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Abstract- In this paper, a Probabilistic DC Load Flow based on 
Two-Point Estimation (T-PE) Method is proposed. Many PLF 
methods have been used to study load flow uncertainties. But the 
calculation time of these methods are considerable. The proposed 
method uses only two calculations of the deterministic load flow, 
to calculate the statistical moments of the load-flow solution. 
Therefore, the proposed method is faster than other methods. In 
this study, it is assumed that the probabilistic density function of 
bus injections, probability of lines outage and probability of unit 
outages can be estimated or measured. The proposed method has 
been applied to IEEE 14-bus and IEEE 30-bus test systems. The 
results indicate that the proposed method reduces the calculation 
time while maintaining sufficient accuracy. 

Index Terms- Branch outage, Cumulative Distribution 
Function (CDF), DC load flow, Generation Shift Factor(GSF), 
Statistical moment, T-PEM, Uncertainty, Unit outage. 

I.  INTRODUCTION 
n open access systems, the value of loads, generations and 
network topology are not deterministic variables. Therefore, 

the probabilistic load flow should be used to identify network 
conditions. 
    In long term transmission system expansion planning, main 
problem is finding proper location of transmission lines. So, 
probabilistic DC-load flow is used in more applications. Many 
PLF methods have been proposed to model load flow 
uncertainties. The Monte-Carlo simulation determines the 
Probabilistic Density Function (PDF) of the state vector and 
lines flow by repeating the deterministic load flow. The 
computation burden makes this process unattractive [1]. The 
convolution technique is another method to obtain the PDF of 
line flows [2-5]. In this method, input variables must be 
independent and the computation time is not suitable [6]. In 
[1], the power flow of lines calculated based on Cumulants 
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and Gram-Charlier (CG-C) method and compared with Monte 
Carlo method. The accuracy is very high and the same as 
Monte Carlo method. The result of this method is acceptable if 
uncertain parameters are independent. In addition, CG-C 
method can only be used to approximate the Cumulative 
Distribution Function (CDF) of random variable [2]. As a 
result, there is a need for a accurate method with relatively 
low calculations time.   
    In this paper, the probabilistic DC-load flow has been used 
based on T-PE Method. The method has been applied to  

IEEE14-bus and 30-bus test systems to show the 
effectiveness of the proposed. 

II. PROBABILISTIC DC- LOAD FLOW

    The load flow study computes the steady-state solution of 
the power system by using equations (1) and (2). 

)n.,V,.........,Vn,δ,.........(δifiP 11=    (1) 

                                          ).,,.........1,,........,1( nVVnigiQ δδ=  (2) 

    In PLF studies, the input variables Pi and Qi are defined by 
probabilistic density functions. It is preferable to apply linear 
approximation to equations (1) and (2), so that the state 
variables could be solved as a linear combination of input 
variables. In long term power system planning, the main 
problem is to locate transmission and generation facilities in 
the appropriate places and in time, to satisfy the customer's 
real power demand. Based on these considerations, this paper 
uses DC load flow in the formulation of PLF problems.  
    To determine a linear approximation of line flows as a 
function of input variables (load, generation and network 
topology), the following parameters should be determined.  
A. Generation Shift Factor 
Based on Wood and Wollenbergs method [7], the coefficient 
of the linear relationship between incremental flow on line j 
(connecting bus a to b) and injected active power of bus m 
called Generation Shift Factor (GSFj,m) and express by the 
following equation. 
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Where, xab is the reactance of the transmission line connecting 
bus a to bus b, Xam is the element on the a-th row and the m-th 
column of the bus reactance matrix, X. 
Therefore, the line j power flow from bus a to bus b (Pj), can 
be expressed by the following equation: 

∑=
m

mPmjGSFjP .,                                (4) 

B. Line Outage Shift Factor 
    The outage of line k can result in the power flow changes on 
line j, which can be written, as follows: 

 

kPkjLOSFkjP .,, =Δ                                                       (5) 

where, Pk  is the power flowing on the line k before its outage. 
    The LOSF is the value of redistribution that can be 
computed using the following equation [2]: 
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    Using equations (4) and (6), ∆Pj,k can be rewritten as 
follows: 

mP
m

mkGSFkjLOSFkjP .,.,, ∑=Δ                                     (7) 

