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The cordon-based Electronic Road Pricing (ERP) system in Singapore adopts the average
travel speed as an index for evaluating the traffic congestion within a cordon area, and
the maintenance of the average travel speed within a satisfactory range is taken as the
objective of the toll adjustment. To formulate this practical speed-based toll design prob-
lem, this paper proposes a mathematical programming with equilibrium constraint (MPEC)
model with the objective of maintaining the traffic condition in the cordon area. In the
model, the network users’ route choice behavior is assumed to follow probit-based sto-
chastic user equilibrium with elastic demand, asymmetric link travel time functions and
continuous value-of-time. A distributed revised genetic algorithm is designed for solving
the MPEC model. Finally, a network example based on the ERP system is adopted to numer-
ically validate the proposed models and algorithms, and further indicates that the compu-
tation speed can be improved greatly by using a distributed computing system.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

The toll design problem for congestion pricing schemes refers to the determination of the optimal toll charge according to
one or more objectives, based on given charging locations. Two congestion pricing schemes have received much attention
and been comprehensively investigated: first-best (Pigouvian) and second-best pricing (see the monograph by Lewis,
1993; Yang and Huang, 2005; Lawphongpanich et al., 2006; Small and Verhoef, 2007; and a recent review by de Palma
and Lindsey, 2011). Some system-wide objectives are usually adopted for the toll design of these two schemes, for instance,
the total social benefit, total travel time and toll revenue. However, compared with these system-wide objectives, govern-
ment and network authorities are usually more concerned about the traffic conditions in a central business district (CBD),
the commercial heart of a city, where traffic congestion is likely to cause greater economic losses and worse impacts on a
city’s image. Thus, regarding the practical implementation of congestion pricing schemes, mitigating traffic congestion in
the CBD is usually taken as a primary target.

A cordon-based congestion pricing scheme is advantageous for improving the traffic condition in a CBD as it defines a
pricing cordon, encircling a certain area (usually the CBD), and charges each incoming vehicle; the total inbound volume
is thus limited and traffic congestion in this area significantly ameliorated. Additionally, area-wide cordon-based pricing
schemes are more convenient in terms of operation and supervision, compared with first-best and second-best pricing,
which aims to optimize a system-wide objective. Until now, most applications of congestion pricing are cordon-based, for
instance the Area Licensing Scheme (ALS) in Singapore (Phang and Toh, 1997; Li, 1999) that was upgraded in 1998 to the
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Electronic Road Pricing (ERP) system (Olszewski and Xie, 2005), the London Congestion Charging Scheme (Santos, 2008), and
a more recent trial in Stockholm (Eliasson, 2009). It should be pointed out that the Stockholm congestion charge scheme also
levies tolls on vehicles leaving the charging area.

Average travel speed is an ideal measure of the traffic conditions in an area guarded by a pricing cordon (called a cordon
area hereafter), in that it is much easier to observe than traffic column or density (Li, 2002) and is also a better representative
of the commuter’s driving experience. In the cordon-based ERP system in Singapore, the objective is to keep the average
speed of vehicles in the cordon area within a target range: [20, 30] km/h, which is achieved by adjusting the toll charges
(Olszewski and Xie, 2005). Note that the lower-bound of this range guarantees a reasonably rapid travel. The upper-bound
on travel speed is a concern about traffic safety, and it also avoids a waste of the road resources by ensuring that sufficient
vehicles are traveling in the cordon area. Herein, the search for a toll charge pattern that will keep the average travel speed of
vehicles in the cordon area within a predetermined target range is named the speed-based toll design problem. Despite its
practical significance, the problem is still an open question, since few of the existing studies of toll design problems have
taken the traffic conditions in the CBD as an objective or used travel speed as a criterion for network performance.

Modeling the toll design problem requires an analysis of the commuters’ route choice problem, and a simple assumption
is made here that the commuters will select the path with minimal travel cost based on their pre-trip perceived travel times.
The probit-based stochastic user equilibrium (SUE) principle is adopted as a framework for the route choice problem, in view
of its better suitability to realistic conditions compared with the deterministic user equilibrium (DUE) and logit-based SUE
cases (Sheffi, 1985, p. 318). The commuters’ travel costs consist of two components: travel time cost and toll charge, which
are expressed in different units. The value-of-time (VOT) is needed to convert the toll charges into time units for the analysis
(e.g., Lam and Small, 2001; Yang et al., 2001; Small et al., 2005). The VOT is largely influenced by the commuters’ level of
income and trip emergency, thus it can vary significantly among commuters. It is difficult to find two commuters on the net-
work with identical VOT values, thus at an aggregate level, it is more suitable to define the VOT as a continuously distributed
random variable. The probit-based SUE principle and continuously distributed VOT both increase the challenges involved in
modeling and solving the speed-based toll design problem, which are the aims of this paper.

