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This paper presents a nonlinear finite element model for pretensioned prestressed concrete beams. The
study presented here is an important step because it is, perhaps, for the first time that a prestressed con-
crete beam has been successfully modeled by nonlinear finite element analysis, allowing for plasticity
and damage behavior of concrete and slip-bond failure behavior for strands. The model faithfully follows
the actual loading history realistically, allowing for the construction sequence including the process of
transfer of strand force. Existing results of finite element analysis are not reliable in the critical regions.
Even the very recent ones do not seem to have been successful. In this study, all material and bond mod-
els used are based on experimental data. The simulation results are validated with data from actual load
testing. Apart from examining the behavior of the beam up to the limit state, the response of the damaged
beam after local bonded composite patch repair is also considered. For this purpose, the prestressed con-
crete beam specimens are manufactured and tested in the laboratory before and after they have been
repaired with bonded composite patches. Satisfactory agreement between finite element predictions
and test results of the virgin beam is noted.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

In prestressed concrete structures, flexural tensile resistance
capacity is induced by creating initial compressive stresses in con-
crete using high strength steel tendons. In precast construction, the
pre-compression is induced in the concrete due to the shortening
tendency of the released strand, by mobilizing the bond resistance
between the two. The conventional mechanics based methods to
determine the stress distribution in a prestressed concrete beam
caused by various external effects is accurate enough for practical
design purposes in the elastic range, except perhaps near the end
regions. The main objectives of this paper are (i) to accurately pre-
dict the behavior of a precast prestressed concrete beam for all
loading stages, and (ii) to predict the performance of a damaged
beam subjected to bonded composite patch repair, using nonlinear
finite element modeling and simulation. The simulation model
needs to reflect the true mechanics of a precast prestressed
concrete beam for all stages of loading: manufacture, service con-
dition, and limit state. The simulation model should consider non-
linear material properties reflecting concrete plasticity and
damage, interfacial bond characteristics between concrete and
steel, and that between concrete and bonded composite patch
repair, if used. Interfacial slippage, Poisson radial expansion of
the strands, and wedging (or, Hoyer) effect at the ends also need
to be accounted for. For the purpose of this study, a test prestressed
concrete beam is considered. A four-point load test is first under-
taken on the prestressed concrete beam till it reaches the limit
state. The flexural and/or shear cracks appearing in the damaged
state are then repaired by bonding composite patches and the
repaired beam is load-tested again. Test results of such actual load-
ing tests are then used to verify model predictions.

Since anchorage zone cracking is a commonly observed phe-
nomenon in prestressed concrete beams, critical investigation of
the end zone stresses of such beams is also aimed in this study,
because such cracks tend to shorten the service life of such beams
in exposed situations, as in the case of a highway bridge structure
[1]. In exposed situations, such cracks tend to get wider as the
embedded steel gets corroded.

Several past studies on anchor zone stresses in post-tensioned
beams have been reported in the published literature. The earliest
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approaches as put forward by Magnel and Guyon treated the prob-
lem as two dimensional [2,3]. Several efforts followed these two
studies viewing the same problem in the 3-D context [4–6]. A sur-
vey of previous studies did not reveal any significant effort leading
to better understanding of the actual state of stress in the anchor
zone or end region of, especially, pretensioned prestressed beams.
Some of the early studies did, however, investigate the effects of
vertical reinforcement in such regions for the prevention of hori-
zontal cracks [7–11]. For instance, Padmarajaiah and
Ramaswamy [9] undertook experimental studies on such beams
incorporating short steel fibers as supplemental reinforcement.
They also undertook nonlinear finite element analysis using the
commercial software Ansys for predicting the load vs. deformation
behavior, validating with the experimental data. Concrete was
modeled with hexahedral solid elements using William and
Warnke characterization and truss elements were used for steel.
The interfacial bond effect was characterized by tangential linear
spring elements located at the nodal points. The focus of the study
was the influence of steel fibers on quasi-static load vs. deforma-
tion behavior of such beams. Another group of researchers [10]
tried to improve the prediction using the layered beam approach.
Markovic et al. put forward a computationally efficient analysis
scheme for nonlinear analysis of such beams based on Euler–
Bernoulli theory, smeared crack concept, tendon slippage and
material softening accounted for by the arc-length method. The
results appeared to follow the trend of experimental data available
in the literature.

In modern prestressed concrete construction, the main
approaches used for the control of stresses at the ends of preten-
sioned members, besides adding vertical reinforcement, have been
– reducing eccentricity of the strands at the ends; deliberate
debonding of selected strands with concrete at and near anchorage
zones; introducing supplemental steel rods for reinforcement;
adding top strands, which can be debonded in the center portion
of the girder, as needed; releasing the strands when the concrete
has reached higher compressive strength.

For better prediction of the state of stress and the nature of
damage in the critical regions of pretensioned concrete beams, this
study focuses on determining the state of stress in the end-zone of
prestressed concrete beams using the proposed finite element
modeling and simulation scheme so that more effective steps can
be taken in the design to control such cracking.

