig. 1. Representation of equivalent model for generating branch.
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½A1�ij ¼
Qij for i– j and Qij < 0

QS½ �i �
PNBþNC

a¼1;a–i
Qia<0

Qia for i ¼ j

0 otherwise

8>><
>>:

for i; j ¼ 1;2; . . . ; ðNB þ NCÞ

ð1Þ

where QS is the (NB + NC)-dimension vector. If the values of reactive
power productions of the main system sources constitute the ele-
ments of the NB rows of the QG vector, then QS will have the follow-
ing structure:

QS ¼
QG

QC

� �
ð2Þ

Eq. (1) indicates that the element of the ith row and the jth column of
A1 is equal to the negative of the reactive power injected to the ith

bus by the branch connecting the buses i and j. The element located
at the main diagonal of this matrix is equal to the sum of the reac-
tive powers injected to its corresponding bus.

The following properties, which will be used to show that A1 is
certain to be invertible, should be enumerated for A1 considering
its definition.

(1) The sum of the elements of the ith row of A1 is equal to the
reactive power produced by the source on the ith bus. If E
is a unit vector of size (NB + NC), this property can be
expressed as:
A1E ¼ QS ð3Þ

(2) The sum of the elements of the jth column of A1 is equal to

the reactive power consumed by the load on the jth bus plus
the sum of reactive losses of all branches to which bus j
sends reactive power. If QLoad is the NB-dimension vector
whose elements are formed by the values of reactive power
consumptions of the main system loads, O is a zero vector of
size NC, and the values of reactive losses of the modified sys-
tem branches constitute the elements of the (NL + NC) rows
of the QL vector, then this property can be written as:
AT
1E ¼ QD þ B1QL ð4Þ
where superscript T denotes the transpose of the matrix and
� �
QD ¼
QLoad

O
ð5Þ
�

½B1�il ¼

1 if QBranchl ¼ Qik > 0
0 otherwise

for i; k ¼ 1;2; . . . ; ðNB þ NCÞ l ¼ 1;2; . . . ; ðNL þ NCÞ
ð6Þ
Eq. (6) shows that if bus i is the sending-end bus of branch l,
the element of the ith row and the lth column of B1 is equal to
one.
(3) The main diagonal elements of A1 are always positive
because there is at least one reactive power injection to each
bus either by the source on it or the branches incident to it.
From these properties, it can be concluded that A1 is invert-
ible. Using Eqs. (3) and (4), E can be calculated as:
E ¼ A�11 QS ð7Þ
E ¼ ðAT
1Þ
�1ðQD þ B1QLÞ ð8Þ
These equations are applied to find the share of each source in the
reactive power consumed by each load or wasted through each
branch.

Suppose that the diagonal matrix, the main diagonal entries of
which are formed by the elements of QS, is represented as diag
(QS). Hence, the following relation can be written:

QS ¼ diagðQSÞE ¼ diagðQSÞðAT
1Þ
�1ðQD þ B1QLÞ ð9Þ

If S1 and S2 are defined as follows:

S1 ¼ diagðQSÞðAT
1Þ
�1

S2 ¼ S1B1

ð10Þ

then the following equation can be used to specify how much of the
reactive power consumption of load r is provided by the source on
bus i.

QSourcei!Loadr ¼ ½S1�ir ½QD�r
for i ¼ 1;2; . . . ; ðNB þ NCÞ r ¼ 1;2; . . . ;NB

ð11Þ

The contribution of the source on bus i to the reactive loss of
branch l can also be determined using the following equation:

QSourcei!Lossl ¼ ½S2�il½QL�l
for i ¼ 1;2; . . . ; ðNB þ NCÞ l ¼ 1;2; . . . ; ðNL þ NCÞ

ð12Þ

It is obvious that the share of each source in reactive loss of the
main system branch, which is replaced by two fictitious branches
in the modified system, is equal to the sum of its shares in reactive
losses of those branches. Moreover, in the modified system, the
source on the ith bus supplies [S2]il � 100 percent of reactive power
flow of the lth branch; thus, with attention to correspondence
between the branches of the main and modified systems, the
sources’ contributions to reactive powers at both ends of each
branch of the main system can easily be identified using Eq. (12).