1.1. Relevant studies

It has been well recognized that marginal cost pricing is a solution to the first-best pricing scheme with the objective of
optimizing a system-wide index such as the total social benefit or total travel time (Yang and Huang, 2005; Lawphongpanich
and Yin, 2012). The validity of marginal cost pricing for general transportation networks has been proven by many studies
under different assumptions, for example, with elastic demand (Huang and Yang, 1996), with logit-based SUE constraints
(Yang and Huang, 1998), with general SUE constraints (Maher et al., 2005), and with stochastic demand (Sumalee and Xu,
2011), to name a few. The optimal marginal cost pricing scheme can easily be obtained by solving a traffic assignment prob-
lem. An engineering-oriented trial-and-error method was proposed by Yang et al. (2004) and Zhao and Kockelman (2006)
with DUE constraints and logit-based SUE constraints respectively, where the travel demand is not required for the calcu-
lation. The work of Yang et al. (2004) was recently extended by Han and Yang (2009) and Yang et al. (2009) using more effi-
cient step sizes.

Marginal cost pricing requires each link to be charged, thus it is not practical in real life. If one assumes that only a pro-
portion of the network is charged, the second-best pricing scheme can be obtained (Yang et al., 2010). Second-best pricing
problems can be formulated as a bi-level programming model, where the upper-level is to optimize any given system-wide
index and the lower-level is a traffic assignment problem. The lower-level problem can be treated as a constraint on the
upper-level problem, giving a form of mathematical programming with equilibrium constraints (MPEC) model (see, e.g.,
McDonald, 1995; Bellei et al., 2002; Chen and Bernstein, 2004, to name a few). The bi-level programming or MPEC model
can be solved by various methods, including the iterative optimization-assignment algorithm (Allsop, 1974), equilibrium
decomposed optimization (Suwansirikul et al., 1987), the sensitivity-analysis-based algorithm (Yang, 1997; Clark and Wa-
tling, 2002; Connors et al., 2007), the augmented Lagrangian algorithm (Meng et al., 2001) and gradient-based descent meth-
ods (Chiou, 2005). Although the cordon-based pricing scheme is a special type of second-best pricing, the aforementioned
methods cannot be used for the speed-based toll design problem addressed in this study, due to the existence of continu-
ously distributed VOT.

As mentioned above, the VOT is used to convert the toll charges into time units so as to analyze the commuters’ route
choice problem. The VOT is inherently influenced by many factors, including wage rate, time of day, trip purpose, importance
of travel time reliability, etc. Thus, VOT can vary widely between commuters. It is thus more rational to take VOT to be a
continuously distributed random variable across the population instead of assuming homogeneous network users with con-
stant VOT or limited user classes with discrete VOTs (Han and Yang, 2008). Yet, studies of congestion pricing problems, or
any other transportation network modeling problems, with continuously distributed VOT are quite scarce. Mayet and Han-
sen (2000) analyzed the toll design problem with continuous VOT on a network with two paths: one congested highway with
a toll charge and one alternative path with a fixed travel cost. Expressions for the toll charge that maximizes the total user
benefit were given by Mayet and Hansen, and they also discussed the effects of the distribution of VOT on the Pareto prop-
erties of the toll charge. Also based on the two-path example, Verhoef and Small (2004) investigated second-best pricing
with a continuously distributed VOT. Xiao and Yang (2008) extended the work of Mayet and Hansen (2000) to cope with
build-operate-transfer (BOT) contracts for highway franchising programs with continuously distributed VOT. Nie and Liu
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(2010) recently conducted a more in-depth analysis about the impacts of various distributions of VOT on the Pareto-improv-
ing congestion pricing scheme. However, these studies all rely on a network with two paths, while for a general transpor-
tation network with more than two paths, the findings may not apply. For a general transportation network, assuming
the DUE principle, Leurent (1993) and Dial (1996, 1997) discussed the traffic assignment problem with continuously distrib-
uted VOT. Assuming probit-based SUE with fixed demand, Cantarella and Binetti (1998) later investigated a mathematical
model and solution algorithm for the traffic assignment problem with continuously distributed VOT, using a path-based
Monte Carlo simulation method to solve the stochastic network loading (SNL) problem. Meng et al. (2012) extended the
work of Cantarella and Binetti (1998) by proposing a link-based Monte Carlo simulation method, which is modified and em-
ployed in this paper to solve the speed-based toll design problem with continuous VOT and SUE constraints.
1.2. Objectives and contributions