As the pretensioned beams used in practice tend to be deep and
slender, stress predictions, even away from the ends, based on con-
ventional Euler–Bernoulli assumptions may not be valid in all
cases. As a consequence, both ACI-318 [12] and AASHTO LRFD
[13] recommend a simplistic semi-empirical approach called the
strut-and-tie method for designing the secondary reinforcement,
especially, near the anchor zone. The basic premise of the
strut-and-tie method is that near limit state a complex structural
member can be treated as an equivalent truss structure.
Although the approximate representation of the limit state in the
method makes sense, according to the recent studies, however,
designs based on this method are found to be inefficient and overly
conservative [14]. Since 1960’s, finite element simulation to pre-
dict the response of prestressed concrete beams has been widely
used. But some of the finite element models used for this purpose
were grossly inadequate and were not representative of the real
mechanics of prestressed concrete beams and most recent
attempts to improve the situation [15–17] were not quite
successful.

In their study, Ayoub and Filippou [15] implemented a mixed
formulation based model to represent the prestressed concrete
beam in the general purpose Finite Element Analysis Program
(FEAP) [18]. The model of the prestressed concrete beam com-
prised of three components. First, a fiber beam-column element
is used to represent the behavior of concrete and embedded rein-
forcement. Secondly, a 1-D truss element is used to represent the
prestressing tendon. Finally, bond elements defined at the nodal
points accounted for the transfer of interfacial forces between con-
crete and prestressing strand. The pretensioning operation is con-
sidered in two stages at discrete times. First, the pretension is
induced in the tendons which is followed by the transfer of pre-
stress to concrete. In the first stage of the analysis, only the 1-D
tendon elements are active. Also for representing the bedding ele-
ment, a linear stiff spring is used at one end of the tendon. The pre-
stressing force is applied at the other end. In the second stage of
analysis, the beam-column elements and bond elements are acti-
vated. Thereafter, the applied prestressing force in the tendon is
reduced to zero, to simulate the release of the strands. The bedding
element at the other end is also removed at the same time. In this
stage, the prestressing force in the tendon element is transferred to
the concrete fiber based beam-column elements via the idealized
bond elements. This study makes a number of sweeping assump-
tions which may have questionable validity. First, 1-D representa-
tion of the tendon ignores one of the main stress transfer
mechanisms between the strand and the concrete which is 3-D
in nature. This mechanism is called wedge effect or ‘‘Hoyer effect’’.
This is caused by the tendency of the strand to return to its original
size from the reduced diameter resulting from the initial preten-
sioning force (Fig. 1). Also, the model does not adequately account
for cracking and tension stiffening effects.

As an attempt to further unravel the important issues of finite
element modeling of prestressed beams, Arab et al. [16] used the
Concrete Damaged Plasticity (CDP) model in the commercial soft-
ware ‘Abaqus’ [19]. In modeling the interaction between the pre-
stressing strand and the concrete, Arab, et al. tried two methods,
terming them as (a) the extrusion technique, and (b) the embed-
ment technique. In the first technique, a coefficient of friction is
used to define the tangential behavior and hard contact is used
for normal behavior. While preventing penetration between steel
and concrete, the hard contact model prevented tensile stress
transfer through interfacial interaction. In the embedment tech-
nique, however, the prestressing strands are assumed to be
embedded into the concrete matrix with the prestressing strands
modeled by 1-D truss elements and the concrete matrix by solid
elements. In the interface model, the degrees of freedom of the pre-
stressing strand element nodes are supposedly constrained with
respect to the interpolated values of the corresponding degrees
of freedom of the concrete host elements.

Arab et al. also used a steel casting bed model to provide sup-
port to the beam without restraining longitudinal and transverse
movements. The interface between the casting bed and the beam
is assumed to be frictionless and of hard contact type, allowing
for separation. Pretensioning is accomplished in two steps. In the
first step, the strands are pretensioned and no relationship is estab-
lished between strand and concrete. In the second step, the
strain-compatibility is applied between strand and concrete to
simulate release of the strands.

Acute lack of accuracy of the predictions by this model may be
attributed to some of the assumptions made by Arab et al., appear-
ing to defy the basic mechanics of the problem. For instance, the
assumption of strain compatibility at steel and concrete interface
in both extrusion and embedment techniques do not appropriately
allow for the possibility of slippage due to bond failure. Another
area of concern centers on the mesh. The elements around the pre-
stressing strand appear to have quite high aspect ratios and this is
expected to introduce errors in representing the interfacial bond
behavior. For numerical stability, according to the contact
sub-module of Abaqus [19], the concrete matrix at the interface
should have been meshed finer than the strand, which is contrary
to the model used by Arab et al. Furthermore, the experimental
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Fig. 1. Strand diameter after release showing wedging at the end.
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data used for verification purposes were taken from Akhnoukh [20]
as variation of ‘‘nominal axial strain’’ along the length of the beam.
This validation attempt can at best be termed as qualitative or
‘‘trend’’ comparison, rather than actual quantitative comparison.
Also, the experimental data were based on surface strain measure-
ments using mechanical (DEMEC) gage readings, a very crude tool
for point wise strain measurement.

