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In this paper, a 2-D numerical study and a sensitivity analysis of convective heat transfer in a channel are
investigated using the Discrete Phase Model along with determination of the nanoparticles concentration
distribution. Numerical simulations are carried out to investigate the effects of the three parameters, the
Reynolds number (250 6 Re 6 650), nanoparticles volume fraction (0.01 6 U 6 0.05) and nanoparticles
diameter (40 nm 6 dp 6 100 nm) on the heat transfer performance and nanoparticles distribution. In
addition, the effective parameters analysis is performed utilizing the Response Surface Methodology.
The results indicated that increasing the Re number and U and decreasing of dp, enhances the mean total
Nusselt number. Also, an enhancement in dp and U and reduction of Re number increases the homogene-
ity of the nano-fluid. In addition, it is found that the sensitivity of the mean total Nusselt number to Re
number, U and dp parameters is more than the sensitivity of the nanoparticles concentration ratio to
these parameters.
� 2016 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder

Technology Japan. All rights reserved.
1. Introduction Nanofluids have various applications in fluids and heat transfer
Several applications of thermal engineering in solar heat
exchangers, cooling of electronic equipment, compact heat
exchangers, thermal-energy conversion devices and solar collec-
tors are some examples of various important practical applications
and usage of forced convection heat transfer in channels. There-
fore, during the process of the heat transfer in channels investiga-
tion, the predicting of the heat transfer is one of the basic
essentials. Enhancing of the heat transfer in above mentioned engi-
neering applications has been a subject of interest in several
research studies in last years. Also, due to the low thermal conduc-
tivity of the common fluids which are used in commercial applica-
tions of channels (including water, ethylene glycol and oil), to
improve the heat transfer rate, adding of nanoparticles such as
Cu, Al2O3 and TiO2 to the fluid which creates a mixture called nano-
fluid and enhances the heat transfer coefficient, has been investi-
gated in several papers [1–5].
studies. Asmentioned above, some researchers have considered the
effects of the adding nanoparticles to enhance the heat transfer
rate. These researches were mostly done by considering a single
phase and some of them by two phases; such as the study which
was done by Bianco et al. [2] on the turbulent convection heat
transfer of Al2O3-water nanofluid in a circular tube subjected to
constant wall temperature. In their study, the numerical investiga-
tion was done using the mixture model that is an appropriate
method to simulate nanofluids behavior. The results showed that
increasing of the nanofluid concentration increases the Nusselt
number. Another numerical study on flow characteristics, heat
transfer and entropy generation of nano-fluid flow inside an annu-
lar pipe partially or completely filled with porous media using two-
phase mixture model has been carried out by Siavashi et al. [3].
They found that the Reynolds number, nanoparticles concentration
and configurations parameters, have significant effects on the
entropy generation and the performance. Bianco et al. [4] have
investigated a numerical study on entropy generation of turbulent
convection flow of a nano-fluid in a circular tube under a constant
heat flux. The results revealed that increasing the Re number
homo-
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Nomenclature

Cp specific heat (J kg�1 K�1)
dp nano-particle diameter (nm)
dij the tensor of deformation
DPM Discrete Phase Model
Fij view factor between surfaces i and j
FT the thermophoretic force
g gravitational acceleration (m s�2)
h the convection heat transfer coefficient
H the height and width of the cavity (m)
k thermal conductivity (Wm�1 K�1)
Kn Knudsen number
L heat exchanger length (m)
Sn,ij the spectral intensity
Nu local Nusselt number
P pressure (N m�2)
P dimensionless pressure
Pr Prandtl number
q000 heat flux (Wm�2)
Re Reynolds number
T temperature (K)
u, v velocity components along x-axis and y-axis, respec-

tively (m s�1)
U, V dimensionless of velocity component
x, y x- and y-axis coordinates, respectively

X, Y dimensionless Cartesian coordinates

Greek symbols
a thermal diffusivity, k/(qcp) (m2 s�1)
b thermal expansion coefficient (K�1)
k fluid mean free path (m)
h dimensionless temperature
l dynamic viscosity (Pa s)
t kinematics viscosity(m2 s�1)
q density (kg m�3)
dV cell volume (m3)

