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a b s t r a c t
The inﬂuence of the intermediate principal stress on rock strength has been studied comprehensively by previous researchers. However, the reason why rock strength ﬁrstly increases and subsequently decreases with
the increase of intermediate principal stress is still unclear. In this paper, the mechanism of the intermediate
principal stress effect on rock failure behaviour is revealed through a numerical method using the EPCA3D
system (Elasto-Plastic Cellular Automaton). In this study, both homogeneous and heterogeneous rocks are
considered. The heterogeneity of a rock specimen is modelled by introducing Weibull's statistical distribution. Two criteria, i.e. the Drucker–Prager and Mohr–Coulomb models, are used to determine whether a mesoscopic element in the rock specimen is in a failure state or not during the polyaxial stress loading process. The
EPCA3D simulation reproduces the typical phenomenon of the intermediate principal stress effect that occurs
in some rock experiments. By studying the EPCA3D simulated acoustic emission and complete stress–strain
curves illustrating failure initiation, propagation and coalescence in the failure process of rocks, the essence of
the intermediate principal stress effect is tracked. It is concluded that the heterogeneous stress distribution induced by the natural heterogeneity of rocks and the effect of the loading platen are two of the reasons producing
the intermediate stress effect. Studies indicate that a moderate intermediate principal stress delays the onset of
local failure, which in turn leads to an increase in the rock strength. However, once the intermediate principal
stress reaches a certain value, local failure will be formed through the application of the intermediate principal
stress. It is the number of failed elements in the pre-peak region that determines whether the rock strength
decreases or not. The extent of rock strength reduction when the intermediate principal stress reaches a certain
value is lessened with the increase in the minimum principal stress.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction
The study of rock failure processes under complex stress conditions is an important subject in rock mechanics. Moreover, with
geotechnical engineering extending to greater depth, the stress environment and geology conditions become more and more complex.
The stress state in 3D space is deﬁned by three mutually perpendicular principal stress components (σ1, σ2, σ3). Rock will exhibit different failure conditions under different stress paths. For example,
with a certain minimum principal stress, researchers found that the
strength of some rock increases and then decreases with the increase
of intermediate principal stress. In the experimental context, many
researchers (e.g. Mogi, 1979; Xu and Geng, 1985, 1989; Li and Xu,
1991; Chang and Haimson, 2000; Haimson and Chang, 2000, 2002;
Chen and Feng, 2006; Mogi, 2007; Yang and Liu, 2007; Liu and Cao,
2008) conducted a large number of true triaxial tests on different
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rock types such as Dunham dolomite, Solnhofen limestone, granite
etc., to study their behaviour under triaxial stress conditions. They
found that the strength increases and then decreases with the
increase of σ2.
In the theoretical context, many failure criteria (Colmenares and
Zoback, 2002), such as Mohr–Coulomb, Drucker–Prager, Weibols
and Cook (Wiebols and Cook, 1968), modiﬁed Wiebols and Cook
(Zhou, 1994), Hoek and Brown (Hoek and Brown, 1980), Mogi 1967
and Mogi 1971 criteria (Mogi, 2007), modiﬁed Lade criterion (Ewy,
1999) etc., have been developed to ﬁt the experimental data.
At the same time, researchers have developed many numerical
models or used commercial software to study the failure processes
of rocks under polyaxial stress conditions. Cai (2008) investigated
the inﬂuence of the intermediate principal stress on rock fracturing
and strength near excavation boundaries using a FEM/DEM combined
numerical tool. Shi and Li (2009) conducted true triaxial simulation of
a homogeneous rock specimen using the Mohr–Coulomb perfect
plastic model in FLAC3D software and found that the end friction
can lead to an apparent effect of the intermediate principal stress,
even though the rock actually has no intermediate principal stress
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effect. Tang and Hudson (2010) have collected many simulation
results using the RFPA code which support the general use of the
EPCA code reported here for studying the emergent properties of a
heterogeneous microstructure.
To summarize these studies, researchers have conducted true triaxial
tests and detected the phenomenon of the intermediate principal stress
effect on rock strength for some rock types. Many polyaxial yield criteria
have been developed to ﬁt this effect. By using numerical modelling, the
phenomenon of the intermediate principal stress effect has been reproduced. However, the reason why the strength of some rocks ﬁrstly
increases and then decreases with continued increase in the intermediate
principal stress is still unclear.
Because rock is a heterogeneous material, in the study of the effect of polyaxial stress conditions on rock fracturing behaviour, the
heterogeneity of rocks should be considered. The combinations of
statistical theory with numerical models are thought to be appropriate
for modelling the failure processes of rocks. Additionally, in polyaxial
compression tests, the specimen is always loaded through some type
of loading platens. Because friction exists between these loading platens
and the specimen ends, in the study of the intermediate principal stress
effect, such friction should also be considered.
Therefore, based on the understanding of typical intermediate stress
experimental phenomena and associated theoretical analysis, a series of
numerical tests were conducted to simulate the failure processes of
rocks under the polyaxial compression condition using the numerical
model EPCA3D (Pan et al., 2009). Two different failure criteria, i.e. the
Drucker–Prager criterion, which incorporates the σ2 effect, and the
Mohr–Coulomb criterion, which is independent of σ2, were used in
the meso-scopic element to study overall rock strength variation. The
information generated in the rock loading process, such as deformation,
failure pattern and acoustic emission etc., was collected from the
EPCA3D modelling to illuminate the intrinsic behaviour that leads to
the phenomenon of the intermediate principal stress effect.
2. Numerical tool—EPCA3D
Based on the self-organization theory of cellular automata, elastoplastic theory, rock mechanics and statistical theory, a numerical
model, EPCA3D, has been developed and the associated numerical
system has been compiled in the Visual C++ environment. This system has been used to simulate the failure processes of heterogeneous
rocks under uniaxial compression in previous work by the authors
(Pan et al., 2009). This model contains the following basic contents:
a heterogeneous material model, cellular automaton updating rules,
acoustic emission deﬁnition and constitutive relation, etc.
2.1. Representation of heterogeneity
Geomaterials in general are heterogeneous in nature. The appropriate description of rock property is the key to study its failure mechanism. In EPCA3D model, deterministic and probabilistic approaches
are used to describe rock material properties.