The 2012 study by Okumus et al. [17] is also based on modeling
with Abaqus. The concrete material is again represented by using
CDP model. Justifying computational efficiency, this nonlinear
material model was used only for the end regions of the beam.
This study makes a slew of simplifying and, sometimes unreason-
able assumptions resulting in a model which fails to simulate the
real behavior. The reinforcing rods are modeled with 1-D elements
and are embedded in the concrete matrix. The presence of pre-
stressing strands are ignored. Instead, the prestressing force is
applied directly to the concrete as surface loads, along the transfer
length, around the perimeter of the strands. In Okumus et al.’s
study, it has been stated that the bond stresses and transfer lengths
used to define the prestressing forces, are obtained from
O’Callaghan’s [21] experimental measurements via strain gages
placed on the strands. However, in O’Callaghan’s study there is
no information about the bond stresses and the transfer lengths
of the strands. Additionally, it is not possible to obtain this type
of data accurately by placing just a few strain gages on the strands.
Also, the Hoyer effect is missing, as no strands were used.

Herein after, all the three problems considered by Ayoub, Arab
et al. and Okumus et al. [15–17] will be called problems of refer-
ences 15, 16 and 17, respectively. As part of this study, these three
problems are modeled and re-simulated by the authors, using the
proposed finite element modeling scheme. Later in this study,
the results obtained with the proposed approach is compared with
the numerical results presented in these references and the exper-
imental data used therein, so that the advantages of the proposed
scheme can be established.
2. Proposed modeling scheme

The proposed modeling scheme is now explained with the help
of a test pretensioned concrete beam which was actually fabricated
and laboratory tested to failure, as part of this study. This small
scale test beam was designed by a licensed Tennessee
Department of Transportation (TDOT) engineer by following
AASHTO LRFD design guidelines [13]. The beam was designed to
withstand a total limit load of 99 kN’s. During the design process,
factors like ease of handling, nature of the experiments to be per-
formed and limitations of the fabrication and testing facilities in
the laboratory were taken into account. The details of the test pre-
stressed concrete beam are shown in Fig. 2. Grade 60 reinforcing
rods of 9.53 mm (#3) and 5.08 mm (#2) diameters are used as
the top hanger bars and stirrups, respectively. At the bottom of
the beam, two 12.70 mm diameter low-relaxation prestressing
strands with an ultimate tensile strength of 1862 MPa are placed.
The total length of the beam is 2590.8 mm. As shown in Fig. 3,
the beam was tested under four-point bending condition.

Taking advantage of symmetry, the test prestressed beam is
modeled using half of the beam length. The strands and the
reinforcements are modeled using equivalent rectangular cross
sections. This allowed simplification and easy optimization of the
interfacial mesh shapes of the concrete and the steel elements.
This is an unavoidable concern of using linear-tetrahedral ele-
ments on a curved surface. The stirrups of the beam did not form
a closed loop, so based on experience with trial simulations, the
stirrups were ignored in the model. This allowed computational
efficiency without sacrificing accuracy till the limit state is
reached.

To prevent the unrealistic concentration of stresses at suppos-
edly knife-edge supports, such locations of the model were repre-
sented by narrow strips to more closely simulate the actual
condition. Likewise, the applied loads were defined as pressure
loads over narrow strips instead of sharp line loading. During the
meshing process, at steel–concrete interface, concrete was treated
as the slave surface and was meshed finer than steel, ensuring
proper convergence of the solution. Modeling and simulation of
the beam was undertaken in the following three steps.

Step 1: To simulate initial prestressing of strands before pour-
ing of concrete, the strands are first tensioned without allowing
for any bond with concrete (Fig. 4). This is accomplished by
defining an interaction with normal behavior with hard contact
between concrete and strand. This prevented inter-penetration
between strand and concrete. This condition simulates initial
prestressing of strands before pouring of concrete, as evidenced
by the state of stress shown in Fig. 4 signifying unstressed con-
dition of concrete.

The behavior of concrete is represented by using the Plasticity–
Damage (PD) model which is a variation of Drucker–Prager
criterion. In the case of polycrystallines, material models based
on plasticity theories alone work well wherein the dominant
mode of damage is governed by the slip process. Attempts to
model concrete and quasi-brittle materials based on such plasticity
theories leading to a failure surface which included pressure
sensitivity, strain-hardening, etc., was not successful. In the other
extreme, the use of models based on continuum damage theory,
which accounts for micro-cracking and strain softening, alone
could not also fully represent the observed mechanical behavior
of concrete. The concrete material is characterized by a-priori
presence of micro-cracks which tend to propagate and coalesce
after load application, leading to drop in strength and degradation
of physical properties. It is evident from typical uniaxial stress vs.
strain response of concrete, as shown in Fig. 5, that the nonlinear
response of concrete actually includes both plastic behavior in
the hardening region and damage through stiffness degradation
in the softening region, causing irreversible deformations.
Allowing for such combined effect can conveniently be based on
assumptions of isotropic hardening and isotropic damage, as
explained in the following. The combination can be
effective-stress based, as followed by Lee and Fenves [22] with
the effective-stress being defined in terms of the average
micro-scale stress acting on the undamaged material.

It is important to allow for different responses of concrete in
tension and compression [23] and associated stiffness degradation
in terms of two damage and hardening variables. To characterize
stiffness degradation, a damage variable can be introduced in the
context of Kachanov [24] in terms of an isotropic damage variable
based essentially on specific damaged surface area. The

 

 



(a) Details of cross-section                                (b) Stirrups

Fig. 2. Details of prestressed concrete test beam (mm).

Fig. 3. Applied loading configuration of the test beam (mm).
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elasto-plastic constitutive relationship for the yield surface, allow-
ing for the separate evolution of tensile and compressive strengths,
can be decoupled from considerations of stiffness degradation. In
the case of concrete materials, the resulting material model can
be based on infinitesimal deformations. Also, for the present prob-
lem, low confining pressure and in-significant strain-rate depen-
dence can be assumed.