This paper works on the model design and algorithm development for the speed-based toll design problem. A toll charge
pattern that keeps the average travel speed in the cordon area within a predetermined target range is regarded as ‘‘accept-
able’’. However, for any given transportation network, there is likely to be more than one acceptable toll charge pattern.
Thus, the optimum among these acceptable patterns that gives rise to the highest total social benefit (TSB) is regarded as
the solution to the speed-based toll design problem. A MPEC model is first proposed for the problem, wherein the equilib-
rium constraints represent a probit-based SUE problem with continuously distributed VOT. Elastic demand and asymmetric
link travel time functions are further assumed for the SUE problem that is then formulated as a fixed-point model with un-
ique solution. A convergent cost averaging (CA) method (Cantarella, 1997), incorporating a two-stage Monte Carlo simula-
tion-based stochastic network loading method, is then adopted to solve the SUE problem. Due to the existence of
continuously distributed VOT, existing algorithms are not available for solving the proposed MPEC model. Thus, a genetic
algorithm type of method is taken as a heuristic for solving the speed-based toll design problem.

It should be highlighted that an engineering-oriented approach is currently used to adjust the toll charges in the ERP sys-
tem in Singapore (Olszewski and Xie, 2005): a review is conducted every 3 months of the average travel speed in each cordon
area, and then toll charges on all entry points to each cordon are adjusted accordingly, that is, increased (reduced) by a cer-
tain amount if the average travel speed is less than the lower bound (greater than the upper bound) of the target range. This
trial-and-error type of toll adjustment approach is quite convenient in practice, and is thus incorporated in the solution algo-
rithm used in this paper, which is named the revised genetic algorithm.

Most of the computational effort in the revised genetic algorithm is spent on the evaluation of each newly generated chro-
mosome, which is a SUE problem with given toll charges. Due to the high computational cost of the Monte Carlo simulation
in each iteration of the CA method, it is computationally prohibitive to perform the revised genetic algorithm on middle- or
large-scale transportation networks. Yet, due to the complete independence of each evaluation process, the revised genetic
algorithm can be considerably accelerated by means of distributed computing. The performance and improved computation
speed of this distributed revised genetic algorithm (DRGA) is sensitive to the number of processors used, and should be fur-
ther tested in numerical experiments.

The remaining sections are organized as follows. Section 2 presents the specific notations and assumptions, and then pro-
poses a MPEC model for the speed-based toll design problem. Section 3 addresses the probit-based SUE problem with con-
tinuously distributed VOT, elastic demand and asymmetric link travel time functions, where a fixed-point model and
corresponding solution algorithm are given. Section 4 discusses the use of the DRGA for solving the speed-based toll design
problem, and this is numerically tested using a network example in Section 5. The paper is concluded in Section 6.
2. Problem statement and MPEC model for speed-based toll design

2.1. Notation and definitions

Let G = (N, A) denote a strongly connected transportation network, where N and A are the sets of nodes and directed links,
respectively. For the cordon-based congestion pricing scheme, toll charges are implemented at each entry of the pricing cor-
don. Let A be the set of all charging links, thus A # A. The toll fare on each link a 2 A is denoted by sa, and for the sake of
presentation, all the toll fares are grouped into a column vector s ¼ ðsa; a 2 AÞT.

Assume that the total number of pricing cordons is I, and each cordon is sequentially numbered with an integer from 1 to
I. Any toll fare pattern is regarded as ‘‘acceptable’’ if the average travel speed of the vehicles in each pricing cordon remains
within a target range. That is, for the ith pricing cordon (called cordon i hereafter), 1 6 i 6 I, if the average speed of all the
vehicles in this cordon is denoted by ci, we have that ci � ci � �ci , where constant ci (�ci) is a predetermined lower (upper)
bound of the target range for average speed ci.