where x is the parameter of the element; the scale parameterx0 is related
to the average of element parameter and the parameter,m, deﬁnes the
shape of the distribution function.
2.1.2. Deterministic approach
For rock specimen with naked ﬂaws, deterministic method to
describe the properties of rocks is used. The physical parameters of
fracture are much weaker than that of rock matrix. In this case, rock
matrix can be seemed as homogeneous materials. However, studies
have shown that the properties of rock matrix have great inﬂuence
on the crack initiation, propagation and coalescence. In this case,
the random method and deterministic method will be combined to
describe rock properties.
2.2. Cellular automaton updating rule
Cellular automaton updating rule is to describe the relationship
between cell and its neighbours. The development of the updating
rule is locally and only one cell is considered in the development of
updating rule (Figure 1).
For an elasto-plastic mechanical process, based on the stress equilibrium equation, geometrical equation, constitutive equation and
yield criterion etc, the equilibrium equation of cell Di can be written
as
′

K ij Δuj ¼ ΔF i þ ΔF i

ð2Þ

where Kij is the total stiffness of cell elements on the cell node Ni. The
stiffness of cell elements can be obtained from ﬁnite element method.
ΔFi is the unbalance force induced by boundary and external conditions. ΔF′i is the summation of the equivalent nodal force produced
by the yield cell elements (if any) in cell Di.
The increment nodal force ΔFik on neighbouring cells can be
obtained from the following equation,
n
o h iT
k
j
ΔF i ¼ Bim fΔum g

ð3Þ

j
where Bim
is cell element stiffness.
Each cell conforms to the same updating rule. The process of the
change of force => the change of displacement => the change of
force =>… will be transferred among cells in the system. The system
will attain its static equilibrium state when the self-organization phenomenon of Δui → 0 or ΔFi + ΔFi′→ 0 appears.
It is apparent that, in the modeling, no global stiffness but local cell
stiffness is used. Since the mechanical parameters of cell element may
change with the accumulation of damage in the failure process, the
cellular automaton technique based on localization theory makes its
state updating more conveniently.

(a)
2.1.1. Probabilistic approach
For rock specimen without naked ﬂaws but with microcracks the
random method is used to describe its heterogeneity. The physical
parameters, including the Young's modulus, strength and permeability etc, are assumed to conform to certain stochastic distribution such
as Weibull's or Normal distribution etc. The probability density function
of Weibull's distribution (Weibull, 1951) is deﬁned by the following equation,
8  
  m 
x
< m x m−1
exp −
; x≥0
pðxÞ ¼ x0 x0
x
0
:
0; xb0

ð1Þ

(b)
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Fig. 1. EPCA3D model. (a) Three-dimensional domain to be solved and (b) one three
dimensional cell.
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(a)