C. Line Uncertainty Modeling 
   Using conditional probability model, the uncertainty of the 
line outage can be model by the following equation: 

klkl
k

jPnornor
jPjP ρρ .. ∑+≈                                      (8) 

where, Pj
nor is the power flow on the line j under normal 

condition. ρnor  is the  probability of the normal condition. Pj
lk  

is the power flow on the j-th transmission line when the outage 
happens on the k-th  line. Plk  is the line k-th outage 
probability. 
    Therefore an approximation of line flow, Pj considering 
network topology uncertainties can be expressed by the 
following equation: 

mP
m
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where, 

kl
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D. Unit Uncertainty Modeling 
   To model the unit outage in this paper, the binomial 
distribution has been used to determine its capacity, 
considering the outage probability of the unit. 
 

III. TWO- POINT-ESTIMATION (T-PE) METHOD 
    In the probabilistic load flow methods, in order to model the 
uncertainties of the injected power of generators, loads and the 
network topology, the probabilistic moment of the output 
variables should be determined. the Calculation time and its 
accuracy is very important. T-PE method is accurate and fast  
 
 

enough for the calculation of the probabilistic moment  of 
output variables [4]. 
    The T-PE method can be used to calculate the statistical 
moments of a random quantity which is a function of one or 
several random variables [4]. 
     In order to efficiently and accurately estimate the 
uncertainty involved in the load flow calculations, a T-PE 
probabilistic load flow algorithm similar to that presented in 
[4], is used in this paper. 
    Using equation (9), the power flow on the j-th line can be 
written as a function of input variables (generations and loads 
in all buses). 

 
 

),1,,,1( NDDNGGfjP ……=                                      (11)
 

  Let zi be the input variable with the probability density 
function  fzi. 

)2,,1,,,,,1( NzNzNzizzfjP ……… +=                      (12) 

 In the proposed method, two values of zi, i.e., zi,1  and zi,2, 
defined by the equation (13), have been used, to replace fzi by 
the first three moments of fzi [4]. 

zikizikiz σξμ ×+= ,,                                                    (13) 

where,  μzi is the mean and standard deviation of fzi, σzi  is the 
standard deviation of fzi and ξi,k is expressed by the following 
equations: 
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Where, λi,3 is the coefficient of skewness of zi which can be 
calculated, as follows: 
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    The value of the zi,1 and zi,2 are used to produce two 
estimates of the Pj,i. e.,  Pj(i,1) and Pj(i,2), as follows:  

))2(,,)1(,.,,1(),( NzNzkizzfkijP μμμ …… +=                      (16) 

  The equation (17) presents   wi,k, the weighting factor for the 
point 1 ( 1) (2 )( , , , , , , , , )x xN x N x Nxi kμ μ μ μ+… … …  and used to scale 
the estimates considering the skewness of the probability 
distribution of Pj . 

i
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where, 
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2
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The p-th moment of Pj can be determined by the proposed 
method based on the equation (19). 

288

 



 
The 4th International Power Engineering and Optimization Conf. (PEOCO2010), Shah Alam, Selangor, MALAYSIA:  23-24 June 2010 

∑
=

∑
=

×≅
m

i k

pkijPkiwp
jPE

1

2

1
)],([,)(                             (19)                                                          

Now, the standard deviation of the Pj can be calculated by the 
equation (20).  
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             (20)                                                                                 

The algorithm of the proposed method known as T-PE method 
is shown in Fig. 1. 

 
 

IV. Simulation Results 
    The proposed method has been applied to the IEEE 14-bus 
and 30-bus test systems.  
To use the proposed algorithm shown in Fig. 1. All loads are 
assumed to be normally distributed, their mean values are 
equal to the base case bus loads and their standard deviations 
are equal to 10% of their mean values. To model generation 
uncertainties, the Forced Outage Rate (FOR) of each 
generation units are set to 0.1. The capacity can be determined 
by using the binomial distribution. To model transmission 
uncertainties, FORs of each lines are set to 0.2%. 
 