Considering Eqs. (9)–(12), it can be observed that the sum of the
shares of each source in reactive power consumptions of the loads
and reactive losses of the branches is equal to the value of the reac-
tive power produced by that source. Furthermore, it can be proven
that the sum of the sources’ contributions to each reactive demand
is equal to the value of the reactive power consumed/wasted by
that demand. To do this, it must be shown that the sum of the ele-
ments of each column of S1 or S2 is equal to one. According to Eqs.
(7) and (10), it can be written:
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ETS1 ¼ ETðdiagðQSÞðAT
1Þ
�1Þ ¼ ½A�11 diagðQSÞE�

T ¼ ½A�11 QS �
T ¼ ET

ð13Þ

ETS2 ¼ ETðS1B1Þ ¼ ETB1 ¼ ðE0ÞT ð14Þ
where E0 is a unit vector of size (NL + NC). Hence, it can be concluded
that the sum of the sources’ shares in the reactive power at each end
bus of every branch equals 100 in terms of percentage.

4. Tracing the reactive power consumed by loads

For this purpose, a relation should be found for QD in terms of QS

and QL. This relation can simply be acquired using the properties of
the absorption-bus matrix. This matrix must be formed for the
modified system as follows:

½A2�ik ¼

�Qik for i – j and Qik > 0

QD½ �i þ
XNBþNC

b¼1;b–i
Qib>0

Qib for i ¼ k

0 otherwise

8>>>>>><
>>>>>>:

for i; k ¼ 1;2; . . . ; ðNB þ NCÞ

ð15Þ

This definition indicates that the element of the ith row and the
kth column of A2 is equal to the negative of the reactive power
extracted from bus i by the branch between buses i-k. The element
located at the main diagonal of this matrix is equal to the sum of
the reactive powers absorbed from its corresponding bus, both
by the load on that bus and the branches incident to it. In fact,
Eq. (15) is the dual of Eq. (1). Thus, the dual of the second property
of A1 is expected to be established for A2, i.e., the sum of the ele-
ments of the kth column of A2 is equal to the reactive power pro-
duced by the source on bus k minus the sum of reactive losses of
all branches from which the kth bus receives reactive power. The
mathematical expression of this property is:

AT
2E ¼ QS � B2QL ð16Þ

where B2 is defined as the dual of the definition presented for B1,
i.e., if bus i is the receiving-end bus of branch m, the element of
the ith row and the mth column of this matrix is equal to one; in
other words:

½B2�im ¼
1 if QBranchm ¼ Qij < 0
0 otherwise

�

for i; j ¼ 1;2; . . . ; ðNB þ NCÞ m ¼ 1;2; . . . ; ðNL þ NCÞ
ð17Þ

Moreover, A2 is invertible like A1; hence, the following can be
obtained from Eq. (16):

E ¼ ðAT
2Þ
�1

QS � B2QLð Þ ð18Þ

Consequently, the relation mentioned at the beginning of this
section can be expressed as:

QD ¼ diag QDð Þ AT
2

� ��1
QS � B2QLð Þ ð19Þ

Now, if D is defined as:

D ¼ diag QDð ÞðAT
2Þ
�1
B2 ð20Þ
then the following equation can be employed to determine the con-
tributions of the loads to the reactive loss of each branch of the
modified system:

QLoadr Lossm ¼ ½D�rm½QL�m
for r ¼ 1;2; . . . ;NB m ¼ 1;2; . . . ; ðNL þ NCÞ

ð21Þ

Besides, in this system, [D]rm � 100 percent of reactive power
flow of branch m is allocated to the load on bus r. Therefore, the
contribution of each load to the reactive power flow and loss of
each branch of the main system can easily be computed using
the above-mentioned equation and regarding correspondence
between the branches of the main and modified systems.