ci will be inherently influenced by the toll charges s ¼ ðsa; a 2 AÞT, which affect commuters’ route choices and eventually
change the flows and travel speeds on each link in the cordon area. Any variation in the toll fares could lead the commuters to
adjust their route choices, and the link flows are assumed to converge to a new equilibrium after a short span of time. Thus, let
va(s) denote the equilibrium flow on link a e A, which should be a function of the toll charge pattern s. All the link flows are
grouped into a column vector v(s) = (va(s), a e A)T. Likewise, we can define the following attributes on network G = (N, A):
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W
 Set of Origin-Destination (OD) pairs

qw(s)
 Travel demand between OD pair w e W

q(s)
 Column vector of all the OD travel demands, q(s) = (qw(s), w e W)T
Rw
 Set of all the paths between OD pair w e W

fwk(s)
 Traffic flow on path k e Rw between OD pair w e W

f(s)
 Column vector of traffic flows on all the paths, f(s) = (fwk(s), k e Rw, w e W)T
ta(v)
 Travel time on link a e A, and it is a strictly increasing and continuously differentiable function of link flow
vector v
t(v)
 Column vector of all the link travel time functions, t(v) = (ta(v), a e A)T
cwk(v)
 Travel time on path k e Rw, and travel times on all the paths between OD pair w e W are grouped into vector
cw(v) = (cwk(v), k e Rw)T.
It should be noted that the link travel time vector t(v) is allowed to have either a symmetric or asymmetric Jacobian ma-

trix w.r.t. the link flow vector v, which is usually referred to as asymmetric link travel time functions in the literature. In light
of the flow conservation conditions, the following equations should be satisfied:
qðsÞ ¼ KfðsÞ ð1Þ

vðsÞ ¼ DfðsÞ ð2Þ

fðsÞ � 0 ð3Þ
Here, K ¼ ½dw
k �jW j�K and D ¼ ½dw

ak�jAj�K are the incidence OD-pair/path and link/path matrices, where |A|, |W| and K are the car-
dinality of the set of links, the OD pairs and the paths, respectively. dw

k ¼ 1 if path k connects OD pair w e W, and dw
k ¼ 0,

otherwise. Meanwhile, dw
ka ¼ 1 if link a is on path k e Rw, and dw

ka ¼ 0 otherwise.
The path travel time cwk(v) is defined as the summation of the travel times on all the links on this path, thus,
cwkðvÞ ¼
X
a2A

taðvÞdw
ak; k 2 Rw; w 2W ð4Þ
The cumulative toll charges, denoted by swk, on path k e Rw can be calculated by:
swk ¼
X
a2A

sad
w
ak ð5Þ
To analyze the impacts of these toll fares on commuters’ route choices, swk should be converted into time units using the
commuters’ VOT. As discussed in Section 1.1, the VOT, denoted by a, is regarded as a continuously distributed random var-
iable across the whole population for all the OD pairs. We further assume that a has flow-independent mean and variance,
and its probability density function (PDF) is continuously differentiable.

The commuters make their per-trip route plans based on their perceived value of the costs on each path, and this per-
ceived cost on path k e Rw is:
Cwkðv; sÞ ¼ cwkðvÞ þ fwk þ
swk

a
ð6Þ
where fwk denotes the commuters’ perception error regarding the path travel time, which is a random variable with zero
mean and flow-independent variance. Compared with the standard SUE problem, the path travel cost here has another ran-
dom term, the VOT. Thus, the network equilibrium in this case is named the generalized SUE, which was initially proposed by
Meng et al. (2012) to analyze the distance-based toll design problem. In this paper, the perception error is assumed to be
normally distributed, which gives the generalized probit-based SUE. Meanwhile, the models and algorithms proposed are
all suitable for DUE or logit-based SUE cases.

Let Sw(v, s) be the mean value of the minimal generalized path travel time between OD pair w e W, which is usually called
the satisfaction function (Sheffi, 1985), namely,
Swðv; sÞ ¼ E min
k2Rw

fCwkðv; sÞg
� �

ð7Þ
Sw(v, s) can be used to measure the impedance of traveling between OD pair w e W. Thus, travel demand between any OD
pair w e W is rationally assumed to be a function of Sw(v, s), with the expression:
qw ¼ DwðSwðv; sÞÞ � �qw; w 2W ð8Þ
where the demand function Dw(�) is assumed to be continuously differentiable and non-increasing (Cantarella, 1997; Maher
and Zhang, 2000). �qw is a predetermined upper bound on the travel demand, which is dependent on the population and car-
ownership in the origin zone.
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2.2. MPEC model for the speed-based toll design problem