Subscripts
B Brownian
D drag
f base-fluid
0 inlet
L lift
m momentum
p particle-pressure
t total
T thermophoretic
v viscous
w wall
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decreases the optimal particles concentration to minimize entropy
generation. Huang et al. [5] have carried out an experimental inves-
tigation on heat transfer and pressure drop characteristics of Al2O3/
water and MWCNT/water nano-fluids flowing in a chevron-type
plate heat exchanger. They found that utilizing of nano-fluids at
constant Reynolds number, increases the heat transfer. An investi-
gation to evaluate the performance of two types of nanofluids on
the heat transfer in the context of the compact channels has been
done by Haridas et al. [6]. In addition, experiments have been car-
ried out in forced convection regime for a range of Reynolds num-
bers. Rahimi-Gorji et al. [7] have performed an analytical study
on the heat transfer for the micro-channel heat sink (MCHS) using
the porous media approach and the Galerkin method. The micro-
channel heat sink was cooled using different nanofluids (Cu,
Al2O3, Ag, TiO2 as nanoparticles and water and ethylene glycol as
base fluids). The results revealed that, increasing the nanoparticles
volume fraction enhances the Brownian movement of the particles,
and consequently, reduces the difference between coolant and wall
temperature. An experimental investigation on the characteristic of
flow and heat transfer of Al2O3-water nanofluids flowing through a
micro heat sink has been carried out by Zhai et al. [8]. In this paper,
the micro heat sink is assumed to have a complex structure and is
under constant heat flux. Another experimental and numerical
study on laminar convective heat transfer of water-based TiO2 -
nanofluid flowing through a heat exchanger has been carried out
by Ebrahimnia-Bajestan et al. [9]. The results showed a maximum
increase of 21% in average heat transfer coefficient utilizing the
TiO2/water nanofluids. Qi et al. [10] have investigated a numerical
study on the flow and heat transfer of liquid metal based nanofluid
with different nanoparticle radiuses using two-phase lattice Boltz-
mann method. The results indicated a considerable increase in the
heat transfer of the nanofluid with small nanoparticle radius in
comparison with the one with big nanoparticle radius. The reason
is that at the same nanoparticle volume fraction, entire heat trans-
fer surface area of all nanoparticles with small radius is higher than
that of all nanoparticles with big radius; therefore, the heat transfer
between particles increases with increasing of heat transfer surface
Please cite this article in press as: K. Milani Shirvan et al., Numerical simulation
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area and enhances the Nusselt number. A theoretically study on the
nanoparticle migration effects on mixed convection of alumina/
water nanofluid in a vertical micro-channel with considering of
heat source/sink and asymmetric heating wall has been investi-
gated by Malvandi et al. [11]. They found that the concentration-
dependent buoyancy effects have considerable effects on flow and
heat transfer characteristics. Also, imposed thermal asymmetry
deformed the symmetry of velocity, temperature and nanoparticle
volume fraction profiles and changed the direction of nanoparticle
migration. Mirfendereski et al. [12] have carried out a numerical
and experimental study on the laminar, steady state flow in helical
tubes with considering of constant wall heat flux boundary condi-
tion. They found that utilizing of Ag nanofluid enhances the heat
transfer of helical heat exchangers about 3.5–3.8%. A comparison
between several models of viscosity of turbulent forced convection
of Al2O3 nanofluid over a heated cavity in a horizontal duct has been
done numerically by Abdellahoum et al. [13]. The results revealed
that increasing in volume fraction of nanoparticles enhances mean
Nusselt number for whole range of Reynolds number. Malvandi and
Ganji [14] have investigated a theoretical study on force convective
heat transfer of alumina/water nanofluid inside a cooled parallel-
plate channel with considering of the creeping flow regime and
the presence of heat generation. They found that nanoparticles
move from the adiabatic wall (nanoparticles depletion) toward
the cold wall (nanoparticles accumulation) and construct a non-
uniform nanoparticle distribution.

Another important model to simulate the nanofluids flow and
heat transfer is the discrete phase model (DPM). In fact, in this
model, the procedure is to track the particles individually utilizing
the Lagrangian trajectory analysis method and to simulate the
base-fluid the Eulerian frame is using. Among the researches about
this field, we can mention the following studies: Selimefendigil
et al. [15] have investigated a numerical study on mixed convec-
tion in a square cavity filled with SiO2 nanofluid and volumetric
heat generation with considering of the effect of an inner rotating
cylinder and a flexible side wall. In this paper, to depict the fluid
motion with the flexible wall of the cavity in the fluid–structure
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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interaction model, the Arbitrary Lagrangian–Eulerian method is
utilized. The results showed that by increasing the external and
internal Rayleigh numbers, and reduction of elastic modulus of
the flexible wall, the local and averaged heat transfer enhances.
Also, the averaged heat transfer increases with cylinder rotation
in both directions for all nanoparticle types. In another paper, a
numerical simulation of nanofluid motion has been done by Jin
[16] utilizing the Eulerian-Lagrangian method for both laminar
and turbulent flow fields. The results indicated that for fully devel-
oped laminar flow regime, the nanoparticles follow the streamlines
but for developing laminar regime, they have tendency to migrate
toward the center. Afshar et al. [17] used this method to study the
dispersion of nanoparticles in slip flow regime for a fluid flow in a
micro-channel. The results revealed that by decreasing the particle
diameter the heat transfer increases which is probably because of
enhancement in surface area to volume ratio of solid phase.
Another study on Al2O3–water nanofluid flow in a pipe was per-
formed by Aminfar and Motallebzadeh [18] utilizing the discrete
particle approach. They found that for low temperature gradients,
the thermophoretic force has negligible effect on radial particle
velocity. In another study, Bianco et al. [19] considered the forced
convection of Al2O3–water nanofluid in circular tubes. The discrete
particle model was also used in this paper. They found that adding
nanoparticles reduces the wall and bulk temperatures. In addition
to the mentioned studies, other researches have been done both
numerically and experimentally using the DPM including Refs.
[20,21]. Also, Rahimi-Gorji et al. [22] studied a numerical investi-
gation on the airflow behavior and particle transport and deposi-
tion in various breathing conditions. To evaluate the transport
and deposition of inhaled micro-particles, the Lagrangian method
is utilized. The results revealed that the maximum value of the par-
ticle deposition fraction occurs for the case with dp = 5 lm and
10 lm and the flow rate of 30 L/min, and also for the case with
dp = 1 lm and the flow rate of 15 L/min.