The last point, which should be cited here, is that the sum of the
loads’ participations in the reactive power flow or loss of each
branch is equal to the value of the reactive power flow or loss of
that branch. To show this, it must be proven that the elements of
each column of D is equal to one. Due to the fact that A2 has the
dual of the first property of A1, i.e. A2E ¼ QD, and using Eq. (20),
it can be written:

ETD ¼ ETðdiagðQDÞðAT
2Þ
�1
B2Þ ¼ ½BT

2A
�1
2 diagðQDÞE�

T

¼ ½BT
2A
�1
2 QD�

T ¼ ½BT
2E�

T ¼ ðE0ÞT ð22Þ
5. Implementation of proposed method

5.1. Flowchart of proposed method

To perform reactive power tracing on any system using the pro-
posed method, the values of reactive power flows and loss of each
branch as well as the value of reactive power generated by its
charging capacitance must be calculated first. These data can be
obtained, if the parameters in the p model of the branches and
the tap ratios of the phase shifting transformers are available and
the buses’ voltages are determined form a converged AC load flow
calculation or by on-line measurement units. Moreover, the net
reactive power production or consumption at each bus can be eval-
uated. Once all the mentioned data are provided, a new systemwill
be constructed according to the explanation presented in Section 2,
which allows the reactive load and loss allocation to the charging
capacitances of the study system branches to be possible. By using
the vectors and matrices, which all are formed for the new system
and discussed in Sections 3 and 4, the reactive power flows from
the producers to the consumers and vice versa can be traced. For
better understanding, the procedure of the proposed method is
shown in Fig. 2.

5.2. Test results of a simple system

To test the validity of the proposed method, it was implemented
on a simple 3-bus system. Fig. 3 presents the values of reactive
power productions and consumptions of the buses as well as the
values of reactive power flows of the branches in the single-line
diagram of this system. The value of the reactive power gener-
ated/lost by each branch of the main system along with the data
required to achieve the modified system is also given in Table 1.
Fig. 4 shows the single-line diagram of the modified system which
has 6 (=NB + NC = 3 + 3) buses and 6 (=NL + NC = 3 + 3) branches. For
this system, QS, QD and QL can be written as:

QS ¼ ½99:44 0 42:53 20:47 16:28 20:26 �T

QD ¼ ½0 100 0 0 0 0 �T

QL ¼ ½24:700 24:700 4:435 4:435 20:355 20:355 �T
ð23Þ



Fig. 2. Flowchart of the proposed method for reactive power tracing.

Fig. 3. One-line diagram of the 3-bus system with reactive power flows (MVAR).
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A1, B1, A2 and B2 will take the forms:

A1 ¼

99:44 0 0 0 0 0
0 100 0 �54:93 0 �45:07
0 0 65:52 0 �22:99 0

�59:16 0 0 79:63 0 0
�11:145 0 0 0 27:425 0

0 0 �45:165 0 0 65:425

2
666666664

3
777777775

B1 ¼

1 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

2
666666664

3
777777775

A2 ¼

99:44 0 0 �83:86 �15:58 0
0 100 0 0 0 0
0 0 65:52 0 0 �65:52
0 �79:63 0 79:63 0 0
0 0 �27:425 0 27:425 0
0 �65:425 0 0 0 65:425

2
666666664

3
777777775

B2 ¼

0 0 0 0 0 0
0 1 0 0 1 0
0 0 0 1 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1

2
666666664

3
777777775

ð24Þ

Using these vectors and matrices, S1 and S2 can be calculated as:

S1 ¼

1 0:4524 0:1426 0:7429 0:4064 0:0984
0 0 0 0 0 0
0 0:2020 0:6491 0 0 0:4481
0 0:1412 0 0:2571 0 0
0 0:0648 0:2083 0 0:5936 0:1438
0 0:1396 0 0 0 0:3097

2
666666664

3
777777775

S2 ¼

1 0:7429 1 0:4064 0:0984 0:1426
0 0 0 0 0 0
0 0 0 0 0:4481 0:6491
0 0:2571 0 0 0 0
0 0 0 0:5936 0:1438 0:2083
0 0 0 0 0:3097 0

2
666666664

3
777777775

ð25Þ

D can also be computed as:

D ¼

0 0 0 0 0 0
1 1 1 1 1 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
666666664

3
777777775

ð26Þ



Table 1
Reactive power flow and loss for branches of the main and modified 3-bus system.