2.3. Polyaxial yield criteria
In the EPCA3D model, different yield criteria, modiﬁed Lade criterion, modiﬁed Wiebols–Cook, Mogi 1971, Hoek–Brown, Mohr–
Coulomb and Drucker–Prager etc., can be considered. Of these
criteria, the Mohr–Coulomb and Drucker–Prager criteria (Owen and
Hinton, 1980) are widely used for the prediction of rock-like materials'
strengths by the researchers.
2.3.1. Mohr–Coulomb yield criterion
The Mohr–Coulomb theory is often used to characterise the response
of brittle materials, such as rock, or concrete, to shear stress as well as
normal stress. It applies to materials for which the compressive strength
far exceeds the tensile strength. The yield function takes the following
form,
F ðσ Þ ¼

1
1
ðσ −σ 3 Þ þ ðσ 1 þ σ 3 Þ sinφ−c cosφ ¼ 0
2 1
2

1
1
ðσ −σ 3 Þ þ ðσ 1 þ σ 3 Þ sinψ−c cosψ ¼ 0:
2 1
2

ð5Þ

If ψ = 0, no volumetric dilation occurs, even though the rock mass
fails in shear. If ψ = φ, the maximum volumetric dilation occurs when
the rock mass fails in shear, in which the associated ﬂow rule is used.
2.3.2. Drucker–Prager yield criterion
The Drucker–Prager yield criterion was introduced to deal with
the plastic deformation of rock and soil materials. It is a pressuredependent model for determining whether a material has failed or
undergone plastic yield. The yield function takes the following form
(Chen, 1982),
F ¼ aφ I 1 þ

pﬃﬃﬃﬃ
J 2 −k ¼ 0

ð6Þ

where aφ and k are material constants, both of which are related to
the cohesion and frictional angle (see Eqs. (5) and (6)).
The yield surface of this criterion is a right-circular cone in principal stress space. On the π plane, the yield surface is a circle.
For a perfect elasto-plastic material, the plastic potential function
can be expressed as,
Q ¼ aψ I 1 þ

pﬃﬃﬃﬃ
J 2 −k ¼ 0:

(b)

σ 1′

σ 1′

ρt
ρc

σ ′2

θ = 60
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Fig. 2. Relation between Mohr–Coulomb and Drucker–Prager criteria. (a) Drucker–Prager circle is made to agree with the outer apices of the Mohr–Coulomb hexagon (circumscribed Drucker–Prager criterion). (b) The Drucker–Prager cone is made to
inscribe the Mohr–Coulomb hexagon (inscribed Drucker–Prager criterion).

ð4Þ

where c is the cohesion. φ is the frictional angle. The yield surface of this
criterion is a right hexagonal pyramid equally inclined to the principal
stress axes. The intersection of this surface with the π plane is a hexagon.
For the non-associated plastic ﬂow rule, Q ≠ F. For the sake of simplicity, Q can be chosen in the same form as F. Substituting the friction
angle φ in F as the dilation angle ψ, we have,

Q ðσ Þ ¼

111

ð7Þ

In terms of the yield surfaces, the Mohr–Coulomb hexagonal yield
surface is not smooth but has corners. These corners of the hexagon
can cause numerical difﬁculty in its application to plasticity theory
since the normal vector to the yield surface needs to be calculated.
The Drucker–Prager criterion can be viewed as a smooth approximation to the Mohr–Coulomb criterion to avoid such difﬁculty; also the
Drucker–Prager criterion may be made to match the Mohr–Coulomb
criterion by adjusting the size of the cone. If the Drucker–Prager circle
is made to agree with the outer apices of the Mohr–Coulomb hexagon
(Figure 2a) (the circumscribed Drucker–Prager criterion), i.e. the two

surfaces are made to coincide along the compressive meridian ρc,
then the constants α and k of the Drucker–Prager criterion are related
to the parameters c and φ of the Mohr–Coulomb criterion as
2 sinφ
6c cosφ
; k ¼ pﬃﬃﬃ
:
α φ ¼ pﬃﬃﬃ
3ð3− sinφÞ
3ð3− sinφÞ

ð8Þ

The cone corresponding to the constants in the above equation
circumscribes the hexagonal pyramid. The Drucker–Prager cone
may be made to inscribe the Mohr–Coulomb hexagon as well, passing
through the tensile meridian ρt (Figure 2b) (inscribed Drucker–
Prager criterion). In such a case, the constants of the two criteria are
related by
2 sinφ
6c cosφ
; k ¼ pﬃﬃﬃ
:
α φ ¼ pﬃﬃﬃ
3ð3 þ sinφÞ
3ð3 þ sinφÞ

