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Abstract—Deploying shunt capacitor banks in distribution sys-
tems can effectively reduce the power loss and provide additional
benefits for system operation. In practice, the power loss on dis-
tribution transformers can account for a considerable portion of
the overall loss. This paper proposes a method for optimal place-
ment of capacitor banks to the distribution transformers to re-
duce power loss. The capacitor bank locations are considered at
the low-side of transformers. The net present value (NPV) criterion
is adopted to evaluate the cost benefit of the capacitor installation
project. First, an explicit formula for directly calculating the power
loss of radial distribution systems is derived. Then, the optimal
capacitor bank placement is formulated as a mixed-integer pro-
gramming (MIP) model maximizing the NPV of the project sub-
ject to certain constraints. Themodel is suitable for being solved by
commercial MIP packages, and the operational control of the ca-
pacitor banks to maximize the power loss reduction can be simply
achieved by local automatic switching according to VAR measure-
ments. The proposed method has been practically applied in the
Macau distribution system, and the simulation results show that
the proposed method is computationally efficient, and a consider-
able positive NPV can be obtained from the optimal capacitor bank
placement.

Index Terms—Capacitor placement, distribution transformer
(TR), mixed-integer programming (MIP), net present value
(NPV), radial distribution system.
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Annual saving due to capacitor installation ($).

Net annual profit ($).

Annual loss cost before capacitor installation ($).

Annual loss cost after capacitor installation ($).

Discount rate (%/year).
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Power loss factor.

Current magnitude that circulate through the line
(A).

Real component of current (A).

Reactive component of current (A).

Initial investment outlay of cash ($).

capacitor installation cost ($).

Energy cost ($/kWh).

Capacitor installation cost for each TR ($)

Purchase cost of capacitor per unit size ($)

Annual O&M cost of capacitor banks for each
TR ($).

Load growth rate.

Number of the capacitor modules in a capacitor
bank (integer decision variable).

Total number of TRs in the network.

O&M Operation and maintenance.

Annual operation and maintenance cost of year
($).

PC Capacitor purchase cost ($).

Energy cost growth rate.

Real power demand at TR (kW).

Power loss (kW).

Power loss at TR (kW).

Power loss at line section (kW).

Power loss caused by real current (kW).

Power loss caused by reactive current (kW).

Average power loss (kW).

Power loss at peak load (kW).

Capacitor capacity of per unit size (kvar).

Total reactive powers flowing out of node (kvar).

Reactive power demand at TR (kvar).
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Resistance of TR .

Resistance of line section between node and
.

Year.

Project’s expected life (year).

Distribution transformer.

Voltage magnitude of high side of TR (V).

Voltage magnitude of low side of TR (V).

Binary decision variable (0, 1), indicating whether
to install a capacitor bank at TR .

Power factor angle (degree).

$ Dollar (per unit value).

I. INTRODUCTION

T HE operation of a power distribution system is inevitably
accompanied with power loss due to the Joule effect. This
loss can be very large since it occurs throughout the con-

ductors of the distribution system; as indicated in [1], it can ac-
count for 13% of the total power generation. Therefore, there
have been strong incentives for utilities to try to reduce the
power loss.
To reduce the loss in a distribution system, one approach

is to shorten the overall network resistant path that the current
is passing through. This can be achieved by altering the net-
work topology, known as reconfiguration [2]. The second ap-
proach, on the other hand, is to reduce the branch current that
comes from root buses to customers, as a common practice.
This can be achieved by deploying shunt capacitor banks in the
network to compensate a portion of reactive power demand of
the loads [6]–[17]. In addition to saving power loss, capacitor
installations can offer additional benefits, such as improving
voltage profile, releasing network capacity, and providing re-
active power reserve. This paper focuses on optimal capacitor
placement in distribution networks for the interest of power loss
reduction.
From a mathematical perspective, the optimal capacitor