As shown in Fig. 5, the total strain tensor, eij, will have an elastic
component, ee

ij, and a plastic component, ep
ij. In the context of

Kachanov [24], if d is the scalar stiffness degradation parameter,
with 0 6 d 6 1, the constitutive equation in a 3-D stress field can
be represented by Eq. (1) below:
Fig. 4. Unbonded strands are stretched
rij ¼ Ce
ijkl : ekl � ep

kl

� �
ð1Þ

where the degraded elastic stiffness tensor of rank four, Ce
ijkl is rep-

resented by Eq. (2):

Ce
ijkl ¼ ð1� dÞ � Ceo

ijkl ð2Þ

Ceo
ijkl is the initial elastic stiffness tensor; and rij is the Cauchy stress

tensor. The effective stress tensor �rij can now be defined by Eq. (3)
as

�rij ¼
rij

1� d
ð3Þ

To account for different damage effects in tension and compression,
multi-softening as well as multi-hardening yield functions need to
be used. Due to noticeable difference in the ultimate strength in
tension (f t) and compression (f c), the yield function in terms of
effective stress can be defined by using Eq. (4) below:

F �rij;
�f t;

�f c
� �

� 0 ð4Þ

with effective stress responses �f t ¼ f t
1�d and �f c ¼ f c

1�d, where
d ¼ 1� ð1� dcÞ � ð1� dtÞ, dc being the damage parameter in com-
pression and dt in tension, while 0 P dc , 0 P dt . Thus, one damage
parameter, d, can be used to represent the combination of tensile
and compressive damages. The individual damage parameters, dc

and dt , can be represented in terms of a hardening variable ~ec and
a softening variable ~et , related to the dissipation of energy during
the damage process. Such representation works fine in the case of
to initial prestressing force level.
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Fig. 5. PD model definition of compressive stress vs. strain relationship of concrete.

Table 1
Plasticity parameters of concrete in finite element model.

Parameter Value

Dilation angle (w) 31�
Eccentricity (m) 0.1
Ratio of initial equi-biaxial compressive yield stress to initial uniaxial

compressive yield stress (f bo=f c)
1.16

Ratio of the second stress invariant on the tensile meridian to the
compressive meridian (qt=qc ¼ Kc)

0.667

Viscosity parameter (default – no effect) 0.001
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monotonic loading. For rate-independent plasticity and inviscid
plastic damage, the yield surface can then be conveniently repre-
sented by Eq. (5):

FðI1; J2; J3; ~ec; ~etÞ � 0 ð5Þ

where F is a function of the first invariant of Cauchy stress tensor as
well as the second and third invariants of deviatoric part of the
effective stress tensor defined as �I1 ¼ �rij � dij; �J2 ¼ 1=2 � �Sij � �Sij;
�J3 ¼ 1=3 � �Sij � �Sjk � �Ski where �Sij ¼ �rij � dij �

�I1
3 . For low confining

pressures, the parameter �J3 can be dropped from the expression
(Eq. (3)) for yield surface.

The plastic flow defined in terms of a plastic flow potential
function, gð�rijÞ, based on non-associative flow rule, is a function
of the effective stress tensor, as shown in Eq. (6) below.

dep ¼ dk
@g �rij
� �
@�rij

ð6Þ

Here dk is a non-negative parameter which may vary throughout
the loading history and dep denotes the plastic strain increment,
and @g=@�rij represents plastic flow, not necessarily normal to the
failure surface. For the preceding relationships, the following condi-
tions hold,

F � 0; dk � 0; dkF ¼ 0

The flow potential g, when expressed in terms of Drucker–Prager
hyperbolic function, can be represented by Eq. (7) in the following
form:

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmft � tan wÞ2 þ 3�J2

2

q
�

�I1

3
� tan w ð7Þ
(a) Shape of meridian of failure surface

23J

1 3I

ψ

1( 3)tI−

Fig. 6. PD failure surf
In which, f t is the uniaxial tensile strength of concrete, w is dilation
angle, and m is a parameter representing the eccentricity of the
plastic potential surface.

Following the methods of Lee and Fenves [22],

d�ep ¼ d~ep
t

d~ep
c

� �
¼ rð �̂rÞ 0 0

0 0 �ð1� r �̂rÞ

" #
�

dê1

dê2

Dê3

8><
>:

9>=
>; ¼ ĥðr̂; êpÞ � dêp

ð8Þ

Here, the stress weight factor, r �̂r
� �

¼
1
2

P3

i¼1
�̂rij jþ �̂rið ÞP3

i¼1
�̂rij j

; 0 � r �̂r
� �

� 1.

The corresponding yield condition can be shown to take the
form:

F ¼ 1
1� a

ffiffiffiffiffiffiffi
3�J2

q
� a�I1 þ b~ep �̂rmax � c �̂rmin

	 

� �rc�̂ep

c � 0 ð9Þ

Here, a ¼ f bo�f cð Þ
2f bo�f cð Þ with fbo as the biaxial compressive strength with

the ratio f bo=f c often taken as 1.16; b ¼
�rc ~ep

cð Þ
�rt ~ep

tð Þ
ð1� aÞ þ ð1þ aÞ with

�rc , �rt being effective compressive and tensile cohesive stresses

and the parameter c ¼ 3ðf to�f boÞ
ð2f bo�f toÞ

with f to as the triaxial compressive

strength. The biaxial and triaxial compressive strengths are based
on isotropic states of stress.