Most of the earlier published researches, which some of them
are mentioned in literature review section, have been investigated
on the effects of the effective parameters, separately or as a combi-
nation of them such as: the Reynolds number [3–5], nanoparticles
volume fraction [2,3,7] and the nanoparticles diameter [10,17].
According to the best knowledge of the authors, a numerical inves-
tigation on sensitivity analysis of all these three effective parame-
ters on heat transfer and homogeneity in a channel filled with
AL2O3 nanofluid has not yet been considered.

The present investigation aims to obtain the optimal conditions
to enhance the heat transfer rate (with investigating of mean Nu
number) and homogeneity of nanofluid in a channel, which may
provide a useful guideline for researchers of energy related fields.
Therefore, the Reynolds number (Re), nanoparticles volume frac-
tion (U) and the nanoparticles diameter (dp) are obtained as the
Fig. 1. The schematic
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effective parameters on the heat transfer performance and
nanoparticles concentration distribution, and sensitivity analysis
in a channel filled with Al2O3 nanofluid is investigated in this paper
using the discrete phase model.

In general, the novel issues in this article arise from the investi-
gation of the optimal conditions and also sensitivity analysis of the
forced convection heat transfer rate and homogeneity of nanofluid
in a channel filled with Al2O3 nanofluid using the DPM and
Response Surface Methodology (RSM) models.
2. Problem statement

Fig. 1 indicates the geometry of the studied channel which has
two horizontal walls. The geometry is composed of two parallel
plateswith heightH and length L (HL ¼ 10). The top and bottomwalls
of the channel are assumed to be adiabatic except for a part of the
bottomwall that is under a uniform heat flux q00. The base fluid flow
enters the channel with uniform velocity and temperature U0 and
T0, respectively, and the particles inlet temperature is 300 K.
3. Governing equations and mathematical model

In this paper, the convection heat transfer of a nanofluid flow
within a channel under a partially uniform heat flux has been
investigated. The nanofluid is assumed to be composed of water
as base fluid and Al2O3 with diameter of 100 nm as nanoparticle.
Also, the fluid is considered as a continuous phase with dispersed
particles inside. To study the particle distribution and thermal fea-
tures of the suspensions containing the Al2O3 nanoparticles, the
two-phase Lagrangian-Eulerian model (Discrete Phase Model) is
utilized. In other words, in this method, the particles are individu-
ally tracked using the Lagrangian frame, while the fluid is evalu-
ated by the Eulerian frame. The interactions between the
particles and fluid are considered as the source terms in momen-
tum and energy equations. Also for the present set of computa-
tional simulations, some assumptions are made as follows:

1. The fluid is incompressible.
2. The Saffman’s lift force and gravitational, Brownian, Ther-

mophoretic and drag forces are considered included and the
external forces are excluded. Since the nano-particles volume
fraction is relatively low (65%), the particle-particle direct
impacts are ignored. However, the particle-wall impacts are
included in the analysis [23].

3. The two-way coupling between fluid and particle phase is car-
ried out. The fluid phase (water) and the solid phase (AL2O3 par-
ticles) interactions are completely considered in this two-way
coupled model [23].
of the channel.

and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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4. Physical properties of Al2O3 nanoparticles are considered as
density q = 3970 (kg m�3), thermal conductivity k = 40
(Wm�1 K�1) and specific heat Cp = 765 (J kg�1 k�1) [23].

5. To investigate the enhancement of the heat transfer, the mean
Nu number is calculated on the hot wall.

6. For the volume fraction of 1%, the average distance between
nanoparticles is about 1000 nm, and this distance is 580 nm
for 5% volume fractions. So, the probability of nanoparticles col-
lisions for small volume fractions is small and negligible, and as
a result, is neglected in this paper [23].

7. According to inconsiderable shares of inter-particle forces
including the Van der Waals and electrostatic forces in nanoflu-
ids, the effect of them are ignored in this analysis [24].

Hence, with considering of above mentioned assumptions, the
steady-state governing equations for the continuous phase are
given as follows [23]:

Continuity equation:

r � ðqfv f Þ ¼ 0 ð1Þ
Momentum equation:

r � ðqfv fv f Þ ¼ �rP þ lfr2 � v f þ Sp;m ð2Þ
Energy equation:

r � ðqf Cp;fv f Tf Þ ¼ r � ðKfrTf Þ þ Sp;e ð3Þ
where subscript ‘‘f” refers to continuous phase and q, k and Cp are
density, thermal conductivity and specific heat, respectively; also,
l, V, T, and P present the dynamic viscosity, velocity, temperature
and pressure, respectively. In addition, Sp,m in Eq. (2) and Sp,e in
Eq. (3) are the source terms which define the momentum and
energy transfers between the fluid and the particles, respectively
and can be calculated from the momentum and energy variations
of the particles as they pass through the fluid phase of control vol-
ume. Sp,m and Sp,e are presented as follows [25]:

Sp;m ¼
X

np
mp

dV
F ð4Þ

Sp;e ¼
X

np
mp

dV
Cp

dTp

dt
ð5Þ

where subscript ‘‘p” refers to particle and mp and F are the particle
mass and the total force per unit mass of the particle acting on it,
respectively; also, dV, np and t are the cell volume, number of solid
particles within a cell volume and the time, respectively. Energy
equation for the particle is given as follows:

mpCp;p
dTp

dt
¼ Nuppdpkf ðTf � TpÞ ð6Þ

Here dp is the particle diameter and Nup is calculated by the Ranz
and Marshall’s equation [26] as follows:

Nup ¼ 2:0þ 0:6Re0:5p Pr0:3 ð7Þ

where Rep is the particle Reynolds number and Pr represents the
Prandtl number. The total force F in Eq. (4) is consisted of the body
and various hydrodynamic forces, which comprises the effects of
the Saffman’s lift force, Brownian, thermophoretic and drag forces.

