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Abstract—During system restoration, it is critical to utilize the
available black-start (BS) units to provide cranking power to
non-black-start (NBS) units in such a way that the overall system
generation capability will be maximized. The corresponding
optimization problem is combinatorial with complex practical
constraints that can vary with time. This paper provides a new
formulation of generator start-up sequencing as a mixed integer
linear programming (MILP) problem. The linear formulation
leads to an optimal solution to this important problem that clearly
outperforms heuristic or enumerative techniques in quality of so-
lutions or computational speed. The proposed generator start-up
strategy is intended to provide an initial starting sequence of all
BS or NBS units. The method can provide updates on the system
MW generation capability as the restoration process progresses.
The IEEE 39-Bus system, American Electric Power (AEP), and
Entergy test cases are used for validation of the generation ca-
pability optimization. Simulation results demonstrate that the
proposed MILP-based generator start-up sequencing algorithm is
highly efficient.

Index Terms—Generation capability, global optimization, mixed
integer linear programming, power system restoration.

I. INTRODUCTION

S YSTEM restoration following a blackout is one of the most
important tasks for power system planning and operation.

The restoration process returns the system back to a normal op-
erating condition following an outage of the system. Dispatchers
are guided by restoration plans prepared offline while they as-
sess system conditions, start BS units, establish the transmission
paths to crank NBS generating units, pick up the necessary loads
to stabilize the power system, and synchronize the electrical is-
lands [1], [2]. Power system restoration is a complex problem
involving a large number of generation, transmission and distri-
bution, and load constraints [3]. In [4], the restoration process
is divided into three stages: preparation, system restoration, and
load restoration. Nevertheless, one common thread linking these
stages is the generation availability at each stage [5].
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North American Electric Reliability Corporation (NERC)
is in the process of revising the System Restoration and
Blackstart standards to enhance reliability for the intercon-
nected North American power systems. The revised standards
EOP-005-2-System Restoration from Blackstart Resources [6]
and EOP-006-2-System Restoration Coordination [7] proposed
a new definition of blackstart resource and identified require-
ments for Transmission Operators (TOP), Generator Operators
(GOP), and Reliability Coordinators (RC). These two standards
require each TOP to have a restoration plan approved by its
RC and each GOP has a blackstart procedure, together with a
training program for their blackstart unit operators and black-
start testing requirements of its TOP [8]. Therefore, dispatchers
must be able to identify the available blackstart capabilities
and use the blackstart power strategically so that the generation
capability can be maximized during the system restoration
period. This requirement originates from the concept of gen-
eration dispatch scenario (GDS), which was first proposed in
[9] and then further investigated in an EPRI project [3] using a
knowledge-based system (KBS) approach.

Power system dispatchers are likely to face extreme emergen-
cies threatening the system stability [10]. They need to be aware
of the situation and adapt to the changing system conditions
during system restoration. Therefore, utilities in the NERC Reli-
ability Council regions conduct system restoration drills to train
dispatchers in restoring the system following a possible major
disturbance. There are simulation-based training tools; for ex-
ample, EPRI-OTS and PowerSimulator offer training on system
restoration for control center dispatchers. However, practically
no system restoration decision support tool has been widely
adopted in an online operational environment of the bulk trans-
mission systems. Decision support tools have been developed
and implemented in the distribution system level [11]–[13].

The system restoration problem can be formulated as
a multi-objective and multi-stage nonlinear constrained opti-
mization problem [14]. The combinatorial nature of the problem
presents challenges to dispatchers and makes it difficult to apply
restoration plan system-wide. To better support the dispatchers
in the decision-making process, several approaches and analyt-
ical tools have been proposed for system restoration strategies.
Heuristic methods [15] and mathematical programming [14]
are used to solve this optimization problem. However, either
the optimality of the solution cannot be guaranteed or the com-
plexity affects the effectiveness of the restoration procedures
for large-scale systems. KBSs [16]–[19] have been developed
to integrate both dispatchers’ knowledge and computational
algorithms for system analysis. However, KBSs require special
software tools and, furthermore, the maintenance of large-scale
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Fig. 1. Power system restoration strategy.

knowledge bases is a difficult task. The technique of artificial
neural networks [20] has been proposed for system restoration.
Reference [21] reports a new method for blackstart service
annual selection analysis; however, the heuristic nature of the
approach does not assure global optimality.