The value of a range over 0.08–0.12, and for c the typical value
is close to 3 [19]. The Eq’s. (6)–(9) were used in modeling the con-
crete in the prestressed concrete beam. Typical views of a meridian
of the yield surface and sectional view of octahedral plane are

shown in Fig. 6, where qc and qt are the radial distance
ffiffiffiffiffiffiffi
2�J2

p� �
of critical points on the octahedral plane for compression and ten-
sion failures corresponding to a particular value of isostatic pres-
sure I1/3.
(b) Typical deviatoric section of
failure surface

1σ

2σ 3σ

60oθ =

0oθ =
Tension

Compression

cρ
tρ

ace for concrete.
 



Fig. 7. Strands are bonded to concrete followed by releasing of the strands.

Table 2
Bond parameters of reinforcing rod.

Parameter Value

Stiffness of interfacial spring elements (K) 19,064 N/mm
Coefficient of friction (k) 0.4
Normal behavior Hard contact
Maximum separation for damage initiation 0.42 mm
Total/Plastic displacement 25.4 mm
Damage evolution exponential parameter 4.3

Table 3
Bond parameters of strand.

Parameter Value

Stiffness of interfacial spring elements (K) 47884 N/mm
Coefficient of friction (k) 0.4
Normal behavior Hard contact
Maximum separation for damage initiation 0.42 mm
Total/Plastic displacement (for bond failure) 25.4 mm
Damage evolution exponential parameter 4.3
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In the absence of actual test data, the compressive behavior of
concrete is often defined by Hognestad et al.’s [25] stress vs. strain
relationship for concrete. The ultimate compressive strength of
concrete was determined by conducting unconfined compression
tests on concrete cylinders. Based on experimental results, the ulti-
mate compressive strength of concrete used for the simulation was
taken as 44.8 MPa. The crushing strain of concrete was found to be
close to 0.003. The modulus of elasticity and tensile strength of
concrete shown below are based on standard ACI formulas and
were close to the measured values [12]:

Ec ¼ 4700
ffiffiffiffi
f c

q
¼ 31;685 MPa ð10Þ

f ct ¼ 0:33
ffiffiffiffi
f c

q
¼ 4:17 MPa ð11Þ

Tension stiffening action in concrete is represented by using the
built-in fracture energy cracking criterion. The fracture energy of
concrete is determined by conducting a regression analysis of the
experimental results and the recommended values in the literature
[19,26–28]. The value of the fracture energy of concrete used in the
finite element simulation is 121 N/m. The summary of the other
plasticity parameters used for the plasticity–damage model is
shown in Table 1. These values are standard for the concrete used
in the study. The choice of the viscosity parameter (0.001) was
solely based on the consideration of its beneficial effect on the rate
of convergence of the solution with hardly any effect on the quality
of the solution.

Step 2: Unlike concrete, the tensile and compressive strengths
of all embedded steel can be assumed to be the same. The stress
vs. strain curve of prestressing steel does not have a
well-defined yield point and approximations of bilinear or elas-
tic–plastic variations are not uncommon. For defining the com-
posite action between the two material phases, the mechanism
of mutual transfer of forces through the interface needs to be
defined appropriately.

The main mechanisms involved in the process are identified as
adhesion, friction, and mechanical interlock action. The component
due to adhesion can be attributed to chemical bonding as well as
the stresses created during the setting and hardening processes
of concrete. Adhesion and friction are important in the case of steel
without indentation like surface roughness. Otherwise, the
mechanical locking process also becomes important. In this study,
the steel used were not ribbed and the consideration of interfacial
behavior is limited to bond-slip behavior idealized by using inter-
facial distributed spring elements of zero dimensions to transfer
normal and tangential forces at the interface. The stiffnesses of
interface elements allowing for slippage due to stiffness degrada-
tion and complete separation, are based on actual test data of
pull-out tests. Although a number of more complex damage mod-
els at and the vicinity of interface have been put forward, but will
not be considered here. In the other extreme, some researchers
assumed full bond between the two phases.

After the interfacial bond is restored between strand and con-
crete, the externally applied strand forces are removed. This condi-
tion simulates the release of strands to transfer the prestress after
the concrete has gained the desired strength (Fig. 7). To achieve
higher accuracy, all the rebar and the prestressing strands are
modeled with 3-D solid elements. Also, the constitutive properties
of reinforcing steel and prestressing strand were represented by
nonlinear elasto-plastic material models. The material model for
the strand is taken from the PCI Design Handbook [29]. The mate-
rial model for steel reinforcement, the interfacial bond parameters
between concrete, strand and rebar were based on further

 



Fig. 8. Effect of external load application on the test beam.

Table 4
Bond parameters of adhesive.

Parameter Value

Stiffness of interfacial spring elements (K) 60558 N/mm
Maximum separation for damage initiation in normal

direction
0.137185 mm

Total/Plastic displacement 0.146354 mm
Damage evolution exponential parameter Linear
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experimental studies undertaken by the author and correlated
with data in [30,31].