F ¼ FD þ FL þ FT þ FB ð8Þ
Here FD can be calculated using different formulas, for instance, a
form of Stokes drag law for sub-micron particles can be utilized
[27] which gives the drag force FD as follows:

FD ¼ 18lf

d2
pqpCc

ðv f � vpÞ ð9Þ
Please cite this article in press as: K. Milani Shirvan et al., Numerical simulation
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where Cc is Cunningham correction factor to Stokes drag law, which
can be calculated from the below correlation [23]:

Cc ¼ 1þ 2k
dp

ð1:257þ 0:4e�ð1:1dp=2kÞÞ ð10Þ

where k is the molecular mean free path (k = 0.17 nm).
The Saffman lift force (FL) which is suggested for small particle

Reynolds numbers, is due to a pressure distribution developed on
the particle because of the rotation induced by a velocity distribu-
tion [28].

FL ¼
2Ksm1=2qf dij

qpdpðdijdijÞ1=4
ðv f � vpÞ ð11Þ

Here dij is the tensor of the deformation and Ks = 2.594. Due to the
temperature gradient in the continuous phase, the thermophoretic
force (FT) appears. The higher molecular velocities on one side of
a particle, caused by the greater temperature, increase the momen-
tum exchange and produce a force toward lower temperatures. The
thermophoretic force [29] is calculated using the following:

FT ¼ �6pl2
f dpCs

1
qf ð1þ 3CmKnÞ

kf =kp þ CtKn
1þ 2kf =kp þ 2CtKn

rT
mpT

ð12Þ

where Cs = 1.17, Cm = 1.14, and Ct = 2.18.
Also, it should be noted that, the effects of Brownian motion for

particles smaller than micron can be comprised in the additional
force term. The Brownian force is defined as follows:

FB ¼ f
pS0
Dt

� �
ð13Þ

Here f is the unit-variance-independent Gaussian random number,
with zero mean value. Different components of the Brownian force
FB are modeled as a Gaussian white noise process, while the spectral
intensity of Sn,ij is presented by Li and Ahmadi as follows [30]:

Sn;ij ¼ S0dij ð14Þ
where dij is the Kronecker delta function, and S0 is:

S0 ¼ 21mkBT

p2qf d
5
p

qp

qf

� �2
Cc

ð15Þ

where m and kB are the kinematic viscosity and the Boltzmann con-
stant (1.3807 � 10�23 J/K), respectively.

Finally, the local Nusselt number (Nu) of the hot wall is consid-
ered as:

Nu ¼ hH
k

ð16Þ

Here h is the convection heat transfer coefficient which can be
obtained from:

h ¼ q00
0

Tw � Ti
ð17Þ

In which the subscript ‘‘w” indicates the surface temperature. Sub-
stituting Eq. (17) into Eq. (16) gives:

NuX ¼ 1
hw

ð18Þ

where hw is a non-dimensional parameter and is calculated as
follows:

hw ¼ ðTw � TiÞk
q00H

ð19Þ

The mean total Nusselt number of the hot wall is defined by consid-
ering of the following equation:

Numt ¼ 1
A

Z
NudA ð20Þ
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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3.1. Boundary conditions

As indicated in Fig. 1, the top and bottom walls of the channel
are assumed to be adiabatic except for a part of bottom wall, which
is assumed to be under uniform heat flux. At the inlet of the chan-
nel, the uniform distribution of the temperature is considered for
both the fluid and the nanoparticles; also, a zero gradient (out
flow) is applied at the outlet; and a no-slip and reflecting condi-
tions are applied to the wall for the liquid phase and to the
nanoparticles, respectively. Therefore, the boundary conditions
are defined as follows:

Inlet:

u ¼ U0; T ¼ T0 ð21Þ
Top wall:

u ¼ v ¼ 0;
@T
@y

¼ 0 ð22Þ

Outlet:

@u
@x

¼ @v
@x

¼ 0;
@T
@x

¼ 0 ð23Þ

Bottom wall:

u ¼ v ¼ 0;
@T
@y

¼ 0

u ¼ v ¼ 0; q00 ¼ 500 W=m2 L0 6 x 6 L0 þ a
ð24Þ

In addition, the reflect boundary condition is utilized for the top
and bottom walls and the escape boundary condition is assumed
for the inlet and outlet of the domain. Also, the particles inlet tem-
perature is considered to be 300 K.

4. Numerical solution and validation

To obtain the governing equations (the mass, momentum and
the energy conservation) numerically for the fluid and nanoparticle
phases considering the boundary conditions and interphase corre-
lations, the finite volume method (FVM) is used in this paper. In
addition, using the second order upwind scheme, the convection
term in the governing equations is discretized and the velocity
and pressure fields are coupled utilizing the SIMPLE (Semi-
Implicit Method for Pressure-Linked Equations) algorithm. The
convergence criterion of the summation residual has been
assumed to be less than 10�7. Moreover, discretization of the com-
putational domain has been performed utilizing the structured
non-uniform grids. The grids are finer close near to the heated wall
where more accurate solutions are needed. The grid is stretched
with dr = 0.02 near walls to refine. Also, a grid independency inves-
tigation is done by considering the value of the calculated mean
Nusselt number to check for the independency of the results from
the number of the used grid points. Therefore, various numbers of
grid points in x and y directions are used. The results of the flow
with Reynolds number of 250 and U = 0.01 are presented in Fig. 2.