In a related paper [5] that reports preliminary results of
this project, a proposed method is used to solve the generator
start-up sequencing problem that only achieves optimality
for each time step. This paper proposes a new algorithm that
formulates this optimization problem as an MILP problem. The
result is a linear formulation that leads to an optimal solution.
Moreover, an optimal generator start-up strategy is proposed
to provide an initial starting sequence of all generators and
also updates the generation capability as system restoration
progresses. The developed algorithm can adapt to changing
system conditions and can be used to provide guidance to
dispatchers in the operational environment.

II. SYSTEM RESTORATION PROCEDURE

A comprehensive strategy to facilitate system restoration is
to develop computational modules for the generation, trans-
mission, and distribution subsystems. The primary modules
in Fig. 1 are generation capability maximization, transmission
path search, and constraint checking. The focus of this paper
is on the module for generation capability optimization. Other
modules are developed by team members in the same PSERC
project [22]. Identification of generator start-up sequence in
order to maximize the MW generation capability is a complex
combinatorial problem. The quality of solution depends on
available blackstart capabilities, transmission paths, and tech-
nical and nontechnical constraints.

The modules shown in Fig. 1 are not separate from each
other. Rather, they interact with each other to develop a fea-
sible plan that incorporates generation, transmission, distribu-
tion, and load constraints. For example, the Generation Capa-
bility Optimization Module is used to calculate a starting se-
quence of generating units. Then the Transmission Path Search
Module is needed to identify the paths for implementation of
the cranking sequence. If a path is not available, say, due to a
fault on a line, the Generation Capability Optimization Module
will determine a new cranking sequence so that the unit can be
cranked with other units that are available to provide cranking
power through other paths.

Fig. 2. Generation capability curve.

III. MAXIMIZING GENERATION CAPABILITY

DURING SYSTEM RESTORATION

A. Generator Characteristic and Constraints

According to the start-up power requirement, generating
units can be divided into two groups: BS generators and NBS
generators. A BS generator, e.g., hydro or combustion turbine
units, can be started with its own resources, while NBS genera-
tors, such as steam turbine units, require cranking power from
outside.

Objective Function: The objective is to maximize the overall
system MW generation capability during a specified system
restoration period. The system generation capability is defined
as the sum of MW generation capabilities over all units in the
power system minus the start-up power requirements.

Constraints: NBS generators may have different physical
characteristics and requirements. The terms, “critical maximum
time interval,” and “critical minimum time interval,” have
been used in [3]. If an NBS unit does not start within the
corresponding critical maximum time interval , the unit
will become unavailable after a considerable time delay. On the
other hand, an NBS unit with the critical minimum time interval
constraint is not ready to receive cranking power until
after this time interval. Moreover, all NBS generators have their
start-up power requirements. These units can only be started
when the system can supply sufficient start-up power .
Based on these definitions, the generator start-up sequencing
problem can be formulated as

The solution to this optimization problem will provide the op-
timal starting sequence for all BS and NBS units. The MW ca-
pability of a BS or NBS generator is illustrated in Fig. 2.
The area between its generation capability curve and the hori-
zontal axis represents the total MW capability over the duration
of a system restoration period. In Fig. 2, is maximum
MW output of generator , is starting time of generator
, is cranking time for generator to begin to ramp up and

parallel with system, is the ramping rate of generator , and
is the specified system restoration period.
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Normally, the cranking power for an NBS unit comes from
a BS unit nearby. Then this limited BS resource can be treated
as blackstart MW capability. In an unusual case, the BS units
can be used to support NBS units further away. The proposed
method can handle both scenarios. The available blackstart MW
capability can be added to the constraint of MW Startup Require-
ment as a source for cranking power. The proposed strategy will
then provide the starting sequence for the NBS units. By use
of the shortest path search algorithm for transmission paths in
the proposed method, an NBS unit will have priority to receive
cranking power from the BS unit(s) nearby. The system con-
dition in a blackout scenario may deviate from the assumption
in the System Restoration Black Start Plan, say, due to unavail-
ability of the nearby BS units. Therefore, the actual cranking
unit and its switching sequence may be different.