The bond between the concrete and the strands are modeled
using the hard contact normal behavior described earlier coupled
Fig. 9. Variation of central deflection with appl
with the friction-governed tangential behavior, the cohesive
behavior, and the damage behavior. The friction-governed tangen-
tial behavior is used to represent the increased bond force between
the strands and the concrete. The pressure on the strands exerted
by the concrete is higher at the parts of the beam which are closer
to the supports and load points. Therefore, the friction between the
concrete and the strands is variable along the beam and this phe-
nomenon is taken into account by using friction-governed tangen-
tial behavior as previously mentioned. The cohesive behavior is
included in this step to take into account the slippage between
the concrete and the strands through the whole length of the
beam. Finally, the damage behavior governs the degradation of
the cohesive stiffness values after a critical bond stress (or critical
slippage displacement) is reached, until finally the bond can sup-
port no load. Also, the wedging effect and the Poisson radial
ied load for test beam before patch repair.
 



Fig. 10. Variation of central deflection with applied load for test beam after patch repair.

Fig. 11. Variation of strand diameter along the beam length, at the end of Step 2.
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expansion are automatically taken into account by the model. The
summary of the bond parameters used for the bond model of rebar
and strand are shown in Tables 2 and 3, respectively.

Step 3: The beam is subjected to external loads and then
analyzed to determine the response quantities of interest.
This loading may refer to the service condition (Fig. 8). As in
Step 2, the same interaction and material models were used
in Step 3 analysis.

3. Experimental studies of test beam

The experimental work performed with the test beam was
divided in two stages: (1) during the first stage, the beam was
four-point loaded past the service load, to cause initial damage in
the form of structural cracks, and (2) in the second stage, the
damage created in Stage 1 is repaired with bonded composite
patch and then loaded again until failure. For the composite patch
repair material, Sika Carbodur and its matching adhesive Sikadur
30 were used.

Since there is lack of standardization of test procedures for
determining the properties of composite materials and adhesives,
new experimental methods has to be developed in the context of
this research [32]. The flexural patch repair of the test beam was
done by bonding a 101.6 mm � 457.2 mm FRP composite strip
(Carbodur) at the bottom face with specified adhesive (Sikadur
30). The thickness of the composite strip is 1.19 mm with the
breaking strength and tensile modulus determined as 3096 MPa
and 164,785 MPa, respectively. The adhesive was modeled by
using the cohesive bond and damage sub-modules of Abaqus.
Summary of the bond parameters used for modeling the adhesive
is shown in Table 4. More information can be found in [33].

 



Fig. 12. Variation of the effective stress of the strand vs. distance from end.

Fig. 13. Variation of shear bond stress of strand along the beam length.
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3.1. Finite element analysis of test beam

Finite element analysis of test prestressed concrete beam,
before and after patch repair, was undertaken using Abaqus as
the primary analysis tool based on the PD Model and the
bond-slip failure model discussed earlier. For this purpose, the rel-
evant parts of the material model were modified using UMAT sub-
routines written in Fortran language. In the analysis, the three
step-scheme defined earlier was faithfully followed. Proper charac-
terization of the properties of concrete, namely, tensile, compres-
sive and bond behaviors was extremely important for
reproducing the real life response in modeling and simulation.
Therefore every material and bond model used in this study is
based on the results of the procedures already presented in the
previous section.
4. Results of test beam

The flexural damage in the beam appeared near the center of
the beam as a vertical crack in the bottom. After patch repair of this
cracked beam, the limiting test load of the beam was found to be
134 kN. After developing some additional flexure cracks of small
size, the repaired beam finally failed in shear. The original beam
was designed to withstand 52.8 kN m, but the patch-repaired
beam withstood roughly 71.5 kN m. This 36% improvement of
capacity is significant. Finite element results for virgin and
patch-repaired test beam are shown in Figs. 9 and 10. Test results
as well as finite element simulation results as load vs. displace-
ment plots show excellent agreement with finite element predic-
tions. In the case of test results shown in Fig. 9, the loading was
discontinued at a load level of 100 kN, to avoid excessive cracking
 



Fig. 14. Equivalent stress fringes at the end of Step 2 before patch repair (MPa).
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and catastrophic failure. On the other hand, the after repair test
results shown in Fig. 10 reflect that the test was continued till
the deflection became excessive. During finite element simulation,
in both cases the loading was continued till complete collapse.
Consequently, as expected predictions show more ductile behavior
near the collapse load. Small discrepancy between the test data
and predictions of bonded patch repair beam is caused due to lack
of experience in quality control of the repair process.

It was pointed out that, in a pretensioned beam, there are four
main mechanisms taking place in the stress transfer process
between the strand and the concrete – adhesion and friction
between the concrete and the strand, mechanical resistance from
helical shape of strand, and the end wedging effect. All these were
Fig. 15. Equivalent stress fringes at the en
allowed for in the finite element model. Fig. 11 shows the plot of
diameter of the strand vs. distance at the end of the 2nd step –
after the concrete has gained the design strength and the strands
have been released. From this plot, one can easily conclude that
the proposed model accurately accounts for the Hoyer effect.
This aspect was further verified by examining the enlarged view
of the plot near the end of the beam.

In the transfer of forces from the strand to the concrete with
pretensioning, the transfer length is an important parameter.
This length is the distance from the end of the beam to the point
where the effective stress of the strand has developed fully.
Although it is the usual design practice to assume that the varia-
tion of the prestressing force along the length of the beam is linear;
d of Step 3 before patch repair (MPa).
 