A.  IEEE 14-bus 
To estimate the mean and standard deviation of power flows 
on the transmission lines, these methods have been compared 
in this paper. Table I and II list the results of estimation of these 
parameters by using Monte-Carlo, CG-C and the proposed 
method known as T-PE method. 
 Monte Carlo simulation should repeat the process of 
deterministic load flow in each simulation.  The number of 
trial using in this method is set to 5000. 
    In CG-C method [1], 6 orders for the approximation of the 
CDF have been used. This method have been compared wit 
Monte-Carlo simulation in [2]. 
In this paper, the results have been compared with Monte-
Carlo simulation and CG-C methods. Considering the Tables I 
and II, it can be said that the proposed method has a enough 
accuracy. For some cases, the T-PE solution is near to the 
Monte-Carlo simulation and in some other cases CG-C 
solution is near to the Monte Carlo simulation.   
    to compare the accuracy of the purposed method with CG-C 
method, Average Root Mean Square (ARMS) error is 
computed by using 5000 iteration results of the Monte Carlo 
method. ARMS is expressed by the following equation: 

N

N

i
iMCiCG

ARMS
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                                       (21) 

Where, CGi  is the i-th point value on the cumulative  
 
distribution curve calculated by using the CG-C and T-PE 
methods, MCi  is the i-th point value on the cumulative 
distribution curve calculated by using the Monte-Carlo method 
and N  is the number of points. 

     Table III gives ARMS parameter calculation for both 
methods. In the case of approximation by CG-C method. the 
results are better than the proposed method. 
B. IEEE 30-bus 
    Fig. 1 and 2, indicate the CDF of the line power flow 
between buses 1 and 2 and buses 21 and 22. Comparing these 
figures with the result of CG-C method and Monte-Carlo 
method, presented in [2], it can be said that the proposed 
method has enough accuracy to estimate CDF. 
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Fig. 1.The proposed method 
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TABLE I 
MEAN OF POWER FLOW ON IMPORTANT LINES 

 
 Monte-Carlo CG-C T-PE 

Line 2-3 70.83 73.01 72.624
Line 4-7 24.43 30.91 30.062
Line 2-4 52.914 57.396 57.015
Line 2-5 38.394 42.393 41.862
Line 3-4 27.261 25.123 25.343
Line 4-5 62.604 64.840 65.432
Line 4-7 24.460 30.077 30.062
Line 4-9 14.099 17.337 17.329
Line 5-6 37.172 43.775 43.815
Line 1-5 69.265 74.129 75.289

 
 
 
 

TABLE II 
 STANDARD DEVIATION OF POWER FLOW ON IMPORTANT LINES 

 
 Monte-Carlo CG-C T-PE 

Line 2-3 5.266 5.300 6.356 
Line 4-7 1.510 1.620 1.129 
Line 2-4 2.358 2.392 1.327 
Line 2-5 1.521 1.529 1.796 
Line 3-4 4.657 4.683 4.658 
Line 4-5 4.005 4.021 4.090 
Line 4-7 1.510 1.620 1.558 
Line 4-9 0.871 0.933 0.776 
Line 5-6 1.561 1.703 1.603 
Line 1-5 3.304 3.290 3.752 

 
 
 
 

TABLE III 
ARMS FOR LINE 1-2 

 
T-PE CG-C(6th)   

44%. .39% ARMS 
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Fig. 2. Cumulative Distribution Curve of Line 1-2 

 
 

 
 
 

 
 
 

0 1 2 3 4 5 6 7 8 9 10
0.9991

0.9992

0.9993

0.9994

0.9995

0.9996

0.9997

0.9998

0.9999

1

line flow (MW)

Pr
ob

ab
lit

y

CDF curve of of line 21-22

 
Fig.  3. Cumulative Distribution Curve of Line 21- 22 
 
Table IV lists the calculation time used by different methods. 
All calculations are carried out on a Pentium IV 3.2-GHz PC, 
by using a program developed in MatLab. It can be seen that 
T-PE method is faster than other methods. 

 
 

TABLE IV 
CALCULATION TIME OF METHODS 

 
 

T-PE 

 

CG-C (6th)  

 

Monte-Carlo 
(5000 trial) 

  
 

1.54S 2.34S 6.54S IEEE-14buses  

3.06S 4.73S 16.97S IEEEE-30buses 

 

V.  CONCLUSION 

In this paper, to decrease the calculation time of the 
probabilistic load flow with considering of unit and branch 
outage, the Two Point Estimation (T-PE) has been proposed. 
in this method, uncertainties of generations, loads and network 
topology have been modeled in the injected power of buses. 
Then, the line power flows can be determined as a function of 
the injected powers. To study the proposed method, it has 
been applied to test system. The results have been compared 
with Monte-Carlo and CG-C method. it is shown that this 
method is accurate enough and it is faster than other methods.  
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