It is assumed that all available BS generators can be started
at the beginning of system restoration. (Theoretically, all BS
units can be started after the recognition of the system situation.
In reality, however, it depends on the actual system situation,
such as fuel availability of the blackstart unit, success of load
rejection of the Automatic Load Rejection units, and availability
of the cranking path.) A different starting time of a blackstart
unit can be incorporated in the proposed method by changing
the starting time of the generation capability curve in Fig. 1.

B. Optimal Generator Start-Up Strategy

In the above formulation, a complete shutdown of the power
system is assumed. It is also assumed that each generator can
be started and the cranking power can be delivered through the
transmission network. During system restoration, it is likely that
some BS, NBS units, or transmission paths become unavailable
due to, say, line faults or fuel problems. The following modifi-
cations have been incorporated into the proposed algorithm so
that the proposed decision support tool can adapt to the actual
system conditions.

Critical generators: If there is a critical generator that has
to be started first, then the following constraint is added to
ensure that unit has the earliest starting time, i.e.,

(1)

where is the number of NBS units.
Generator cuts: If a generator cannot be started due to the
lack of cranking power, the algorithm will remove the gen-
erator and calculate a new start-up sequence. If there is
a feasible solution, the one that results in the maximum
generation capability among all possible combinations
will be chosen. Otherwise, the algorithm will remove more
generators, until feasible solutions are found. The number
of total iterations is , where is the number
of NBS generators that cannot be started.
No available transmission paths: Suppose that transmission
paths are not available to deliver cranking power to start
some NBS generator . However, after another unit
is started, the system will have cranking power to start .
In this case, the following constraint is added and the op-
timization problem is solved again to find the new optimal
starting sequence:

(2)

Partial blackstart: If at the beginning of system restoration,
the system has some power sources available, then this part
of already existed power can be added to the con-
straint of MW Startup Requirement as a source for cranking
power.

Voltage and reactive power have to be carefully considered
during the development of System Restoration Black Start Plan
and the execution of a blackstart switching sequence. Voltage
constraint at system and plant should be within the required
range, e.g., 95%–105% or 90%–105% depending on the re-
quirement of different systems. Factors related to voltage and
reactive power need to be incorporated, such as real and reac-
tive capability of generating units, line charging including un-
derground cable charging, shunt capacitor and shunt reactor,
and startup of large motors. In the proposed restoration proce-
dure, the reactive power control and constraint checking are per-
formed by the Constraint Checking Module in Fig. 1. If any vi-
olation occurs, the corresponding constraint will be added and
Generation Capability Optimization Module will be used to cal-
culate a revised solution.

IV. TRANSFORMATION OF THE OPTIMIZATION PROBLEM

A. Objective Function

The objective is to maximize the generation capability during
the restoration period. The system generation capability is
the total system MW capability minus the start-up requirements
[3], given by

(3)

where is MW capability of generator , is start-up
requirement of NBS generator , and is the total number of
generation units.

B. Constraints

Critical minimum and maximum intervals

(4)

Start-up power requirement constraints

(5)

where is the generation capability function of unit
, and is the start-up power function of NBS unit
.

The above formulation leads to a nonlinear combinatorial op-
timization problem. The proposed formulation of a mixed in-
teger linear programming problem relies on a four-step trans-
formation to be described in the following.

Step 1: Introduce binary decision variables and
linear decision variables to define generator capa-
bility function (piecewise linear function) in linear
and quadratic forms.

The point ( , where generator begins to ramp
up, and point , where gen-
erator reaches its maximum generation capability, separate the
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Fig. 3. Generation capability function.

Fig. 4. Generator start-up power function.

curve into three segments. The symbols represent the
three segments, and restrict these three variables within
the corresponding range.

Then the MW capability of each generator , over the
system restoration horizon, is represented by the shaded area in
Fig. 3, i.e.,

(6)

Step 2: Introduce binary decision variables and linear de-
cision variables to define generator start-up power func-
tion (step function) in linear and quadratic forms.

The point , where NBS generator receives the
cranking power for start-up, separates the curve into two seg-
ments. The symbols represent the segments and
restricts these variables within the corresponding range.