With a predetermined target range for the average speed of vehicles in each pricing cordon, ci � ci � �ci, there will be more
than one ‘‘acceptable’’ toll fare pattern that generates a desirable average travel speed in all cordons. Thus, the toll design
problem, as explained in Section 1.2, searches for the ‘‘optimal’’ toll fare pattern among all the acceptable solutions that gives
rise to the maximum TSB. In the context of a generalized probit-based SUE problem with elastic demand and asymmetric
link travel time function, an expression of TSB can be given as follows (Meng et al. 2012):
Z1ðsÞ ¼
X
w2W

Z qwðsÞ

0
D�1

w ðxÞdx�
X
w2W

qwðsÞSwðv; sÞ þ
X
a2A

E vaðsÞ
sa

a

� �
ð9Þ
where the first term on the right-hand-side of Eq. (9) is the overall benefits obtained by the commuters from their trips, and
the second term represents the overall travel costs borne by the commuters. The last term is the total toll revenue.

Based on Eq. (9), the speed-based toll design problem can then be formulated by the following MPEC model:
max
s2X

Z1ðsÞ ð10Þ
subject to
ci � ciðsÞ � �ci; i ¼ 1;2; . . . ; I ð11Þ

vðsÞ; fðsÞ and qðsÞ fulfill the stochastic user equilibrium conditions ð12Þ
In model (10), X denotes the feasible set of toll fare patterns, that is, X ¼ fsjs � sa � �s; a 2 Ag, where s (�s) is a predetermined
lower (upper) bound on the toll charges. In (12), v(s), f(s) and q(s) denote the vectors of link flows, path flows and OD de-
mands, which can be attained by solving a generalized probit-based SUE problem. The mathematical model and solution
algorithm for the generalized probit-based SUE problem are thus investigated in the following section.

3. Generalized probit-based stochastic user equilibrium

3.1. Fixed-point model

Equilibrium flows on a network with random path travel times were analyzed by Daganzo and Sheffi (1977) by means of
the discrete choice model, giving the general SUE principle. In terms of the generalized path travel time function defined in
Eq. (6), the equilibrium flows of the generalized probit-based SUE problem can also be formulated using the discrete choice
model. Namely, with flow-independent values of generalized path travel time Cw = (Cwk, k e Rw)T, let pwk denote the proba-
bility that path k e Rw is perceived as the one with the minimal cost among all the paths between OD pair w:
pwk ¼ PrðCwk 6 Cwj;8j 2 Rw and j–kÞ; k 2 Rw; w 2W ð13Þ
Herein, pwk is called the path choice probability. Then, the corresponding flow on path k e Rw is defined as
fwk ¼ DwðSwÞ � pwk; k 2 Rw; w 2W ð14Þ
In accordance with the flow conservation equations, we can see that the flow on link a e A equals
va ¼
X
w2W

DwðSwÞ �
X
k2Rw

pwkd
w
ak ð15Þ
A feasible set of link flows, denoted by Xv, can be defined as:
Xv ¼ v va ¼
X
w2W

X
k2Rw

fwkd
w
ak; a 2 A;

X
k2Rw

fwk ¼ qw; qw 2 ½0; �qw�;w 2W; f wk P 0

�����
( )

ð16Þ
The flow pattern v = (va, a e A)T yielded by Eq. (15) will, in turn, affect the travel times on the network. Moreover, values for
pwk and Sw should also be updated iteratively. A fixed-point model can be defined on set Xv to address the equilibrium link
flow for any given toll charge pattern s ¼ ðsa; a 2 AÞT: any link flow pattern v e Xv is a solution of the generalized probit-
based SUE problem if it satisfies the following equation:
vaðsÞ ¼
X
w2W

X
k2Rw

½DwðSwðv; sÞÞ � pwkðv; sÞdw
ak�; a 2 A ð17Þ
As per Theorems 1 and 2 of Cantarella (1997), this fixed-point model has a unique solution if the demand functions are non-
increasing and the link travel time functions strictly increasing. The monotonicity of the demand functions and the link tra-
vel time functions can be guaranteed based on the assumptions made in Section 2. The CA method proposed by Cantarella
(1997) can then be used to solve the fixed-point model defined in Eq. (17). Due to space limits, the detailed procedures of the
CA method are not included here.
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The CA method iteratively invokes a stochastic network loading method. Stochastic network loading is, by nature, the re-
sult of the discrete choice model based on fixed generalized path travel times, as presented in Eq. (14). The solution method
for the stochastic network loading of the generalized probit-based SUE problem with elastic demand and asymmetric link
travel time functions is discussed in the following sub-section.