According to the percentage of the difference between the val-
ues of the Nusselt number in studied grids, the number of the grid
points in x and y directions are considered to be 35 and 100,
respectively. The gridded solution field of channel is indicated in
Fig. 3. As mentioned above, the grids are finer close to the wall
which is under constant heat flux.

In order to validate the numerical model, the results of this
study have been compared with Heyhat et al.’s [31] experimental
data. The comparison was done for nanofluids flow under a lami-
nar regime through a horizontal circular channel with a constant
wall temperature. Al2O3 nanoparticles with 40 nm diameter and
Please cite this article in press as: K. Milani Shirvan et al., Numerical simulation
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water as base-fluid were used in these experiments. Also, four dif-
ferent Reynolds numbers and U = 0.01 are considered. The compar-
ison results are presented in Fig. 4 and are in good compliance.
Note that the mean Nu number ratio is determined as the ratio
of mean Nu number of nano-fluid to that of pure fluid.
5. Optimization procedure

In this section, the effects of the three effective parameters (Re
number, U and dp) on the convection heat transfer and nanoparti-
cles distribution in a channel are carried out utilizing the statistical
RSM model. The RSM is used to obtain the optimum status of the
parameters in the computational results of the studied domain. It
also contained the interaction between the mentioned parameters
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030

http://dx.doi.org/10.1016/j.apt.2016.06.030


Table 2
The levels of the factors values and the results of the experiments for Numt and C.

Run order Coded values Numt C

Re U dp

1 �1 0 0 27.4002 3.0826
2 �1 1 �1 27.2166 3.3326
3 0 �1 0 39.4464 0.9405
4 �1 �1 �1 28.7112 3.2285
5 1 1 �1 85.2040 0.8005
6 �1 1 1 29.0914 3.1584
7 0 0 0 55.1418 0.9268
8 1 0 0 76.6374 0.8112
9 0 0 1 47.5438 0.9090
10 1 �1 �1 59.8882 0.8420
11 1 1 1 72.9770 0.8150
12 �1 �1 1 15.1159 3.5041
13 0 0 0 55.1218 0.9268
14 0 0 0 55.1318 0.9304
15 1 �1 1 19.1270 1.6725
16 0 0 0 55.1408 0.9269
17 0 1 0 56.8721 0.9430
18 0 0 �1 55.7045 0.9353
19 0 0 0 55.1438 0.9268
20 0 0 0 55.1428 0.9267
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[32]. The range of the model parameters variations, based on initial
tests of this paper, are given as follows:

– Reynolds number (Re): 250 6 Re 6 400.
– The nanoparticles volume fraction (U): 0.01 6 U 6 0.05.
– The nanoparticles diameter (dp): 40 nm 6 dp 6 100 nm.

These parameters are selected at three levels; also, based on the
number of the parameters and their levels, the statistical model
table (with 20 runs) is determined. The three parameters central
points are achieved and the conditions of the 20 runs are defined
based on the Re number, U and dp due to the coding; then, the tests
are randomized. The values of determined test codes for the lower,
equal to and higher values of the central points are assumed to be
�1, 0 and +1, respectively. The dependent variable in this model is
considered to be the Nusselt number on the hot wall.

In RSM method, a model is defining for each dependent variable
that describes the main and interaction effects of factors on each
variable separately. Themultivariate model is given as follows [33]:

Y ¼ b0 þ
X3
i¼1

bixi þ
X3
i¼1

biixixi þ
X3
i¼1

bijxixj ð25Þ

where b0 is the intercept, bi is the linear regression coefficient of ith
factor, bii is the quadratic regression coefficient of ith factor, bij is the
interaction of the ith and jth factors and Y is the dependent variable.

The aim is to optimize the response of the variable Y to establish
a correct relationship between independent variables and the
response variable. To fit the polynomial Eq. (25), a face centered
central composite design (CCF) with 20 runs, 8 cube points, 6 cen-
ter points in cube and 6 axial points for 3 independent parameters,
each in three levels (to estimate the percentage error of the sum of
the squares) is used [34]. Parameters and their levels are summa-
rized in Table 1. The values (�1), (0) and (+1) are indicated a low,
middle and high level, respectively. The statistical analysis of the
quadratic polynomial regression equations is carried out by using
of analytical software and the related coefficients and the effects
of the parameters on variables are defined. Responses and vari-
ables (as coded values) have been analyzed by design of experi-
ment. The fitting quality of the resulted experiments has been
selected or rejected applying a specific coefficient of determination
and the change resources, based on the p value with 95% of cer-
tainty; finally, the answers have been analyzed utilizing analysis
of variance (ANOVA).

6. Discussion and results

Effects of three effective parameters of the Reynolds number
(Re), volume fraction of nanoparticles (U) and the nanoparticles
diameter (dp), on convective heat transfer and nanoparticles distri-
bution, are carried out utilizing the DPM in this paper. The opti-
mum mode is determined and the sensitivity analysis of effective
parameters is performed in a channel.

6.1. Statistical analysis

The statistical analysis of the final 20 Runs is performed accord-
ing to the determined conditions. Table 2 indicates the results of
Table 1
Input variables and the levels of their values.