Then the start-up requirement for each NBS generator
is represented by the shaded area in Fig. 4. That is,

(7)

Using (6) and (7), (3) can be simplified as follows:

(8)

The above equation shows that system generation capability
consists of two components. The first component (in braces) is
constant, and the second component is a function of decision
variable . Note that BS units are assumed to be started

at the beginning of system restoration. Their starting times are
zero. Therefore, the first summation of the second component
in (8) can be reduced from to . Based on the observation,
the objective function can be simplified as

(9)

In the equations derived in Steps 1 and 2, the quadratic com-
ponent has the same structure, i.e., a product of one binary de-
cision variable and one integer decision variable.

Step 3: Introduce new binary variables to transform the
quadratic component into the product of two binary variables:

(10)
where is the status of NBS generator at each time slot.
The value means generator is on at time , and

means generator is off. The symbol satisfies the
following constraints:

(11)

Each NBS generator’ starting time is the total number of its
off-state plus one, which is denoted by the first equality of (11).
Moreover, it is assumed that once a generator is started, it will
not be taken offline, as shown by the second inequality above.

Step 4: Introduce new binary variables, , , and ,
to transform the product of two binary variables into one binary
variable:

(12)

It can be seen that , , and satisfy the following
constraints:

(13)

By taking the four steps, generator capability function
can be written as

(14)

subject to the following constraints:

(15)
where , ,

, , ,
.
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Inequality constraints (15) restrict each segment within the
corresponding range of the piecewise linear function .
The generator start-up power function can be ex-
pressed as

(16)

subject to the following constraints:

(17)

Inequality constraints (17) restrict each segment within the
corresponding range of the step function .

Then (5) can be simplified as

(18)
Finally, the problem is transformed into a mixed integer linear

programming problem. The optimal starting sequence for all
generators is obtained by solving

The proposed method leads to global optimality for the for-
mulated generator start-up optimization problem. Although the
globally optimality is true in a mathematical sense, it should be
cautioned that when the developed module incorporates more
constraints from other modules in Fig. 1, the global optimality
will be compromised.

Generation Capability Optimization Module provides an ini-
tial starting sequence of all BS and NBS units. The feasibility
of the sequence needs to be checked to ensure that transmis-
sion paths are available and various constraints are met. This
is achieved through interactions with Transmission Path Search
and Constraint Checking Modules, as shown in Fig. 1. If a unit
in the starting sequence cannot be started, say, due to the lack of
a transmission path, the subsequence following that unit needs
to be re-calculated by the Generation Capability Optimization
Module. Also, the restoration process depends on switching of
lines, busbars, and load. The time to take each action depends on
the actual scenario. These times must be added to the generation
start-up times in order to obtain an estimate of the restoration
time. When there is a transmission violation, the corresponding
capacity constraint will be added by Generation Capability Op-
timization Module so that the starting time of the generator in
the previous step will be delayed until after the planned starting.

Fig. 5. Enumerative algorithm.

Fig. 6. Dynamic programming.

Specific transmission constraint checking will be accomplished
in Transmission Path Search Module.

V. OTHER METHODS

For comparison, other methods are mentioned here. Brief de-
scriptions of these methods are given here while the perfor-
mance comparison is given in the section on numerical results.

Enumerative Algorithm [15]: The optimal starting sequence
is chosen from the combination of all possible starting se-
quences, as shown in Fig. 5. This algorithm leads to accurate
solutions and it ensures that the global optimality. However, the
exhaustive search is highly demanding in computational time
and therefore it is not practical for large-scale power systems.

Dynamic Programming [23]: The system restoration
problem is discretized by time intervals. Each time interval
is represented by one state, as shown in Fig. 6. Each state is
composed of all possible generators that are ready to be started.
The optimal path is determined by scanning through all time
intervals. The computational time is prohibitive for a realistic
power system.

Two-Step Algorithm [5]: This method was developed by the
authors of this paper prior to the development of the MILP for-
mulation. For each unit, the generation capability curve has two
segments: one segment from the origin to the corner
point where the generator begins to ramp up, and the other seg-
ment from the corner point to the point when all genera-
tors have been started, as shown in Fig. 7.

The first step is to solve the optimization problem with all
generators using the first segment of generation capability. As
soon as a generator reaches its maximum capability, the repre-
sentation of its generation capability is changed to the second
segment. Then solve the problem step by step until all genera-
tors have been started. By the “quasiconcave” property of the
generation ramping curves, the generator start-up sequencing
problem is formulated as a mixed integer quadratically con-
strained programming (MIQCP) problem. By this method, opti-
mality is achieved only for each time interval. There is no guar-
antee of the global optimality.
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Fig. 7. Two-step algorithm.