ð9Þ

2.4. Simulation of post-peak behaviour
The observed mechanical response of rocks can be categorized
through three stages of the complete stress–strain curve. These stages
are the pre–-peak region (pre-failure), peak (maximum strength) and
post-peak region (post-failure) (Hudson and Harrison, 1997). The
failure of rock in this context happens at the peak stress when the
maximum strength of the rock is reached. In the post-peak region,
different rock can present different behaviour, such as hardening,
perfect plasticity, strain softening or brittleness, etc. These different
types of behaviour are determined by many factors, including the
rock properties and the environment.
In plasticity theory, a post-failure parameter h is introduced to
account for the fact that the post-failure behaviour of materials during
yielding is not perfectly plastic, and most often involves a decrease
(weakening) or an increase (strengthening) in resistance. This weakening or strengthening is a function of plastic strain and is not uniquely
deﬁned by the stresses. An effective plastic strain parameter, ε p is
used to represent the plastic strains. This parameter represents the current and the history of plastic strain (accumulated damage), expressed
as follows,
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2 p p
p
ε ¼ ∫
dε 1 dε1 þ dεp2 dε p2 þ dε p3 dεp3
3

ð10Þ

where dε1p, dε2p, dε3p are the increments of principal plastic strain.
It is known that, for brittle failure of rock, at low conﬁnement, the
cohesive strength initially governs the mobilized strength and it is
gradually replaced by the frictional strength when the cohesion is consumed. The CWFS (cohesion weakening and frictional strengthening)
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(a)

Cohesion

Peak friction
angle

Friction angle

Initial cohesion

Therefore, in the failure process of brittle rock materials, there is
an initial yield surface and a residual yield surface. For the Mohr–
Coulomb and Drucker–Prager criteria, i.e. Eqs. (4) and (6), the initial
yield surface is controlled by ci, φi. The residual yield surface is controlled by cr, φr. In cohesive weakening and frictional strengthening
p
process model, by assigning certain εcp and εf , there would be many successive yield surfaces between the initial yield surface and residual yield
surface.
Therefore, EPCA3D has the ability to simulate different behaviours
such as brittle failure, strain softening, plasticity and strain hardening
of rocks (Figure 3b). In Fig. 4, EPCA3D is used to simulate the failure
process of different rock types (Dunham Dolomite, Solenhofen Limestone, Shirahama sandstone and, Yuubari shale) under different true
triaxial compressions by considering different minimum principal
stresses. It is found that the modeling results are quite comparable
with experimental data, which also validates the EPCA3D code.

Residual cohesion

ε cp

ε pf

Plastic strain

(b)
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3. Rock fracturing simulation under polyaxial stress conditions
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3.1. Numerical model and mechanical parameters
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ε1

Fig. 3. (a) Cohesion weakening and friction strengthening (CWFS) model and (b)
EPCA3D simulated complete σ1− ε1 curves by considering different combinations of
p
εcp and εf in the CWFS model.

model (Martin, 1997; Hajiabdolmajid, 2001) can capture this characteristic of rock brittle failure (Figure 3a). In this model, the cohesion and
friction angle are functions of the plastic strain; the cohesion is weakened and the friction is strengthened linearly according to the plastic
p
strain level. By selecting the appropriate magnitude of εcp and εf , different post-peak deformation behaviour can be obtained. For example, if εcp
p
is very small or zero and εf is very large, the stress will drop immediately
to the rock's residual strength surface once its peak strength is reached. In
p
this case, the rock behaves in a brittle manner. If both εcp and εf are very
p
p
large, the rock will behave perfect plastically. If εc is very large and εf is
very small, the rock will behave in strain hardening manner (Figure 3b).

(a)

A prismatic rock specimen with side length 50 mm and height
100 mm is discretized into a system composed of 3D cell elements.
The parameters used in the EPCA3D modelling are shown in
Table 1. The selection of the parameters reﬂects a type of hard rock,
i.e. a brittle heterogeneous rock, but not any geologically speciﬁc
rock type.
In modelling a triaxial compression process, σ1, σ2 and σ3 are
applied to the specimen boundaries simultaneously step by step.
When σ3 reaches the prescribed value, σ3 is kept constant and σ1
and σ2 continue to be applied on the boundaries. If σ2 reaches the
prescribed value, σ2 will be kept constant and the stress on σ1 is continually applied on the boundary until the rock specimen fails. In the
application of the conﬁning stress, we use the stress loading control
method to apply the stress on the simulated rock boundaries (σ1, σ2
and σ3). When σ2 reaches its prescribed value, the stress loading control method is replaced by the strain loading control method in the σ1
direction. By doing so, the complete stress–strain curves can be successfully obtained.