Main system Modified system

Branch no. From bus s To bus r Qsr

(MVAR)
Qrs

(MVAR)
[QC]w
(MVAR)

[QLoss]u
(MVAR)

Branch
no.

From bus i To bus j Qij

(MVAR)
Qji

(MVAR)
[QL]m
(MVAR)

1 1 2 83.86 �54.93 20.47 49.40 1 1 4 83.860 �59.160 24.700
2 2 4 �54.930 79.630 24.700

2 1 3 15.58 �22.99 16.28 8.87 3 1 5 15.580 �11.145 4.435
4 3 5 �22.990 27.425 4.435

3 2 3 �45.07 65.52 20.26 40.71 5 2 6 �45.070 65.425 20.355
6 3 6 65.520 �45.165 20.355

Sum 57.01 98.98 57.010 98.980

Fig. 4. One-line diagram of the modified 3-bus system with reactive power flows
(MVAR).
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Tables 2 and 3 present the results of the application of the S1
and S2 matrices for determining the sources’ shares. Table 2
includes the sources’ contributions to reactive power flows of the
main system branches. Table 3 shows the contributions of the
sources to the reactive load and losses. From Eqs. (21) and (26),
Table 3
Sources’ contributions to reactive power consumptions of demands (MVAR).

Sources Demands

Loads Losses

Bus 2 Branch 1

Generators Bus 1 [S1]1,2 � [QD]2 = 45.2460 [S2]1,1 � [QL]1 + [S2]1,2 � [QL]2 = 4

Bus 3 [S1]3,2 � [QD]2 = 20.1961 [S2]3,1 � [QL]1 + [S2]3,2 � [QL]2 = 0

Charging
capacitances

Branch
1

[S1]4,2 � [QD]2 = 14.1205 [S2]4,1 � [QL]1 + [S2]4,2 � [QL]2 = 6

Branch
2

[S1]5,2 � [QD]2 = 6.4807 [S2]5,1 � [QL]1 + [S2]5,2 � [QL]2 = 0

Branch
3

[S1]6,2 � [QD]2 = 13.9567 [S2]6,1 � [QL]1 + [S2]6,2 � [QL]2 = 0

Sum 100 49.4

Table 2
Sources’ contributions to branches’ reactive power flows (MVAR).

Branch 1 Branch 2

Q1,2 Q2,1 Q1,3

Generators Bus 1 [S2]1,1 � Q1,2 = 83.86 [S2]1,2 � Q2,1 = �40.8095 [S2]1,3 � Q1,3

Bus 3 [S2]3,1 � Q1,2 = 0 [S2]3,2 � Q2,1 = 0 [S2]3,3 � Q1,3

Charging
capacitances

Branch 1 [S2]4,1 � Q1,2 = 0 [S2]4,2 � Q2,1 = �14.1205 [S2]4,3 � Q1,3

Branch 2 [S2]5,1 � Q1,2 = 0 [S2]5,2 � Q2,1 = 0 [S2]5,3 � Q1,3

Branch 3 [S2]6,1 � Q1,2 = 0 [S2]6,2 � Q2,1 = 0 [S2]6,3 � Q1,3

Sum 83.86 �54.93 15.58
it is easy to understand that the proposed method allocates all
reactive power flows and losses of the branches to load 2, which
is the sole load of the system. Hence, the load shares are not pre-
sented in the form of Tables 2 and 3.