TABLE I
DATA OF IEEE 39-BUS SYSTEM

TABLE II
GENERATOR STARTING TIMES

VI. NUMERICAL RESULTS

A. Case of IEEE 39-Bus System

The IEEE 39-Bus system [24] is used for illustration of the
Generation Capability Optimization Module and its interaction
with transmission path search and constraint checking.

There are ten generators and 39 buses. The generator infor-
mation is given in Table I. The scenario of a complete shutdown
is assumed. Unit G10 is a black-start unit (BSU) while G1–G9
are non-black-start units (NBSUs). The restoration actions are
checked and updated every 10 min.

Stage 1: The proposed Generation Capability Optimization
Module is used to calculate the optimal starting times for all
NBS generation units. The results are shown in Table II.

Stage 2: The following times in Table III to complete restora-
tive actions are considered in the search for transmission paths
[16]. Note that these actions are needed to establish a transmis-
sion path.

Stage 2.1: Start BSU BSU G10 is connected to system at
.

Stage 2.2: Provide cranking power to start NBSU To
demonstrate the capability of Generation Capability Opti-
mization Module, an algorithm for Transmission Path Search

TABLE III
TIME TO COMPLETE RESTORATIVE ACTIONS

Various switching times need to be incorporated in order to estimate the
total restoration time.

TABLE IV
TRANSMISSION PATHS

is developed, which is able to find the shortest path between
two busbars with the minimum number of operations of circuit
breakers (CBs). Open CBs connected to energized busbars are
candidates. By the availability check, other busbars connected
to these candidate CBs are chosen as available busbars. Then it
is decided, by feasibility check, whether or not to close these
candidate CBs to energize or synchronize available busbars
from energized busbars. Repeat these two checks until all
busbars are energized.

Table IV shows the transmission paths for the available gen-
erators to provide cranking power to NBSUs. A transmission
path over which G10 provides cranking power to G2 is shown
in Fig. 8. All other transmission paths in Table IV can be traced
in Fig. 8.

If there is not enough cranking power at the planned starting
time, the corresponding constraint is added and the Genera-
tion Capability Optimization Module is used to calculate a new
start-up sequence.

1) At , G3 and G6 are to be started. However,
there is no sufficient cranking power since it takes time to ener-
gize buses to deliver cranking power. Then, the shortest path for
BSU to provide cranking power to NBSU is from G10 to G8,
which needs 15 min more to energize buses along the transmis-
sion path. Therefore, there will not be available cranking power
for any NBSU before . The following constraint
is added:

(19)

Generation Capability Optimization Module is used to calcu-
late a new start-up sequence, which is given in Table V.

2) At , G1, G2, G3, G5, G6, G8, and G9 are to
be started. Due to the time delay in energizing buses along the
transmission path, there is only cranking power delivered to G8
at this time. All other NBSUs have to wait until the cranking
power is received, which means that they can only be started
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Fig. 8. IEEE 39-bus system topology with one optimal transmission path.

TABLE V
UPDATED GENERATOR STARTING TIMES

TABLE VI
UPDATED GENERATOR STARTING TIMES

TABLE VII
UPDATED GENERATOR STARTING TIMES

after . Then (19) can be replaced by the following
constraints:

(20)

Constraint (20) is added to the optimization problem and Gen-
eration Capability Optimization Module is used to calculate a
new start-up sequence, which is given in Table VI.

3) At , G1, G2, G3, G5, G6, G7, and G9 are
to be started, and BSU G10 is the only available power source
to provide cranking power. Due to the limited cranking power,
only G1 and G9 can be started. Then (20) is replaced by

(21)

Constraints in (21) are added and Generation Capability Opti-
mization Module is used to calculate a new start-up sequence.
The results are in Table VII.

4) At , G2, G3, G5, G6, and G7 are to be
started, and BSU G10 is able to provide a sufficient amount of

TABLE VIII
ACTIONS PROVIDED BY CONSTRAINT CHECKING

TABLE IX
ACTIONS TO RESTORE ENTIRE POWER SYSTEM

cranking power. They can all be started, and finally, G4 will be
started at .