(b)
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Fig. 4. The relation between s2 and s3 of different rock types (curves are EPCA3D results. Discrete points are experimental results). (a) Dunham dolomite; (b) Solenhofen limestone;
(c) Shirahama sandstone and (d) Yuubari shale.
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Table 1
Parameters used in EPCA3D modelling.
Parameters

Value

Parameters

Value

Young's modulus(E)
Initial cohesion (ci)
Initial friction angle (φi)
Homogeneous index (m)
Seed parameter (s)
Tolerance (κ)
εcp

70 GPa
10 MPa
30º
4
10
0.01
5e − 6

Poisson's ratio (v)
Residual cohesion(cr)
Residual frictional angle (φr)
CA iteration precision (η)
Axial loading speed (d)
εfp

0.26
1 MPa
49º
1e− 12
1e− 6 m/step
0.4

3.2. Homogeneous case
EPCA3D is ﬁrstly used to simulate the failure processes of homogeneous rocks under a true triaxial compression condition using the
Drucker–Prager and Mohr–Coulomb criteria. The boundary stresses
are applied on the boundaries directly — so that there is no friction
between the rock specimen's ends and the loading platen. In the simulation, the initial cohesion is 10 MPa, residual cohesion 1 MPa, initial
friction angle 30º, and residual friction angle 49º. The Young's modulus is 70 GPa and the Poisson's ratio is 0.26. Two levels of σ3 (σ3 = 0
MPa and 10 MPa) are considered. Fig. 5 shows the EPCA3D simulated
results plotted in σ1−σ2 space. It is clear that the strength of homogeneous rock is greatly inﬂuenced by σ2 when the Drucker–Prager
criterion is used. It increases ﬁrstly and then decreases with the increment of σ2. Since the Mohr–Coulomb criterion does not consider the
effect of σ2, the simulated strength of homogeneous rock remains
constant no matter what the magnitude of σ2 is. In this modelling,
the perfect loading condition (i.e. no friction between the loading
platens and specimen's ends) is considered, so the homogeneous
rock specimen fails with each cell element in the plastic state when
the stress reaches the peak strength.
3.3. Heterogeneous case

σ1 (MPa)

Rock is a naturally heterogeneous material; it follows that the failure behaviour of rock is likely to be greatly inﬂuenced by this heterogeneity. Thus, in the failure process modelling of rocks under
polyaxial stress conditions, heterogeneity is an important factor to
be considered. Therefore, the Drucker–Prager criterion is ﬁrstly used
in EPCA3D modelling to simulate the failure processes of heterogeneous rocks under true triaxial compression with consideration of
different σ3 values. The inﬂuence of σ2 on the deformation and failure
processes of rocks is shown in Figs. 6 and 7, in which σ2 = 10 MPa and
σ2 = 50 MPa are considered, respectively. When σ2 = σ3, the lateral
deformations in both the ε2 and ε3 directions are almost the same
and represent a state of expansion (Figure 6a). Since σ1 = σ2 = σ3,
which means that this is a hydrostatic state, there are almost no internal elements failing during the process of applying σ2. Failure