Fig. 16. Principal plastic tensile strains and their directions before patch repair.

Fig. 17. Principal plastic tensile strains and their directions after patch repair.

(a) FE prediction (b) Crack formation

Fig. 18. Crack formation and principal plastic strain predictions before repair.
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the actual variation is, however, a curve of approximately hyper-
bolic shape [34]. The stresses developed along the length of the
strand at the end of Step 2 are presented in Fig. 12. This figure
clearly shows that the variation of strand stress indeed follows a
hyperbolic profile and that the transfer length is close to 500 mm
or about forty times the strand diameter. The corresponding vari-
ation of the strand bond shear stress along the length of the beam
which is shown in Fig. 13 identifies the transfer length, again, as
500 mm.

As previously stated, in the proposed finite element analysis
scheme, all the stress transfer mechanisms are accounted for real-
istically. The good agreement between the finite element simula-
tion results and the experimental data presented in Figs. 9 and 10
along with the realistic representation of stress transfer process
validates this fact. Therefore, it can be stated that the proposed
finite element scheme may serve as an effective tool to accurately
determine the state of stress at the end zones of a pretensioned
concrete girder, after the load transfer. The nature of distribution
of equivalent stress fringes shown in Fig. 14 after the release of
strands and the presence of smaller stress magnitudes near the
ends caused by strand slippage are also evident. Moreover, the
maximum stress contours around the strand resembles a hyper-
bolic curve which also agrees with published data on same [34].
The stress fringes shown in Fig. 15 are from four-point-bending
test simulating the service load condition corresponding to the
limit state. In Fig. 15, equivalent stress fringes depict that the high-
est stresses are localized at the loading points and support loca-
tions, although the stress-field around the strands caused by the
prestress hardly changes.

The principal plastic tensile strains and their directions help
locate the formation of cracks [19]. Figs. 16 and 17 present the
principal plastic tensile strains and their directions before patch
repair and after patch repair, respectively. As previously men-
tioned, during the Stage 1 loading test the beam underwent crack-
ing in flexure only. Thereafter, during testing of the patch repaired
beam, a new flexural crack appeared very close to the repaired
region, but eventually the beam failed in shear. The principal plas-
tic strains shown in Fig. 16 (before repair) and Fig. 17 (after repair)
showed that the observed flexural and shear cracks during the
tests appeared at critical locations as predicted in these figures.
This makes sense because as per the study of Lubliner et al. [23],
cracks form at locations where the maximum principal plastic

 



Fig. 19. FE Model (1/4th) for Ref. [15] problem.

Fig. 20. Equivalent stress fringes at transfer (L) and at limit state (R), Ref. [15] problem (MPa).

Fig. 21. Variation of limit state strand strain vs. distance from end for problem of Ref. [15].
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Fig. 22. FE Model (1/4th) of Ref. [16] problem and equivalent stress fringes after transfer (MPa).

Fig. 23. Variation of side strain vs. distance from end for problem of Ref. [16].
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strain is positive. In Fig. 18(a), the location of cracks in the bottom
flange, observed during the test before repair, are highlighted by
yellow lines. The predicted crack locations in Fig. 18(b) show good
agreement with test.

By observing both finite element simulation predictions and the
experimental data, it can be concluded that the Carbodur plate
spanning the flexure cracks in the bottom flange both arrested
the growth of the existing cracks and prevented the formation of
new cracks. The local composite patch repair scheme seemed to
do its job well.
5. Simulation of problems of references 15, 16 and 17

For further evaluation of the analysis scheme, the problems pre-
sented in references 15, 16 and 17 were simulated again with the
finite element model proposed by the authors. By comparing the
performance of the present model and the models presented in
these references, it can easily be concluded that the finite element
models of references 15, 16 and 17 are relatively crude and yield
inaccurate results. The proposed scheme shows excellent agree-
ment with relevant experimental data of these three problems
proving that the presented modeling scheme can properly capture
the real behavior of a wide variety of prestressed concrete
structures.
5.1. Problem of reference 15

After defining all the material and bond properties appropri-
ately, a finite element model of the problem of reference 15 is
created by using the proposed modeling scheme. The results of
the model are then compared with the experimental work of
Mitchell [35]. All the material and geometric properties of the
prestressed concrete beam problem are taken from the associated
publications [15,35]. The general mesh configuration and effective

 



Fig. 24. FE Model (1/4th) of problem of Ref. [17].

Fig. 25. Variation of longitudinal stress (S33) of the strand ‘‘R8C7’’ vs. distance from end for the problem of Ref. [17].
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stress fringes of the finite element model of the beam are shown in
Figs. 19 and 20. As can be seen in Fig. 19, all components of the
problem is represented in the 3-D domain. The model of reference
15 however, represented the tendons for the same problem in 1-D,
which can at best be a gross approximation of the real life behav-
ior. Also, the effects of cracking and tension stiffening in concrete
were not properly represented.