Stage 2.3: Build the system skeleton by utilizing transmission
path search.

Stage 3: Based on the steady state analysis and power flow
calculation tools, Constraint Checking is performed with the
following two functions: pick up load according to generation
capability to maintain system frequency and balance reactive
power to control bus voltage and branch MVA.

Table VIII provides the updated actions after constraint
checking. By the cooperation of the generation capability max-
imization together with constraint checking and transmission
path search, the entire system is restored.

Table IX shows the actions to restore the entire power system
back to normal state at each time slot. Fig. 9 shows the com-
parison of system generation capability curves by incorporating
different techniques, where the time per unit is 10 min (same as
following figures).

B. Case of AEP System

According to the AEP system restoration plan, generating
units that have successfully rejected all but auxiliary load should
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Fig. 9. Comparison of generation capability curves by using different modules.

TABLE X
GENERATOR STARTING TIMES

be in a state of readiness to provide start-up power to other units.
It is vital to quickly restart these generators based on the restora-
tion steps to pick up (cold) load or to parallel with a restored por-
tion of the system. Therefore, the proposed algorithm is used to
find the optimal starting sequence of subcritical units that should
be capable of load rejection. The scenario of a total blackout is
hypothesized for the AEP system. With 37.2 s of computational
time, Generation Capability Optimization Module provides the
optimal solution given in Table X. Fig. 10 provides the system
generation capability curve over a period of 10 h.

The developed module is able to quickly provide the initial
starting sequence of all generating units. The AEP generation
system can be restored efficiently with the maximum system
generation capability.

C. Case of Western Entergy Region

A weather-related outage occurred in the Western Region of
the Entergy System in June 2005: four generators were tripped
offline. It is assumed that the four generators were ready to be
started and synchronized, and that there was blackstart power
from outside to start 1 generator. Table XI provides the assumed
data for the four generators.

Fig. 10. Generation capability curve.

TABLE XI
DATA OF FOUR GENERATORS

TABLE XII
GENERATOR STARTING TIMES

Fig. 11. Generation capability curve.

With a computational time of 1.32 s, Generation Capa-
bility Optimization Module provides the optimal solution in
Table XII. Fig. 11 provides the system generation capability
curve. The generation system is successfully restored in 8 h.
The fast starting time of all generating units facilitates the
restoration tasks to return the Western Entergy Region to a
normal operating condition.
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TABLE XIII
PERFORMANCE FOR DIFFERENT TEST CASES

TABLE XIV
COMPARISON WITH OTHER METHODS

D. Performance Analysis of MILP Method

From the simulation results, as shown in Table XIII, it is seen
that the computational time is within the practical range for
both system restoration planning and online decision support
environments.

E. Comparison With Other Methods

Table XIV gives the computational time for the proposed
MILP method and other available techniques. The tools are used
to determine the generator starting times for the IEEE 39-Bus
system. The enumerative algorithm [15] searches from the com-
bination of all possible starting times. Although global opti-
mality can be achieved by searching all possibilities, the ex-
tremely high computation burden prevents its application in re-
ality. By breaking the entire problem into stages, dynamic pro-
gramming [22] tries to find the optimal path connecting each
state. However, the complexity affects the effectiveness of the
restoration procedures for large-scale systems. Two-Step algo-
rithm [5] solves the problem for discretized times with opti-
mality guaranteed at each step; however, MIQCP method cannot
guarantee the global optimality due to the quadratic components
that exist in both objective function and constraints. The MILP
method proposed in this paper is able to obtain the optimal so-
lution in an efficient way.

VII. CONCLUSION

This paper proposed an optimal generator startup strategy
for bulk power system restoration following a blackout. Using
the proposed transformation techniques on the nonlinear gen-
eration capability curves, a mixed integer linear programming
model is developed. The numerical results demonstrate the ac-
curacy of the models and computational efficiency of the MILP
algorithm. More practical constraints need to be incorporated,
such as switching transients, generating station voltage limits,
and generator transient stability limits. In the future work, the
under-excitation capability of generators, load rejection, and
low-frequency isolation scheme should also be incorporated. It

can be accomplished by integrating the developed module with
power system simulation software tools. To provide an adap-
tive decision support tool for power system restoration, the data
and implementation issues for an online operational environ-
ment need to be investigated in the future.
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