200
180
160
140
120
100
80
60
40
20
0
0

MC: σ3=0MPa
MC: σ3=10MPa
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σ2 (MPa)
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Fig. 5. EPCA3D simulated results for the relation between σ1 and σ2 for a homogeneous
rock specimen using the Drucker–Prager criterion and Mohr–Coulomb criterion.
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initiation occurs when further stress is subjected in the σ1 direction.
The failure cell elements are randomly distributed, ﬁrstly in the specimen and then a shear failure zone is formed ﬁnally (Figure 6b). With
the increase of σ2, the expansive deformation in the ε2 direction is
restricted, as can be seen from Fig. 7a, in which ε2 is in compaction
mode, while ε3 is in expansion mode. From Fig. 7b, it is clear that
there are internal elements failed during the process of applying σ2.
With the increase of stress in the axial direction, the ‘cracks’ continue
to propagate. Most of the ‘cracks’ or the plane formed by the accumulated failure cell elements are found in the direction parallel to σ2,
which is different from that with lower σ2 (Figure 6b).
The EPCA3D simulated σ1−σ2 relations using the Drucker–Prager
criterion are plotted in Fig. 8. From these results, we note that the
EPCA3D simulation has reproduced the typical manifestation of the
intermediate principal stress effect (Mogi, 1979, 2007) concerning
heterogeneous rock strength. The results obtained for the heterogeneous case have the same trend as the homogeneous case shown in
Fig. 5. It may be thought that the results in Fig. 8 are inevitable
because we use the criterion (Drucker–Prager) that does inherently
reﬂect the intermediate principal stress effect. In other words, the
fact that the simulated results reﬂect the σ2 effect follows from the
selection of the Drucker–Prager yield criterion. But, for heterogeneous rocks, the mechanism of the intermediate principal stress effect
is more complex: the results in Fig. 8 are also a function of the rock
heterogeneity.
In order to demonstrate the inﬂuence of heterogeneity on the σ2
effect, the Mohr–Coulomb criterion, which is independent of σ2 for
homogeneous rock (Figure 5), was used for the elements in the
EPCA3D modelling. Parameters used in the modelling are shown in
Table 1. The simulated results are presented in Fig. 9. It is found that
the strength of the rock specimen increases ﬁrstly and then decreases
with the increase of the intermediate principal stress. This indicates
that, although we use a criterion that does not consider the σ2 effect
(i.e. the Mohr–Coulomb criterion) for internal cell element in the
modelling of the heterogeneous rock failure process, the typical
emergent phenomenon for the whole sample of the intermediate
principal stress effect on rock strength is also reproduced.
From the above results, two questions are evident: one concerns
why the strength increases with an increase in σ2; the other concerns
why the rock strength decreases with an increase in σ2 after σ2 has
reached a certain value. If these two questions can be answered, the
mechanism of the σ2 effect on rock strength should be clear.
Fig. 10 shows that with the same stress in the σ1 direction, the
axial strain ε1 decreases with the increase of σ2 in the pre-peak
region. That is to say, the σ2 restrains the deformation in the σ1 direction when σ2 is low. As a result, the internal elements (cell elements)
that may fail for a lower σ2 will be in an elastic state for higher values
of σ2. If we wish to make these internal elements fail for higher σ2,
further stress in the σ1 direction should be exerted, which will lead
to a rock strength higher than for the lower σ2. This can also be
seen in Fig. 9, in which the σ1 and accumulated AE counts before
the peak stress with respect to σ2 are plotted.
It should be noted that the simulated AE events are not actual
events, but the counts of internal elemental failure points. However,
it does simulate the actual failure of rocks. The deﬁnition of AE has
been described in detail in previous papers by the authors (Feng et
al. 2006 and Pan et al., 2009).
It is seen that, for σ3 = 10 MPa (Figure 9a), the accumulated AE
counts are 7722 (generated through the individual elemental cell failures) when σ2 = 10 MPa before the peak stress. However, when
σ2 = 15 MPa, the accumulated AE counts reduce to 3354 before the
peak stress. Note that the number of AE counts is directly linked to
the number of internal failure elements; therefore, the number of
failed cell elements (internal elements) when σ2 = 10 MPa is more
than that when σ2 = 15 MPa. As a result, the rock strength is higher
(σ1 = 48.1 MPa) for σ2 = 15 MPa than that for σ2 = 10 MPa
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Fig. 6. EPCA3D simulated results when σ2 = σ3 = 10 MPa using the Drucker–Prager criterion (a) relation of ε1, ε2 and ε3 with respect to σ1 (b) failure process.

(σ1 = 44.5 MPa). In other words, the onset of failure is delayed with
the increase of σ2 when σ2 is not sufﬁciently large, which leads to
the increase in the rock strength. For σ3 = 20 MPa, the similar phenomenon can be found in Fig. 9b.
Fig. 11 presents one of the EPCA3D simulated complete σ1−ε1
curves and the AE−ε1 relation during the failure process of heterogeneous rock using the Mohr–Coulomb criterion with the application of
σ2 = 35 MPa and σ3 = 10 MPa. It is clear that, although most of the AE
counts occur around the peak stress, in the process of applying σ2,
there are also a few AE counts produced, indicating that there are cell elements failing in the process of applying σ2, if σ2 is large enough.
In uniaxial and triaxial compression tests, there are different loading
methods (Pan et al., 2006) (in the axial direction), such as the constant
stress loading method, constant strain loading method and the linear
combination of stress and strain loading method etc., to control the failure processes of rocks. By using the constant strain loading method and
the linear combination of stress and strain loading method, the complete stress–strain curves of rocks can be traced. However, how does
the stress decrease during the failure processes for heterogeneous

brittle rocks, which behaves as strain softening in the uniaxial condition
or triaxial condition with low conﬁnement? Take the uniaxial compression (constant strain as the control variable) failure process of brittle
rock as an example: in the pre-peak region: if there are no internal elements that failed, the stress–strain curve will be linear; however, for
heterogeneous brittle rock, with the increase of axial stress, the onset
of failure will occur and the stress–strain curve will deviate from the linear state. At this stage, because the number of failed internal elements is
small, the axial stress can be increased. Once the number of failed internal elements reaches a certain value, the rock will manifest stress reduction in the complete stress–strain curve. The same circumstance
happens during the true triaxial compressive failure process of heterogeneous brittle rocks. In the process of applying σ2, if there are too
many internal elements that failed, there is no need for a too high application of σ1 to cause the stress in the rock specimen to decrease. This
can be explained again in Fig. 9a. From σ2 = 15 MPa, the accumulated
AE counts begins to increase, but the rock strength does not decrease
with the increase of σ2. However, the extent of rock strength increase
is reduced with the increase of σ2. When σ2 = 20 MPa, the accumulated
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Fig. 7. EPCA3D simulated results when σ2 = 50 MPa, σ3 = 10 MPa using the Drucker–Prager criterion (a) relation of ε1, ε2 and ε3 with respect to σ1 (b) failure process.

