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abstract
The returns and risks of investment portfolio in a financial system was investigated by
constructing a theoretical model based on the Heston model. After the theoretical model and
analysis of portfolio were calculated and analyzed, we find the following: (i) The statistical
properties (i.e., the probability distribution, the variance and loss rate of equity portfolio
return) between simulation results of the theoretical model and the real financial data
obtained from Dow Jones Industrial Average are in good agreement; (ii) The maximum
dispersion of the investment portfolio is associated with the maximum stability of the equity
portfolio return and minimal investment risks; (iii) An increase of the investment period and
a worst investment period are associated with a decrease of stability of the equity portfolio
return and a maximum investment risk, respectively.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
The researches of financial markets as complex systems in statistical physics have obtained more and more attentions
and given rise to a new field called ‘‘econophysics’’ in recent years [1,2]. The geometric Brownian motion model was early
proposed to describe the stochastic dynamics of stock prices [3,4]. However, this geometric Brownian motion model cannot agree with some statistical characteristics from actual financial data, such as, the fat tails [5,6], long range memory and
clustering of volatility [7]. Afterwards, many valuable models have been developed to make up these deficiencies, such as the
ARCH model [8], GARCH model [9], and Heston model [10]. In particular, the Heston model is well consistent with statistical
characteristics of stock prices obtained from actual financial data, for example, the probability distribution of returns for
Dow-Jones data [11] and for the three major stock-market indexes (Nasdaq, S&P500, and Dow-Jones) [12], the exponential
distribution of financial returns obtained from actual financial data [13], the probability density distribution of the logarithmic returns of the empirical high-frequency data of DAX and its stocks [14] or the typical price fluctuations of the Brazilian
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Sa̋o Paulo Stock Exchange Index [15]. Meanwhile, the Heston model has been widely used to analyze dynamics of stock price
in actual financial markets, for example, the mean escape time in a modified Heston model with a cubic nonlinearity [16,17],
the statistical properties of the hitting times in different models for stock market evolution [18,19], exact expressions for the
survival probability and the mean exit time [20,21], the effects of the delay time in Heston model [22,23], and the stochastic
resonance of the stock prices [24].
In the actual trade in financial market, rational investors try to choose an appropriate investment portfolio, due to lower
investment risks and higher stability of returns. Since Merton [25] used a stochastic optimal control approach of geometric
Brownian motion model to analyze the investment optimization, investment portfolio has been discussed in an incomplete
semimartingale market by Kramkov and Schachermayer [26,27] and Bouchard et al. [28], in accounting by Kothari [29], in
risk-based indifference pricing [30] and so on. Hence, investment portfolio need to be further investigated in actual market.
Even though portfolio with Heston model is discussed in some studies, such as bond portfolio selection problem [31] and
financial planning [32], the studies are deficient in dispersion of investment portfolio, investment period and analysis of real
financial data, etc. In order to make up the deficiencies, we use the Heston model to construct a model for the investment
portfolio due to the model more close to reality.
In this paper, we establish a model for investment portfolio with the Heston model to discuss the returns and risks of
investment portfolio. In addition, the remainder of this paper is organized as follows. In Section 2, a model for investment
portfolio is introduced with the Heston model. In Section 3, the returns and risks are discussed in a investment portfolio of
two uncorrelated stocks. In Section 4, a brief conclusion ends the paper.
2. The investment portfolio with the Heston model
In the actual financial investment, equity portfolio consists of the price and quantity of n stocks held by investors, and
then we define the equity portfolio S (t ) as
S (t ) =

n


ni (t )Si (t ),

(1)

i =1

where at time t , Si (t ) is the price of the ith stock and ni (t ) is the quantity of the ith stock (i = 1, 2, 3 . . . n), and then the
rate of equity portfolio C (t ) can be written as:
S (t )
C (t ) =
S (0)
n


=

ni (t )Si (t )

i =1

.

S (0)
Let us define the initial rate of the i-th stock on the total equity portfolio
ri =

ni (0)Si (0)
S (0)

.