Variable Symbol �1 0 +1

Reynolds number Re 250 450 650
The volume fraction of the

nanoparticles
U 0.01 0.03 0.05

The nanoparticles diameter dp 40 nm 60 nm 100 mm
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the mean total Nusselt number Numt and the nanoparticles concen-
tration ratio (the homogeneity of the nanofluid) according to the
defined conditions. The nanoparticles concentration ratio (C) is
assumed to be the ratio of the nanoparticles concentration in
Y = 0.0015 to nanoparticles concentration at top wall.

Using the regression coefficients, the effects of the performed
run conditions on dependent variables (Numt and C) are investi-
gated. Tables 3 and 4 present the statistical analysis results.

According to Tables 3 and 4, the testing methods and statistical
analysis of the model indicate high values of the R2 for Numt and C
(96.67% and 99.24%, respectively) which shows that this model is
appropriate for calculating the values of the Nusselt number and
nanoparticles concentration ratio. However, the amounts of the
R2 � adj for Numt and C (94.72% and 98.80% respectively) are less
than R2, but the model fits the experimental data satisfactorily
[35]. The Meaningfulness of the model for Nusselt number and
nanoparticles concentration ratio is expressed by F, which is equal
to 49.70 and 224.97, respectively; since, the F-value is not caused
by noise.

6.2. Analysis of variance and model estimation

The estimated regression and statistical analysis of experimental
models are carried out in this section due to the simulation studies
which are considered under different experimental compounds.
Figs. 5 and 6 show the obtained residual plots due to entering the
data into analytical software and analyzing of variance (ANOVA).

By considering of Figs. 5 and 6, normal probability plots of
residuals are in good conditions [35]. In addition, Residual His-
tograms have skewed distribution in these two figures, and are
not similar to a symmetrical distribution. Comparing the residual
diagrams and fitted values shows a good correlation between
observed and fitted values. The highest residuals among all
responses are observed to be in the proximity of 7.00 and 0.15
for Numt and C, respectively.

The general form of the relationship between the effective test
parameters and the variations of the mean total Nusselt number
and the nanoparticles concentration ratio is available in Eq. (26)
which is obtained as uncoded units by applying the response sur-
face methodology (RSM) as follows:

Numt and C ¼ Aþ B�Reþ C�Uþ D�dpþ E�Re�Reþ F�U�U

þ G�dp�dpþ H�Re�Uþ I�Re�dpþ J�U�dp ð26Þ
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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Table 3
The analysis results of the variance for the Numt.

Source DOF Adj. sum of squares (SS) Adj. mean squares (MS) F-value P-value

Model 7 6747.75 963.96 49.70 <0.000 Significant
Linear 3 5191.38 1730.46 89.22 <0.000
Square 1 545.59 545.59 28.13 <0.000
2-way Interaction 3 1010.78 336.93 17.37 <0.000
Error 12 232.74 19.40 – –
Lack-of-fit 7 232.74 33.25 442928.45 <0.000 Significant
Pure error 5 0.00 0.00 – –
Total 19 6980.49 – – –

R2 ¼ 96:67%;R2 � adj ¼ 94:72%.

Table 4
The analysis results of the variance for C.

Source DOF Adj. sum of squares (SS) Adj. mean squares (MS) F-value P-value

Model 7 20.6010 2.9430 224.97 <0.000 Significant
Linear 3 13.1311 4.3770 334.59 <0.000
Square 1 7.1465 7.1465 546.30 <0.000
2-way Interaction 3 0.3234 0.1078 8.24 <0.003
Error 12 0.1570 0.0131 – –
Lack-of-fit 7 0.1570 0.0224 10375.02 <0.000 Significant
Pure error 5 0.0000 0.0000 – –
Total 19 20.7580 – – –

R2 ¼ 99:24%;R2 � adj ¼ 98:80%.
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Table 5 presents the coefficients in Eq. (26) for the mean total
Nusselt number and nanoparticles concentration ratio after
removing insignificant amounts according to the P-value [36,37].

Eqs. (27) and (28) indicate the relationship between the varia-
tions of the mean total Nusselt number and the nanoparticles
Please cite this article in press as: K. Milani Shirvan et al., Numerical simulation
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concentration ratio, and the effective test parameters as codedunits.
Only meaningful coefficients are considered in these equations.

Numt ¼ 53:81þ 18:63Reþ 10:91U� 7:29dp� 10:45U �U
þ 8:34Re �U� 5:16Re � dpþ 5:50U � dp ð27Þ
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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Table 5
Estimated regression coefficients.

Term Coefficient of Numt Coefficient of C

A 53.81 0.9292
B 18.63 �1.1365
C 10.91 �0.1138
D �7.29 0.0920
E 0.000 1.1955
F �10.45 0.0000
G 0.00 0.0000
H 8.34 �0.0822
I �5.16 0.0930
J 5.50 �0.1582
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C ¼ 0:9292� 1:1365Re� 0:1138Uþ 0:0920dpþ 1:1955Re

� Re� 0:0822Re �Uþ 0:0930Re � dp� 0:1582U � dp ð28Þ
The variations of the mean total Nusselt number and the

nanoparticles concentration ratio, as effective parameters func-
tions are shown in Figs. 7 and 8, respectively, as follows:

Figs. 7 and 8 indicate the variations of the mean total Nusselt
number and the nano-particles concentration in terms of the Re
number and U (a), Re number and dp (b) and U and dp (c),
respectively.