AE counts are 8300, the rock strength attains its peak strength at
49.2 MPa. After that, with the increase of the accumulated AE counts
due to the increase of σ2, the rock strength decreases gradually.
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Fig. 8. EPCA3D simulated results using Drucker–Prager criterion.

200

Therefore, for heterogeneous rock, in Fig. 8, not all of the contribution to the phenomenon of the σ2 effect comes from the selection of
the elemental failure criterion (Drucker–Prager criterion), but a component is due to the heterogeneity of the rock specimen. While in
Fig. 9, this phenomenon is rooted in the heterogeneity of the rock
specimen completely, Fig. 9 also indicates that the extent of rock
strength reduction when σ2 exceeds a certain value is weakened
with the increment of σ3.
Fig. 12 shows the comparisons between homogeneous and heterogeneous results for σ3 = 10 MPa. It is found that with the same
σ2, the strength in the σ1 direction is much higher for the homogeneous case than that for the heterogeneous case.
To truly access the inﬂuence of heterogeneity on σ2 effect, different homogeneous indices, i.e. m = 2.0, 4.0, 6.0, and the same homogeneity index (m = 4.0) but different spatial distributions, i.e. s = 5, 10,
15, are used to create different simulated rock samples. Using the
Mohr–Coulomb criterion, these samples are used to simulate the failure process with different σ2, by considering σ3 = 10 MPa. From
Fig. 13a, the rock strength in the σ1 direction increases with the
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Fig. 11. EPCA3D simulated complete σ1− ε1 and AE− ε1 relation during the failure process modelling of heterogeneous rock using the Mohr–Coulomb criterion (σ2 = 35 MPa
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increase of the homogeneity index. For a different homogeneity
index, the same trend, i.e. rock strength ﬁrstly increases and subsequently decreases with the increase of intermediate principal stress
is still found. With the same homogeneity index but different spatial
random distribution, the rock strengths have little differences (Figure
13b).

homogeneous. Shi and Li (2009) studied this phenomenon using a
Mohr–Coulomb perfect plastic model in Flac3D software.
In this section, EPCA3D is used to simulate the failure processes of
a rock specimen with consideration of the loading platen effect. Some
of the physical parameters are shown in Table 1 but a homogeneous
rock specimen is considered. The Young's modulus of steel platen is
120 GPa (113–157 GPa for steel) and the Poisson's ratio is 0.25
(0.23–0.27 for steel). Fig. 14 shows the result simulated by EPCA3D
with σ3 = 0 MPa. For the perfect condition of no platen effect (i.e.
no ends' frictional existence), the simulated failure stress is independent of σ2 (see Figure 5). Due to the existence of friction between the
loading platens and specimen's ends, the friction increases with the
increase of σ2. This increases the heterogeneous distribution of stress
in the specimen, which in turn causes the rock strength to increase
with the increase of σ2.
However, for a situation of low σ3 or σ3 = 0, the increase of rock
stress is not unbounded. After σ2 reaches a certain value, the rock

(a)

3.4. The effect of the loading platen on rock strength
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In the above simulations, the boundary stresses are applied directly on
the boundaries. The results are not affected by friction that exists in some
physical experiments between the loading platen and the specimen's
ends. This is one of the advantages of the numerical method: it can simulate perfect loading conditions. However, in the real experimental situation some friction between the platens and the rock specimen's ends is
inevitable. Consequently, a heterogeneous stress ﬁeld will be produced
in the loading process even though the rock specimen itself is
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Fig. 10. EPCA3D simulated σ1− ε1 relation before the peak stress using the Mohr–Coulomb criterion (σ3 = 10 MPa).
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(a)

minimum principal stress σ3. For low or zero minimum principal
stress, the rock behaves in a brittle fashion. With the increase in σ3,
the rock behaviour changes from brittle to ductile or hardening. As a result, the extent of rock strength reduction will be less with the
increment of σ2. If the value of σ3 is large enough, the rock will behave
in a ductile or even hardening manner, its strength will not decrease,
and the previous trend will be reversed (Figure 15).
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Fig. 13. Relation of σ1− σ2 with different heterogeneity (σ3 = 10 MPa). (a) different
homogeneous indices, m = 2.0, 4.0, 6.0. (b) the same homogeneity index m = 4.0, different spatial random seed, s = 5, 10, 15.