(2)

(3)
dn (t )

i
From Eqs. (2) and (3), we can find C (0) =
= 0, fixing the logarithmic stock price xi (t ) = ln Si (t ), and
i=1 ri = 1. For dt
employing the Heston model [10,11] to describe the stock price dynamics, Eq. (2) becomes

n

C (t ) =

n


ri exp(xi (t ) − xi (0)),

(4)

i =1

where
dxi (t ) =



µi −

νi (t )
2


dt +



νi (t ) dWi (t ),

(5)

and


νi (t ) dZi (t ).
(6)
Here the subscript i indicates the ith stock, µi is the growth rate, ν(t )i is the volatility of the stock price, ai is the mean reversion of the ν(t )i , bi is the long-run variance, ci is the volatility of volatility, that is the amplitude of volatility fluctuations [33],
dWi (t ) and dZi (t ) are correlated Wiener processes with the following statistical properties
⟨dWi (t )⟩ = ⟨dZi (t )⟩ = 0,
⟨dWi (t ) dWj (t ′ )⟩ = ⟨dZi (t ) dZj (t ′ )⟩ = δi,j δ(t − t ′ ) dt ,
⟨dWi (t ) dZj (t ′ )⟩ = ρi,j δ(t − t ′ ) dt ,
dνi (t ) = ai (bi − νi (t )) dt + ci

⟨dZi (t ′ )dj W (t )⟩ = λi,j δ(t − t ′ ) dt ,

(7)

ρi,j denotes the cross correlation coefficient between dWi (t ) and dZj (t ), and λi,j denotes the cross correlation coefficient
between dZi (t ) and dWj (t ).
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3. The investment portfolio of two stocks
In order to facilitate the analysis and discussion with the model (Eqs. (4)–(6)), we analyze the returns and risks of investment portfolio of two uncorrelated stocks. By using the method of Refs. [24,11], the µ1 and µ2 can be simplified, and then
Eqs. (4)–(6) become
C (t ) = r1 exp(x1 (t ) − x1 (0)) + (1 − r1 ) exp(x2 (t ) − x2 (0)),

ν1 (t )
dx1 (t ) = −
dt + ν1 (t ) dW1 (t ),
2
dν1 (t ) = a1 (b1 − ν1 (t )) dt + c1



(8)

ν1 (t ) dZ1 (t ),

(9)


ν2 (t ) dW2 (t ),
2

d2 ν(t ) = a2 (b2 − ν2 (t )) dt + c2 ν2 (t ) dZ2 (t ).

(10)

and
dx2 (t ) = −

ν2 (t )

dt +

We consider dWi (t ) and dZi (t ) (i = 1, 2) as uncorrelated Wiener processes with the following statistical properties

⟨dWi (t )⟩ = ⟨dZi (t )⟩ = 0,
⟨dWi (t ) dWj (t ′ )⟩ = ⟨dZi (t ) dZj (t ′ )⟩ = δi,j δ(t − t ′ ) dt ,
⟨dWi (t ) dZi (t ′ )⟩ = ⟨dZi (t ′ ) dWi (t ′ )⟩ = 0,

(11)

where for i ̸= j, δi,j = 0, for i = j, δi,j = 1.
Afterwards we define the equity portfolio return as,

∆C =

=

C (t + △t ) − C (t )
C (t )
Ci+1 − Ci
Ci

,

(12)