According to Fig. 7, it can be concluded that:

(a) Increasing the Re number and U enhances the mean total
Nusselt number and its highest values are observed in levels
of (+1) and (0) and its lowest in level of (�1) for the Re num-
ber and U, respectively.
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(b) An enhancement in the Re number and reducing of dp
increase the mean total Nusselt number and its highest val-
ues are observed in levels of (+1) and (�1) and its lowest in
(�1) and (+1) for the Re number and dp, respectively.

(c) By increasing the U and reduction of dp the mean total Nus-
selt number increases, and its highest values are observed in
levels of (0) and (�1) and its lowest in (�1) and (+1) for the
U and dp, respectively.

(d) As mentioned in introduction section, the thermal conduc-
tivity increases with increasing of volume fraction of
nanoparticles, thus the heat transfer rate increases. There-
fore, by increasing of the Reynolds number, the mean Nus-
selt number increases with U. On the other hand, the
effects of the Reynolds number, nanoparticle volume frac-
tion and nanoparticles diameter on Nusselt number are
available in Fig. 7. Enhancement of the energy transport in
the fluid with the volume fraction increases the velocity
components of nanofluid. In addition, the sensitivity of the
thermal boundary layer thickness to nanoparticles volume
fraction is related to the increased thermal conductivity of
the nanofluid. In fact, higher values of thermal conductivity
occur with higher values of thermal diffusivity, which
reduces the temperature gradients and thus enhances the
boundary layer thickness. The Nusselt number increases
due to this enhancement in thermal boundary layer thick-
ness. Because as mentioned above, increasing in volume
fraction decreases the temperature gradients and according
to Eq. (18) enhances the mean Nu number. Increasing of
the mean Nu number with the Reynolds number and
nanoparticles volume fraction is also observed in Ref. [19].
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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Fig. 7. The variations of the Numt as a function of effective parameters (a) Re-U, (b) Re-dp and (c) U-dp.
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(e) By enhancement in particle size, lower heat transfer
increases are observed, which is due to the attenuation in
the nanoparticles Brownian motion. In addition, for particles
with small diameter, Particle diameter has a considerable
effect on heat transfer enhancement [38]. A more in-depth
discussion about the effects of dp on heat transfer is available
in the recently published paper [10].

In addition, following results can be obtained from Fig. 8:

(a) Reduction of the Re number and increasing in U, enhances
the nanoparticles concentration ratio and its highest values
are observed in levels of (�1) and (+1) and its lowest in (0)
and (�1) for the Re number and U, respectively.

(b) By decreasing of the Re number and increasing of dp the
nanoparticles concentration ratio enhances and its highest
values are observed in levels of (�1) and (+1) and its
lowest in (+1) and (�1) for the Re number and dp,
respectively.
Please cite this article in press as: K. Milani Shirvan et al., Numerical simulation
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(c) An Increase in dp and U enhances the nanoparticles concen-
tration ratio and its highest value is observed in level of (+1)
and its lowest in (�1) for the dp and U.

(d) Increasing of the nanoparticles diameter reduces the Brown-
ian motion effect, and as a result, decreases the distribution
of the nanoparticles in the channel; also, the nanoparticles
concentration in Y = 0.0015 increases more than that of the
case with smaller nanoparticles diameter and thus smaller
Brownian motion effect. This is because of the reduction in
nanoparticles movement, and the higher concentration of
nanoparticles in bottom part of the channel compared to
its upper part due to the gravity force. Thus, according to
the description of the homogeneity which have mentioned
above, the ratio of the nanoparticles concentration in
Y = 0.0015 to nanoparticles concentration at top wall,
increases; and as a result the nanoparticles with higher
diameters, will have more homogeneity. A more in-depth
discussion about the effects of dp on heat transfer is available
in the recently published paper [38].
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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Fig. 8. The variations of the C as a function of effective parameters (a) Re-U, (b) Re-dp and (c) U-dp.
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(e) With increasing of the nanoparticles volume fraction, the
mentioned ratio (nanoparticles concentration ratio) increases
and as a result the homogeneity enhances.

7. Sensitivity analysis

The sensitivity analysis plays a significant role in computational
and simulation models. Understanding of the model outputs sensi-
tivity to the disturbances in the model inputs is absolutely neces-
sary [39] while the model parameters, input variables and the
values of the calculations are inclined to different uncertainty
sources. Therefore, developing numerical simulation method may
be carried out to study models [40] by the means of the sensitivity
analysis mathematical and computational concepts. To obtain the
sensitivity of the model outputs to the uncertainty of the parame-
ter values, input variables and the calculations, the sensitivity anal-
ysis tests on mathematical and computational models is performed
Please cite this article in press as: K. Milani Shirvan et al., Numerical simulation
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[39]. By using of the results of these tests, the most effective
parameters or input values on the model outputs are specified.
The derivative of the output variables to input parameters are cal-
culated to define the sensitivity of the mean total Nusselt number
and the nanoparticles concentration ratio as output variables to
effective input parameters of the Re number, U and dp. Thus, the
derivative of Eqs. (27) and (28) to input variables are computed,
which are the mean total Nusselt number and the nanoparticles
concentration ratio, respectively, and can be given as follows:

@Numt

@Re
¼ 18:63þ 8:34 �U� 5:16 � dp ð29Þ

@Numt

@/
¼ 10:91� 20:90 �Uþ 8:34 � Reþ 5:50 � dp ð30Þ

@Numt

@dp
¼ �7:29� 5:16 � Reþ 5:50 �U ð31Þ
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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Fig. 10. The sensitivity analysis results of the C (U and dp in level �1).
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@C
@Re

¼ �1:1365þ 2:391 � Re� 0:0822 �Uþ 0:0930 � dp ð32Þ

@C
@/

¼ �0:1138� 0:0822 � Re� 0:1582 � dp ð33Þ

@C
@dp

¼ 0:0920þ 0:0930 � Re� 0:1582 �U ð34Þ

Eqs. (29)–(31) and (32)–(34) are related to the mean total Nusselt
number and the nanoparticles concentration ratio, respectively.