placement is a mixed-integer programming (MIP) problem,
where capacitor location and size are to be optimized. In terms
of objective function, most of the literature minimizes the total
cost of capacitor installations minus the energy loss savings
[6]–[13]; in the meantime, some proposals consider multiple
objectives to account for voltage violations [14]. However,
very few works appraise the investment project on a more
realistic cost-benefit assessment basis. In terms of solution al-
gorithms, heuristic search [6], Benders decomposition [7], [8],
specifically tailored numerical programming techniques [9],
genetic algorithms (GAs) [10], [11], [14], modified differential
evolution (DE) algorithm [12], tabu search [13], and fuzzy
expert systems [16] have been reported to solve the problem
with success of varying degree. In addition, some works with
more realistic problem modeling have also been reported, such

as considering unbalanced system [9], harmonics [15], and
uncertain and varying load [11]. A comprehensive review and
discussion on previous works could be found in [14] and [17].
However, it is observed that while most of previous works

consider only the power loss on line sections, very few system-
atically takes into account the loss on distribution transformers
(TRs) in placing the capacitors. In fact, the power loss on the
TRs makes up an appreciable portion of a utility’s overall loss.
According to [3], the TRs account for 26% of transmission and
distribution losses and 41% of distribution and subtransmission
losses [4]. In [5], it was estimated that the TRs occupy 55% of
total distribution losses.
The power loss on a TR consists of load loss and no-load

loss. Load loss corresponds to the loss, while no-load loss
is caused by the eddy current and hysteresis occurring at the core
material of the transformer. In this paper, only load loss is con-
sidered since no-load loss mainly depends on the manufacturing
and materials. To reduce the load loss of a TR, one has to reduce
the current passing through its windings. By installing capacitor
banks at the low-side of the TR, a portion of the reactive power
demand can be directly compensated, thereby reducing the cur-
rent. In addition to reducing the TR loss, the decreased current
passing through the TR windings can also reduce the overall
power loss of the distribution network since it can diminish the
branch current coming from the root bus. In this sense, the in-
stallation of capacitor banks to TRs can be viewed as a particular
case of the general capacitor placement problem, but it can pro-
vide additional advantages, which are given here.
• It can effectively free up a large portion of capacity of
the distribution system, especially the TRs. Hence, utilities
can choose TRs of smaller size, incidentally decreasing the
nonload loss (in general, the larger capacity of a TR, the
larger nonload loss it can produce [3]).

• It can significantly simplify the operational control of the
capacitor banks. For example, the control can be local au-
tomatic switching of taps according to the varying reactive
power load, which is highly preferred from an engineering
application perspective.

• It can provide local voltage boost to customer loads, which
can cancel part of the drop caused by the varying loads.

• It will also be shown in this paper that the problem can
be formulated as an explicit mixed-integer quadratic pro-
gramming (MIQP) model without much assumption and
approximation and suitable for being solved by commer-
cial MIP packages.

In this paper, a method for optimal placement of capacitor
bank to TRs in radial distribution networks for power loss re-
duction is proposed. To realistically appraise the cost benefit of
the capacitor installation project, the net present value (NPV)
criterion is applied. The objective is to maximize the NPV of
the capacitor installation project considering the energy-saving
benefits and various costs (capacitor purchase and installation
cost and operating and maintenance cost) over the project life-
cycle. Capacitor banks locations are considered at the low-side
of the transformers to directly compensate the reactive power
demand of the customer load. Based on an explicit formula to
directly calculate the power loss of radial distribution systems,
the optimal capacitor bank placement is formulated as a MIQP
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Fig. 1. Electrical equivalent model of a TR.

model, which can be readily solved by high-performance com-
mercial MIP packages such as CPLEX.1 and GUROBI2 The
voltage constraint is satisfied through an iterative process. The
proposed methodology has been applied in the Macau distribu-
tion system, and simulation results have demonstrated its effec-
tiveness.
The remainder of this paper is organized as follows. Section II

presents a formula for directly calculating the power loss in ra-
dial networks. Section III introduces the NPV criterion for ap-
praising the cost benefit of the project. Section IV presents the
mathematical model and its solution process. Section V presents
a practical operational control strategy of the capacitor banks.
Section VI presents the simulation results. Section VII con-
cludes the whole paper.