strength begins to decrease (Figure 14a), which presents the same
trend shown in Fig. 9. In this case, compared with the strength and
the accumulated AE counts before peak stress, a moderate magnitude
of σ2 also delays the onset of failure, which makes the strength
increase. When σ2 exceeds a certain value, large number of internal
elements fails in the pre-peak region and the strength of rock begins
to decrease. Due to the existence of friction, the stress in rock specimen is heterogeneously distributed. As a result, the ﬁnal failure pattern (Figure 14b) becomes more complex than that under the
perfect loading condition for homogeneous rocks.
The decrease of rock strength with the increment of σ2 when σ2
exceeds a certain value is dependent on the magnitude of the

1) In the failure processes of rocks subjected to polyaxial stress conditions, there are two interesting questions: (1) why does the rock
strength increase with an increase in the intermediate principal
stress? and (2) why does the rock strength decrease with an increase in the intermediate principal stress when the intermediate
principal stress reaches a certain value? By using the numerical
modelling system EPCA3D, these two questions have been answered numerically.
2) It is found that the heterogeneous stress ﬁeld in a natural rock
specimen during the loading process is one of the reasons that
leads to the intermediate principal stress effect. There are many
factors that can produce such a heterogeneous stress ﬁeld, the heterogeneity of the rock specimen and the friction between the
loading platen and the specimen's ends being the most important.
In this paper, these two different factors have been considered in
the EPCA3D modelling. However, in real situation, the phenomenon of the σ2 effect may be induced by a combination of these factors, i.e. the overall failure behaviour, as the strength, deformation
and failure process of the rock specimen in a physical experiment
are greatly inﬂuenced by the properties of the rock itself and the
boundary conditions.
3) It is concluded that, for a brittle rock specimen, a moderate intermediate principal stress delays the onset of failure propagation,
which leads to the increase of the rock strength. However, once
the intermediate principal stress reaches a certain value, ‘cracks’
will be formed during the process of applying the intermediate
principal stress. It is the number of failed cell elements in the
pre-peak region that leads to the decrease of rock strength. The
decrease of rock strength when σ2 exceeds this certain value is a
function of the value of the minimum principal stress, due to the
rock transferring from brittle to ductile or hardening behaviour.
Due to the heterogeneous stress ﬁeld produced by the rock heterogeneity and the loading platen effect, even though the criterion
for the elements in the EPCA is independent of σ2 (e.g. using the
Mohr–Coulomb criterion), the phenomenon of the σ2 effect is an
emergent property for the whole specimen and can also be reproduced numerically.
4) It should be noted that in this study the Drucker–Prager or Mohr–
Coulomb elasto-brittle-plastic model is assigned to each internal

(b)

Accumulate AE count

2500
2000
1500
AE
σ1

1000
500
0

0

5

10

σ2 (MPa)

15

20

50
45
40
35
30
25
20
15
10
5
0

Loading
platen
Rock
specimen

σ1 (MPa)

(a)

Failure
zone

σ1
σ2

σ3

Fig. 14. EPCA3D simulated results when σ3 = 0 MPa by consideration of the loading platen effect for a homogeneous rock specimen. (a) Relation of σ1− σ2 and σ2-accumulated AE
counts before the peak stress and (b) Failure pattern (blue colour represents loading platens, orange colour represents rock specimen, red colour represents failure zone).
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element. That is to say, in the above modelling, we use εcp = 5e − 6
and εfp = 0.4 (see Table 1), which means that each cell element has
pure brittle properties, because, once its stress reaches the peak
strength it will drop to its residual strength surface in the uniaxial
compression condition. Therefore, in this modelling, we assume
that the rock specimen is composed of brittle material. If other
sets of εcpεfp are chosen for assuming that the rock is a ductile or
hardening material, the rock strength will increase, but may not
decrease with the increase of σ2 in the modelling. For example,
Shi and Li (2009) used a perfect plastic model in Flac3D modelling
and found that the rock strength increases with the increase of σ2
and never decreased, even though σ2 is large enough. Moreover,
even though the rock behaves in a brittle manner under uniaxial
compression or triaxial compression with low minimum principal
stress, it may behave in a ductile or strain hardening manner
under triaxial compression with a high applied minimum principal stress. In this case, the rock strength will increase, but also
may not decrease with the increase in σ2.
5) The EPCA3D system provides a robust and realistic ability for rock
fracturing simulation of polyaxial stress conditions. However, further improvement of this system, including a parallel version,
other failure criteria, and correlation of the material heterogeneity
parameters, etc., is required to better simulate the observed rock
fracturing process with great reality and to provide full sensitivity
studies. This will be the subject of future papers
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