In the present analysis, the finite element model of the problem
of Ref. [15] reached its limit state at the maximum moment of
46.5 kN m, which is close to the Ref. [35] value. As can be seen in
Fig. 21, the proposed finite element model follows the experimen-
tal data more closely over the whole length of the beam. It is
evident that, the accuracy of the numerical results presented in
Ref. [15] is significantly less at locations close to the middle of
the beam and closer to the support. Additionally, important data
like crack locations of the beam cannot be extracted by the model
of Ref. [15]. Locations of the cracks are estimated by comparing the
calculated strain values in the concrete with the assumed cracking
strain of Ref. [15]. On the other hand, the proposed finite element
model gives accurate prediction of crack locations of the beam. The
hyperbolic shape of stress contour after the release of strands,
which is evident from Fig. 20, verifies the true mechanics of stress
transfer is accounted for in the present analysis. This aspect was
further checked by undertaking separate runs with strand sections

 



Fig. 26. Equivalent stress fringes after transfer for problem of Ref. [17] (MPa).
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modeled as equivalent square and as also as circular and no differ-
ence in the results was noticed except that former model required
somewhat less computational effort.
5.2. Problem of reference 16

After appropriately defining the material and bond properties,
the proposed modeling scheme is applied to the test problem
and the results are compared with the experimental data of
Akhnoukh [20]. In Ref. [16] and Akhnoukh’s [20] studies, results
are presented for different stirrup configurations. As negligible dif-
ference in the preliminary results of the present simulation was
noted for cases with and without stirrup, for computational effi-
ciency, the stirrups were taken out of the subsequent simulations.
The finite element model used (on right) and the equivalent stress
fringes (on left) are shown in Fig. 22.

As stated before, Ref. [16] results are qualitative and hence
could not be compared with. On the other hand, the experimental
Fig. 27. Experimental cracks at transfer, plots of principal plastic strain fringes, and prin
[17].
data used in the associated Ref. [20] was found to be almost two
orders of magnitude larger than what was obtained by the present
model and further verified by simple hand calculations. Plots of
variation of side strain of the beam with respect to the beam length
along with the hand calculated value are presented in Fig. 23.
Hence, the results from these references could not be relied upon.
5.3. Problem of reference 17

After a similar treatment of the problem of Ref. [17] as in the
other two cases, the prestressed concrete finite element model of
the problem presented in Ref. [17] is built and simulated and the
results are compared with the experimental work of O’Callaghan
[21]. As before, since modeling of stirrups did not make any differ-
ence in the results, the stirrups have been disregarded during the
present modeling process. All the associated material and geomet-
ric information for the prestressed concrete beam problem were
taken from [17,21]. A view of the finite element model can be seen
cipal plastic tensile strain directions based on the present model for problem of Ref. 
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in Fig. 24. As there was no bond property information or test data
available corresponding to the strand-concrete bond in the study
of O’Callaghan [21], the model of this problem was created with
bond properties calculated indirectly on the basis of concrete
strength. The comparison of strain values of one of the strands
obtained from the present finite element model and the experi-
mental work of O’Callaghan is shown in Fig. 25.

Since prestressing strands are not physically present in the
model of Ref. [17], the data shown in Fig. 25 could not be obtained
from Okumus’s model. As a result, the strand stress values obtained
from the present finite element model only have been compared
with O’Callaghan’s [21] experimental data. Incidentally, in Ref.
[17], the only data that has been compared with O’Callaghan’s
[21] experimental work is the stresses in the stirrups.

Fig. 26 shows the equivalent stress fringes of the present model
for Ref. [17] problem after the release of the strands. The hyper-
bolic variation of equivalent stress around the strands shows that
the mechanics of the force transfer between the strands and the
concrete is accurately represented in the present model. In
Fig. 27 along with the maximum principal plastic strain plot, prin-
cipal plastic tensile strain directions of the present model with
cracks formed after the release of the strands during the experi-
mental work of problem of Ref. [17] is presented. As can be seen
from Fig. 27, there is good agreement between the actual behavior
of the beam and the present finite element model. On the other
hand, in Ref. [17], only the principal strain directions of the total
strain are plotted. As far as the cracks in the concrete is concerned,
total strain does not help with the identification of the crack for-
mation. As a result, in this study, the principal tensile strain direc-
tions of the plastic strain are presented.

6. Conclusions

This paper deals with the realistic finite element simulation of
the behavior of pretensioned prestressed concrete beams. The plas-
ticity–damage model for concrete and bond-slip model for steel–
concrete interface are discussed. The modeling process faithfully
reflected all the loading conditions beginning with strand tension-
ing operation, stress transfer, and subsequent loading till failure.
All the modeling issues were carefully dissected as also the short-
comings of the relatively recent finite element models presented in
the current literature were critically evaluated. The data for test
beam were obtained from the experimental studies carefully
undertaken as part of this effort. The modeling and simulation
results for the test problem showed good agreement with test
results up to the collapse load. The simulation results gave a clear
understanding of the true behavior of such beams. The proposed
scheme when implemented with software like Abaqus can be
applied both in research and practice. This paper can be considered
to have successfully achieved the following objectives:

� Developed an accurate finite element modeling scheme for pre-
tensioned beams based on a plasticity damage and bond-
slip failure model.
� Successfully predicted the true behavior of pretensioned

concrete beams during the whole history of construction and
subsequent external loading.
� Successfully verified the simulation results with two stages of

experimental investigation – before and after bonded compos-
ite patch strengthening.

A possible improvement to the model may be the explicit inclu-
sion of creep and shrinkage effects in the model to predict the
long-term performance.
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