II. DIRECT CALCULATION OF POWER LOSS
IN RADIAL NETWORKS

A TR can be electrically modeled as Fig. 1, where is the
current passing through the TR, and are resistance and
reactance of the TR, respectively, and and are voltage
magnitudes at high- and low-side of the TR, respectively.
The power loss on a conductor can be decomposed into two

parts, one caused by real current, and the other caused by reac-
tive current, and shown as

(1)

For the TR shown in Fig. 1, the power loss is

(2)

The capacitor bank, when installed at the low-side of the TR,
can directly compensate the reactive power demand, thereby
reducing .
In this paper, the distribution network is assumed to be three-

balanced, and current harmonics are not considered. Given a
feeder with many TRs (see Fig. 2), the power loss of
line section connecting bus and bus can be calculated by:

(3)

1[Online]. Available: http://www-01.ibm.com/software/integration/opti-
mization/cplex-optimizer/
2[Online]. Available: http://www.gurobi.com/

Fig. 2. Single-line diagram of a feeder in a radial distribution network.

Fig. 3. Reactive power balance after capacitor installation to a TR.

where is the resistance of line section between node and
node , is the voltage magnitude of node and is equiv-
alent to that of the high-side of TR , and is the total reactive
powers flowing out of node and can be roughly accounted as

(4)

where is the reactive power load at TR .
The total power loss caused by reactive power demand of the

system can then be explicitly calculated as

(5)

where and are determined by running initial power flow.
The annual cost ($) due to the power loss is calculated by

(6)

where is the energy cost ($/kWh) and is the power loss
factor which is the ratio between the average power loss and the
peak power loss and is given as

(7)

To compute , a segment of historical load profile over a
certain period (e.g., last one year) is obtained from the metering
database, and the power loss at each time point is calculated by
running power flow. The peak power loss is the power
loss at the peak load point and the average power loss is
the average value of all of the time points.
As Fig. 3 illustrates, when installing capacitor bank at the

low-side of the TR, the reactive power passing through the TR
windings can be reduced by the capacitor capacity.
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The power loss after capacitor bank installation becomes

(8)

where is the capacity of capacitor per unit size, is the
integer variable representing the number of the capacitor mod-
ules in a bank, and is the binary decision variable indicating
whether to install the capacitor bank at TR (1: yes; 0: no). The
product of , and equals the reactive power compen-
sation capacity to the TR.

III. NPV ANALYSIS

To practically evaluate the economic value of the capacitor
installation project, one needs to compare the expected revenue
and investment costs over the whole project lifecycle.
In this paper, the NPV criterion is adopted for cost-benefit

analysis of the project. The NPV discounts each year’s cash
flow back to the present and then deducts the initial investment,
giving a net value of the project in today’s dollars. When the
NPV is positive, the project can be accepted since it means the
project can add value to the utility; otherwise, the project should
be rejected because it will subtract the value to the utility. The
NPV criterion can appraise a long-term project with the fol-
lowing advantages [18].
• It deals with cash flows rather than accounting profits.
• The accepted project will increase the value of the utility,
since only the projects with positive NPV are accepted.

• It recognizes the time value of money and allows for com-
parison of the benefits and costs in a logical manner.

• It can incorporate risk into the assessment of a project,
either by adjusting the expected cash flows or by adjusting
the discount rate.

After the capacitor banks installation, the new annual cost in
dollars is

(9)

The annual savings by applying capacitor bank to TRs is

(10)

It is worth mentioning that other savings such as those pro-
duced by released network capacity can also be added in (10),
but this paper only considers the power loss reduction.
Considering the O&M costs of the capacitor banks, the

net annual profit should be

(11)

is calculated by

(12)

Fig. 4. Capacitor cost function.

where is the annual O&M cost of capacitor banks for each
TR in dollars.
For the capacitor installation project, the NPV can be calcu-

lated as follows:

(13)

where is the annual net cash flow in year is the discount
rate, is the project’s expected life, and is the total initial
investment outlay of cash including capacitor purchase cost and
installation cost and is given as

(14)

where

(15)

(16)

where and stand for the purchase cost of the capacitors
per unit size and installation cost for each TR, respectively.
Equation (16) is applied when only a fixed capacitor bank

unit size is adopted. In practice, capacitor banks of larger unit
size can have lower per kVar price. Hence, capacitor banks with
different unit sizes may be combined during installation.
Generally, the capacitor cost function is a piecewise function

as the real line shows in Fig. 4.
To consider the varying purchase cost of the capacitor de-

pending on the capacitor unit size, the piecewise cost function
can be approximated by a linear function as the dash line shows
in Fig. 4. can then be calculated by

(17)

where is the equivalent slope of the linearized cost function,
and here corresponds to the minimum capacitor unit size

.