It can be observed that all equalities, mentioned for the contri-
butions of the sources and loads in Sections 3 and 4, are valid here.
Establishment of these equalities confirms the correctness of the
proposed method for reactive power tracing.
5.3. Test results of standard systems

To determine whether or not the proposed method can be
implemented on every system, reactive power tracing for IEEE
14-, 24-, 30-, 39-, 57-, 118-, and 300-bus standard systems was
carried out. The AC load flow results of these systems were
obtained using MATPOWER [33]. To implement the proposed
method on these systems, a programwas written in MATLAB. Since
the technique, which is used to write a program for implementa-
tion of each reactive power tracing method, has a lot of influence
on time required for its calculation, the fair comparison between
the computation times of different methods cannot be made. Con-
sequently, to demonstrate the fast performance of the proposed
Sum

Branch 2 Branch 3

3.0505 [S2]1,3 � [QL]3
+ [S2]1,4 � [QL]4 = 6.2373

[S2]1,5 � [QL]5
+ [S2]1,6 � [QL]6 = 4.9062

99.44

[S2]3,3 � [QL]3
+ [S2]3,4 � [QL]4 = 0

[S2]3,5 � [QL]5
+ [S2]3,6 � [QL]6 = 22.3339

42.53

.3495 [S2]4,3 � [QL]3
+ [S2]4,4 � [QL]4 = 0

[S2]4,5 � [QL]5
+ [S2]4,6 � [QL]6 = 0

20.47

[S2]5,3 � [QL]3
+ [S2]5,4 � [QL]4 = 2.6327

[S2]5,5 � [QL]5
+ [S2]5,6 � [QL]6 = 7.1666

16.28

[S2]6,3 � [QL]3
+ [S2]6,4 � [QL]4 = 0

[S2]6,5 � [QL]5
+ [S2]6,6 � [QL]6 = 6.3033

20.26

8.87 40.71 198.98

Branch 3

Q3,1 Q2,3 Q3,2

= 15.58 [S2]1,4 � Q3,1 = �9.3427 [S2]1,5 � Q2,3 = �4.4365 [S2]1,6 � Q3,2 = 9.3427
= 0 [S2]3,4 � Q3,1 = 0 [S2]3,5 � Q2,3 = �20.1961 [S2]3,6 � Q3,2 = 42.53

= 0 [S2]4,4 � Q3,1 = 0 [S2]4,5 � Q2,3 = 0 [S2]4,6 � Q3,2 = 0
= 0 [S2]5,4 � Q3,1 = �13.6473 [S2]5,5 � Q2,3 = �6.4807 [S2]5,6 � Q3,2 = 13.6473
= 0 [S2]6,4 � Q3,1 = 0 [S2]6,5 � Q2,3 = �13.9567 [S2]6,6 � Q3,2 = 0

�22.99 �45.07 65.52
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method, the average CPU time for executing AC load flow and reac-
tive power tracing programs in each system after 20 runs on a PC
with Intel Pentium 3.00-GHz processor and 4-GB of RAM is
depicted in Fig. 5. This figure indicates that although the execution
time increases when the system becomes large, but the proposed
method is still fast enough. Small execution time for tracing reac-
Fig. 5. Execution time of AC load flow and reactive po
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verifies the implementation feasibility of the proposed method in
real power systems. In addition, easy access to the test results
and their validation by examining the equalities pointed in the pre-
vious subsection show that the answer of the aforementioned
question is positive. Fig. 6 summarizes the results of reactive
wer tracing programs in IEEE standard systems.
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power tracing to simplify its presentation. This figure specifies
what percentage of the total reactive loads and losses of each sys-
tem are supplied by its generators and branches’ charging capaci-
tances. As seen in Fig. 6, the proposed method allocates at least 30%
of the total reactive losses to the charging capacitances of every
system as well as greater than 40% of the total reactive loads of
four systems, i.e. 24-, 39-, 118-, and 300-bus systems. Therefore,
the share of the charging capacitances in providing reactive
demands is not negligible at all.

5.4. Comparison of proposed method with other methods

Two systems, i.e. simple 5-bus and IEEE 9-bus, were selected for
comparison. The single-line diagrams of these systems are shown
in Figs. 7 and 8, respectively. In addition to the reactive power pro-
duction and consumption at each bus and the reactive power flows
at both ends of each branch, the reactive power generation and loss
G2
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Fig. 8. One-line diagram of the IEEE 9-bus sy
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of each branch are indicated in these figures by dashed-
arrowheads at the midpoint of that branch.