where Ci is the rate of the equity portfolio of ith time point (i = 0, 1, 2, 3 . . .).
When investors only buy a stock (i.e., r1 = 1.0 or r2 = 1.0), equity portfolio return ∆C (i.e., Eq. (12)) regresses toward
stock price returns, and Eq. (4) also regresses toward the Heston model. In this condition, the agreements between statistical
properties of the Heston model and actual financial markets have been demonstrated in Refs. [12–23].
For the investment portfolio of two stocks, the probability density function (PDF) of equity portfolio return calculated by
theoretical simulating results with Eqs. (8)–(10) and that obtained from the real market data are shown in Fig. 1.
As one can see the agreement between real and theoretical data is very good, and the leptokurtic nature is observed. We
use the Box–Muller method to generate random processes with a Gaussian distribution for simulating the noise sources in
Eqs. (8)–(12), with time integration step △t = 0.01 (as a trading day) and then the PDF of equity portfolio is calculated by using
the forward Euler method [34]. The parameters are ai = 100.0, bi = 0.01 and ci = 2.5 (i = 1, 2.) with r1 = 0.5. For the
real market data, we use the daily adjusted closing values of 30 stocks in Dow Jones Industrial Average (ˆDJI) from 2 January
1970 (or offering date) to 3 June 2013 [35]. We choose two stocks to constitute our investment portfolio with r1 = 0.5 based
on Eqs. (2) and (3), and then calculate the PDF of equity portfolio return via Eq. (12).
In order to analyze the effects of dispersion of investment portfolio on the returns, we calculate the variance δ∆C of equity
portfolio return as a function of the initial rate r1 of the first stock. The results are shown in Fig. 2. As r1 → 0.5, we find that both
real data and theoretical results show a monotonical decreasing behavior of the variance δ∆C . This means that there is an optimal
r1 (r1 = 0.5) concerning the maximum stability of the equity portfolio return. Obviously, the same statistical features
and good agreements are observed between real data and theoretical results. From a financial point of view, an increase in
dispersion of investment portfolio (i.e., r1 → 0.5) enhances stability of the equity portfolio return (i.e., δ∆C decreases). This is
reminiscent of the noise enhanced stability effect [36]. In other words, the maximum dispersion of investment portfolio for
the case of two stocks corresponding to the value of the initial rate r = 0.5 is associated with the maximum stability of the
equity portfolio return.
To understand the roles of dispersion of investment portfolio on the risks, we use the loss rate of equity portfolio return
P∆C <∆C0 . Here P∆C <∆C0 is the probability that equity portfolio return ∆C is less than the risk boundary ∆C0 (i.e., loss is greater
than the margin of investors). We fix the ∆C0 = −0.02 (i.e., loss rate 2%) and calculate the P∆C <−0.02 as shown in Fig. 3. As one
can see that as r1 → 0.5, the loss rate P∆C <−0.02 monotonically decreases, i.e., there is an optimal r1 (r1 = 0.5) concerning the
minimal loss rate of equity portfolio return. From a financial point of view, an increase in dispersion of investment portfolio
(i.e., r1 → 0.5) reduces risks of equity portfolio return (i.e., δ∆C decreases). In other words, the maximum dispersion of
investment portfolio is associated with the minimal risks of equity portfolio return. In addition, we can observe the same
statistical features and good agreements between real data and theoretical results in Fig. 3. In the analyses of Figs. 1–3, we
only consider the case of a trading day, therefore we next discuss the influences of investment period of portfolio on returns
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Fig. 1. The PDF as a function of ∆C for theoretical results (Eqs. (8)–(10)) and for real market data [35].

Fig. 2. The variance δ∆C as a function of the initial rate r1 of first stock for theoretical results and for real market data. The other parameters are the same
as Fig. 1.

Fig. 3. The loss rate P∆C <∆C0 as a function of r1 for theoretical results and for real market data. The other parameters are the same as Fig. 1.
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Fig. 4. The variance δ∆C versus the trading days for theoretical results and for real market data. The other parameters are the same as Fig. 1.

Fig. 5. The loss rate P∆C <∆C0 versus the trading days for theoretical results and for real market data. The other parameters are the same as Fig. 1.

and risks. To understand the roles of investment period of portfolio on returns, the variance δ∆C as a function of the trading
days is presented in Fig. 4. Both real data and theoretical results clearly show that the variance δ∆C monotonically increases.
From a financial point of view, an increase in investment period of portfolio monotonically reduces the stability of the equity
portfolio return.
In the end of this section, to discuss the effects of investment period of portfolio on risks, the loss rate P∆C <∆C0 as a
function of the trading days is calculated. The results are shown in Fig. 5. Obviously, both real data and theoretical results
clearly indicate that the loss rate P∆C <∆C0 first increases and then decreases, i.e., there is a worst investment period (about 45
trading days) matching the maximum loss rate. From a financial point of view, there is a worst investment period concerning
the maximum risks. From Figs. 4–5, we observe a qualitative agreement between real data and theoretical results. The
discrepancy between empirical and theoretical results increases with the increasing of trading day. The same discrepancy
between empirical and theoretical cumulative distributions can be found in Refs. [11,12,24]. Every stock has a characteristic
and hierarchical order, and the stocks in the real market have a diversity and hierarchical distribution [37,38]. The increasing
discrepancy in Figs. 4–5 is due to the increase of diversity and hierarchical order with an increase of trading day. In addition,
the good agreement in Fig. 1 is due to the shorter trading days (i.e., a trading day), and the good agreement in Figs. 4–5 is
also observed for shorter trading days (about trading days < 10).
4. Conclusions
In this paper, we propose a model for investment portfolio based on the Heston model, and then we investigate the roles of
investment portfolio in a financial market based on the Heston model. The returns and risks of investment portfolio of two stocks
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are discussed by calculating the equity portfolio return from the theoretical and real data. The maximum dispersion of investment portfolio maximally enhances the stability of the equity portfolio return and reduces investment risks. An increase
of investment period of portfolio is associated with a decrease of stability of the equity portfolio return, and a maximum investment risk is induced by a worst investment period. In addition, we compare the probability density function, the variance
and loss rate of equity portfolio return from theoretical simulating results with that from ˆDJI data and find good agreement.
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