IV. MODEL FORMULATION AND SOLUTION

The mathematical model of the capacitor installation project
is to maximize the NPV subject to certain constraints so as to
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obtain the maximum economic benefits in terms of investment
and revenue. The mathematical model is presented as follows:

(18)

subject to the following.
• For fixed capacitor:

(19)

• For controlled capacitor:

(20)

The NPV is the sum of the cash flow of each year in the
expected project lifetime; thus, the growth of load demand and
energy cost should also be considered in calculating the term for
each year. The constraint (19) means that, if the capacitor size
is fixed, the capacity should be less than the minimum reactive
power demand at the TR, and (20) means that, if the capacitor
size is adjustable, e.g., automatically switched by the controller,
the capacity should be between the minimum and maximum
reactive power load of the TR.
It can be seen that due to the multiplying of the decision vari-

ables and in (8), (16), (17), (19), and (20), the problem
constitutes a mixed-integer nonlinear programming (MINLP)
model which is difficult to solve. We then rewrite the model to
be a MIQP formulation, which is much easier to solve. To this
end, the binary decision variable in (8), and (16), and (17) is
removed and constraints (19) and (20) are rewritten as

(21)

(22)

In such a way, themodel becomes aMIQP onewhile the same
mathematical characteristic is maintained.
It is worth mentioning that, although the quadratic terms can

be further linearized to yield a mixed-integer linear program-
ming (MILP) model that is further easier to solve, we retain the
quadratic formulations since high-performance MIQP solvers
are currently available in most commercial packages such as
CPLEX and GUROBI .
It should be noted that the voltage constraint is not directly

included in the optimization model. Rather, the voltage is satis-
fied through an iterative process shown in Fig. 5.
Before capacitor deployments, the bus voltage should be al-

ready regulated at a normal level. After capacitor banks are in-
stalled, the voltage magnitude of the low-side of TR is gener-
ally improved rather than degraded since a portion of reactive
power load is compensated. Hence, it is usually needed to ex-
amine only the overvoltage case after capacitor installed. Actu-
ally, the voltage boosting is rather limited since the size of ca-
pacitor bank is constrained by (19) and (20). According to Fig. 5,
once the optimization results are obtained, power flow simula-
tions are then performed to examine if overvoltage appears (note
that both peak and bottom load conditions can be examined, for
automatically switched capacitor banks, their output in bottom
load condition should be accordingly decreased to avoid inverse

Fig. 5. Flowchart for satisfying voltage constraints.

reactive power injection). If the overvoltage occurs for some
load buses, the voltage can be regulated to normal level by ad-
justing the local customer TR tap changers—this can be imple-
mented during capacitor installation stage. Generally, a TR tap
changer has a broad range to adjust, however, when the TR tap
changer reaches limits and can no longer regulate the voltage, it
is then needed to modify constraints (19) and (20) by a smaller
upper limit and resolve the optimization model. This process it-
erates until all of the voltage constraints are satisfied.

V. OPERATIONAL CONTROL OF CAPACITOR BANKS

As already mentioned, the installation of capacitor banks to
TRs can simplify the operational control of the capacitor banks.
Unlike complicated coordination of switching actions of the ca-
pacitors in a distribution system [9], the control of the TR ca-
pacitor banks to maximize the reduction of the power loss can
be approximated by locally switching the capacitor series ac-
cording to the reactive power load sensed by the capacitor con-
troller [3]. A simple switching strategy can be as follows.

Operational control rule
• For :
Switch up to a tap that minimizes .

• For :
Switch down to a tap that minimizes .

Here, is the reactive power demand at TR , sensed by the
controller, and is the output of the capacitor bank.
The above control strategy can locally minimize the reactive

current of each TR and, thus, can almost minimize the reactive
current of line sections which is the sum of the reactive currents
of the individual TRs. This control strategy can also contribute
to voltage regulation as it avoids inverse reactive power injec-
tion during light load conditions.