The positive value of the sensitivity means an increase in the
objective function due to increasing of input parameters. Also the
negative value of the sensitivity represents a decrease in the objec-
tive function caused by increasing of the input parameters. Tables
6 and 7 indicate the results of the sensitivity analysis. Note that the
values in the tables are obtained for a channel with the Re number
at levels �1, 0 and +1 (250, 450 and 650), the volume fraction of
nanoparticles U with levels 0 and +1 (0.03 and 0.05) and dp at level
+1 (100 nm).

Figs. 9 and 10 present the sensitivity of the mean total Nusselt
number and nanoparticles concentration ratio to the effective
input parameters, respectively, as follows:

By considering of Fig. 9 and Table 6, the sensitivity of the mean
total Nusselt number to the Re number and U is positive but to dp is
negative. In addition, by increasing of the Re number levels, the
sensitivity of the mean Nu number to U increases and its sensitivity
Table 6
The sensitivity analysis for Numt.

Re U d Sensitivity

@Numt
@Re

@Numt
@/

@Numt
@dp

�1 �1 �1 15.45 17.97 �7.63
0 �1 �1 15.45 26.31 �12.79
+1 �1 �1 15.45 36.65 �17.95

Table 7
The sensitivity analysis for C.

Re U d Sensitivity

@C
@Re

@C
@/

@C
@dp

�1 �1 �1 �3.5383 0.1266 0.1572
0 �1 �1 �1.1473 0.0444 0.2502
+1 �1 �1 1.2437 �0.0387 0.3432
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Fig. 9. The sensitivity analysis results of the Numt (U and dp in level �1).
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to dp decreases. Since, increasing in the Re number and U and
reduction of dp, enhances the mean total Nusselt number (It is con-
sistent with Fig. 7).

However, according to Fig. 10 and Table 7, the sensitivity of the
nanoparticles concentration ratio C (the nano-fluid homogeneity)
to the Re number is negative but to U and dp is positive, which
means that increasing the Re number decreases the homogeneity
of nano-fluid but an enhancement in U and dp makes the mixture
more homogeneous (It is consistent with Fig. 8).

In addition, the sensitivity of the mean Nusselt number to the
Re number, U and dp parameters is more than the sensitivity of
the nanoparticles concentration ratio to these parameters.
8. Conclusions

The convection heat transfer and the nanoparticles concentra-
tion distribution (homogeneity) in a channel have been investi-
gated numerically using the Discrete Phase Model. The top and
bottom walls of the channel are assumed to be adiabatic except
for a part of the bottom wall which is under a uniform heat flux
q00. Numerical simulations have been carried out to study
the effects of the three parameters, the Reynolds number
(50 6 Re 6 250), nanoparticles volume fraction (0.01 6 U 6 0.05)
and the nanoparticles diameter (40 nm 6 d 6 100 nm), on the heat
transfer performance and nanoparticles distribution inside the
channel. The mean total Nusselt number and the nanofluid homo-
geneity have been calculated and the residual diagrams have been
obtained in order to define the optimum conditions for a better
heat transfer and nanofluid homogeneity. Finally, using the sensi-
tivity analysis, the effects of the above mentioned effective param-
eters on the mentioned functions have been studied. The obtained
results of the numerical study have been summarized as the
following:

� Increasing the Re number and U enhances the mean total Nus-
selt number and its highest values are observed in levels of (+1)
and (0) and its lowest in level of (�1) for the Re number and U,
respectively.

� Reduction of dp increase in the mean total Nusselt number and
its highest value is observed in level of (�1) and its lowest in
(+1) for dp.

� By Decreasing of the Re number and increasing of U the
nanoparticles concentration ratio enhances and its highest val-
ues are observed in levels of (�1) and (+1) and its lowest in (0)
and (�1) for the Re number and U, respectively.
and sensitivity analysis of effective parameters on heat transfer and homo-
r Technology (2016), http://dx.doi.org/10.1016/j.apt.2016.06.030
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� An enhancement in dp increases the nanoparticles concentra-
tion ratio and its highest value is observed in level of (+1) and
its lowest in (�1) for dp.

� The sensitivity of the mean total Nusselt number to the Re num-
ber and U is positive but to dp is negative. Since, increasing in
the Re number and U and reduction of dp, enhances the mean
total Nusselt number

� By increasing of the Re number levels, the sensitivity of the
mean Nu number to U increases and its sensitivity to dp
decreases.

� the sensitivity of the nanoparticles concentration ratio to the Re
number is negative but to U and dp is positive, which means
that increasing the Re number decreases the homogeneity of
nano-fluid but an enhancement in U and dp makes the mixture
more homogeneous.

� The sensitivity of the mean total Nusselt number to Re number,
U and the dp parameters is more than the sensitivity of the
nanoparticles concentration ratio to these parameters.
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