The comparison begins with the simple 5-bus system. As
observed in Fig. 7, the charging capacitance of the branch connect-
ing buses 1–3 only contributes to the reactive power flow of this
branch. The same can be seen for the branch between buses 3–4;
the charging capacitance of this branch and generator 4 are the
sole contributors to the reactive power going to bus 3 from bus
4. Using these findings, it can be asserted that all reactive power
consumption of load 3 should be supplied by these three sources.
Refs. [8,11,32] produce results that are incompatible with this rea-
sonable expectation. Because these references change the system
topology by moving the reactive power generated by the charging
capacitance of each branch to the end buses of that branch and
uniting it with nodal injections, their suggested methods do not
acquire zero value for the contribution of generator 1 to the
required reactive power of load 3; while this situation does not
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Fig. 10. Comparison of two methods for specifying sources’ contributions to reactive power consumptions of demands in the IEEE 9-bus system.

Fig. 11. Comparison of two methods for allocating total reactive losses to loads in the IEEE 9-bus system.
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occur in the proposed method due to application of the new equiv-
alent model for the generating branches. Fig. 9 shows the details of
branch reactive power flow allocation to the sources using the pro-
posed method. This figure clearly indicates that generator 4 and
the charging capacitances of the branches connecting buses 1–3
and 3–4 (i.e. G4, C1-3 and C3-4, respectively) are only considered
by the proposed method as the providers of load 3. Therefore,
the proposed method is more consistent with the physical behav-
ior of the system as compared to the methods presented in
[8,11,32].

The IEEE 9-bus system was used to compare the proposed
method with the method described in [13] by De. The results
related to the determination of the sources’ contributions to the
reactive power demands by these two methods are shown in
Fig. 10. The results of De’s method do not appear to be justifiable,
especially for generators 1 and 2. According to Fig. 8, it is rational
that only the charging capacitances of the branches between buses
4–5 and 5–6 supply load 5, and the contribution of generator 1 to
the reactive power consumption of this load equals zero. However,
unlike the proposed method, De’s method does not conform to this
fact. Furthermore, it can be seen that all reactive power produced
by generator 2 is wasted through the branch connecting buses 2–
8. Nonetheless, contrary to the proposed method, by De’s method
not only generator 2 has contribution to the reactive power con-
sumption of loads 7 and 9, but the sum of all allocated terms to this
generator is also greater than its reactive power output. Hence, the
correctness of this method is somewhat doubtful.

Fig. 11 presents the reactive losses assigned to each load by the
proposed method and De’s method. It should be noted that gener-
ator 3 absorbs reactive power in the study case; so, it is regarded as
a load. The figure demonstrates that the sum of the loads’ contribu-
tions specified by De’s method is far below the value of the total
reactive losses (i.e. 51.3076 MVAR); whereas the proposed method
keeps a balance between the total reactive losses and the sum of
the loads’ shares.

6. Conclusion

This paper presented two new algorithms to trace the reactive
powers that come from the sources or go to the loads. These algo-
rithms used three matrices, which were acquired based on the
properties of the so-called bus power matrices, to allocate a frac-
tion of the reactive power flow and loss of each branch to each
source or load as well as to assess the reactive power contributed
by each source to meet each load. The desirable characteristics sat-
isfied by the proposed method are:

� It requires only one solved AC load flow.
� It recognizes the branches’ charging capacitances and genera-
tors as the sources.
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� It is straightforwardly implementable and fast enough for
online application in real transmission systems.
� It assigns the reactive loads and losses to the sources without
any problems of negative allocation and over-allocation.
� The sum of the allocated losses to the loads, which all are non-
negative, is the same as the total reactive losses of the system.
� Different modeling of the generating branches makes the trac-
ing results achieved by the method to be coherent with intuitive
expectations.
� It has no need to add virtual buses and branches for considering
the branches’ reactive losses.
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