VI. SIMULATION RESULTS

The proposedmethodology has been practically implemented
for power loss reduction of Macau medium voltage (MV) dis-
tribution network. MV herein means the voltage level from the
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Fig. 6. One-line diagram of the test system.

TABLE I
PARAMETERS OF LINE SECTIONS OF THE STUDIED NETWORK

11 kV side of a 66/11 kV transformer to 400 V side at a 11-kV
distribution transformer of the Macau distribution system.
The simulation is conducted on a 32-bit PC with 2.53-GHz

CPU and 2G RAM. The commercial MIP package GUROBI is
used to solve the optimization model.
To illustrate the effectiveness of the proposed method, its ap-

plication to a portion of the network with five feeders/laterals
and 34 TRs is presented here. This network can be viewed as
a 69-bus system; its one-line diagram is shown in Fig. 6, and
its parameters are given in Tables I and II. The base MW is

TABLE II
PARAMETERS OF TRS OF THE STUDIED NETWORK

TABLE III
PARAMETERS IN CALCULATION

100 MW, the base voltage is 11 kV, and the voltage set-point
of bus #1 is 1.01 p.u. Other relevant parameters involved in the
optimization are given in Table III. Stated otherwise, the values
in Table III do not necessarily reflect the reality of the Macau
distribution system.
First, the proposed formula for direct calculation of power

loss of radial distribution systems is verified. The initial overall
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Fig. 7. Initial power loss at each component of the studied network.

TABLE IV
CAPACITOR PLACEMENT OPTIMIZATION RESULTS

power loss of the studied network is respectively calculated by
power flowmethod and the proposed formula, and the results are
129.9 and 130.5 kW, respectively, yielding a very small overall
percentage error of 0.46%. The calculated loss of each compo-
nent of the studied network is shown in Fig. 7, where ID 1–34
for line sections and ID 35–68 for TRs. It can be seen that the
calculation error of the proposed formula only occurs at line sec-
tions, and the accuracy is sufficiently high for practical use.
It is also worth mentioning that the power loss on TRs ac-

counts for a significant portion of the whole power loss in this
feeder: 58.9%.
Using the proposed method, the optimal capacitor placement

scheme for the studied network is calculated. The optimization
results are given in Table IV. A total of 13 TRs are installed with
capacitor banks and the total capacity is 3300 kVar.
Table V summarizes the optimization results. It can be seen

that, after the capacitor installations, the peak power loss is
significantly reduced, and the power factor is improved in the
meantime. Fig. 8 shows the power loss caused by reactive cur-
rent before and after the capacitor installations for each
component. It can be seen that the capacitor banks have not only
reduced the loss on TRs but also line sections. In the economic
aspect, the initial investment ( ) of the project is $708,660,
and the total benefit is $1,896,865, yielding a positive NPV of

Fig. 8. Peak power loss of each component before and after capacitor
installations.

TABLE V
SUMMARY OF OPTIMIZATION RESULTS

Fig. 9. Load bus voltage magnitudes in different conditions.

$1,188,205, which means that the project can add a net value of
$1,188,205 to the utility over ten years.
The load bus voltage magnitudes are also examined, and the

results are shown in Fig. 9. It can be seen that, after the capacitor
deployment, the system voltage level is improved, especially
for the buses where a capacitor is installed, and no overvoltage
appears.
In addition, it is worthmentioning that the proposedmethod is

quite computationally efficient, as the solution time of themodel
using GUROBI for the studied network is only 0.64 s.

VII. CONCLUSION

Power loss due to the Joule effect in a distribution system can
be very large, where the loss on TRs can account for a consid-
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erable portion. This paper proposes a method for optimal place-
ment of capacitor banks to TRs for power loss reduction in radial
distribution systems. The problem ismodeled asmaximizing the
NPV of the capacitor installation project subject to certain con-
straints and is formulated as an MIP model based on an explicit
formula for direct calculation of the power loss of the radial dis-
tribution system. The model can be solved by commercial MIP
packages very efficiently. The proposed methodology has been
practically implemented in Macau MV distribution system. Its
application to a portion of Macau system is illustrated in this
paper, and the results show that by installing capacitor banks
at optimized locations, the power loss of the network can be
significantly reduced, the voltage level can be improved, and a
positive large NPV can be obtained, which adds values to the
utility.
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