3.2. Two-stage monte carlo simulation based stochastic network loading method

In previous studies, SNL of probit-based SUE problem is usually solved by two types of methods: Monte Carlo simulation
based method (Sheffi and Powell, 1981; Meng and Liu, 2011) or some approximation methods (Maher and Hughes, 1997;
Rosa and Maher, 2002). However, for the generalized probit-based SUE problem, the existing approximation methods are
invalid, due to the randomly distributed VOT. Thus, in this study, we decide to use Monte Carlo simulation for solving the
SNL of generalized probit-based SUE problem. Yet, since the perception errors on travel time fwk, see Eq. (6), are defined
on paths rather than links, directly using Monte Carlo simulation would require the path enumeration or path generation.
To cope with this, a link-based interpretation of fwk (see Section 11.2 of Sheffi, 1985; Liu and Meng, 2012) is used to convert
it into link-based values, which enables a link-based Monte Carlo method for solving the SNL.

Shown as follows, we assume that the commuters’ perceived travel time on link a e A equals to:
TaðvÞ ¼ taðvÞ þ na; a 2 A ð18Þ
where the perception error na is normally distributed with zero mean and constant variance, that is:
na � Nð0;bt0
aÞ; a 2 A ð19Þ
where parameter b is a constant and t0
a is the free-flow link travel time.

Based on Eq. (18), we can design a link-based two-stage Monte Carlo simulation method for solving the SNL of general-
ized probit-based SUE problem, based on given link travel times ta, a e A. The first stage is used to estimate the value of OD
demand. Then, with this OD demand, the second stage aims to estimate the corresponding link flows. Procedures of this sim-
ulation are summarized as follows:

3.2.1. Stage 1: Monte-Carlo simulation for calculating travel demand

Step 1.0: (Initialization). Let the index of simulation n = 1 and the initial estimated satisfaction Sð0Þw ¼ 0;w 2W .
Step 1.1: (Sampling of link travel time). For each link a e A, sample a link travel time denoted by ~tðnÞa from the normally
distributed population Nðta; bt0

aÞ.
Step 1.2: (Travel cost of dummy links) Sample a value for VOT a(n) based on its distribution function and calculate the
generalized link travel cost:
~TðnÞa ¼
~tðnÞa þ sa

aðnÞ ; a 2 A

~tðnÞa ; a 2 A n A

(
; a 2 A ð20Þ
Step 1.3: (Shortest path time calculation). With generalized link travel cost pattern f~TðnÞa ; a 2 Ag, calculate travel cost of
the shortest path between each OD pair w e W, denoted by ~CðnÞw , namely, !
~CðnÞw ¼ min
k2Rw

~cðnÞwk ¼
X
a2A

~TðnÞa dw
ak ; w 2W ð21Þ
Step 1.4: (Satisfaction estimation). Estimate the satisfaction for each OD pair w e W by the average scheme:
SðnÞw ¼
ðn� 1ÞSðn�1Þ

w þ ~CðnÞw

n
; w 2W ð22Þ
Step 1.5: (Accuracy checking). If the number of iterations n P nmax, where nmax is a predetermined sample size, go to Step
1.6; otherwise, set n = n + 1 and go to Step 1.1.
Step 1.6: (OD demand calculation). Calculate OD travel demand pattern by the formulae:
~qw ¼ DwðSðnÞw Þ; w 2W ð23Þ
Then go to Stage 2, and use this fixed travel demand value ~qw; w 2W to simulate the link flow.

3.2.2. Stage 2: Monte-Carlo simulation for the link flows

Step 2.0: (Initialization). Set the initial link travel flow vector v ð0Þa ¼ 0; a 2 A and the index of simulation l = 1.
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Step 2.1: (Sampling of link travel time). Sample the link travel times ~tðlÞa ; a 2 A from Nðta; bt0
aÞ; a 2 A based on normally

distributed random number series.
Step 2.2: (Sampling of VOT). Sample value for VOT a(l) from its distribution function and calculate the generalized link
travel time:

~TðlÞa ¼
~tðlÞa þ sa

aðlÞ ; a 2 A

~tðlÞa ; a 2 A n A

(
; a 2 A ð24Þ

Step 2.3: (All-or-nothing traffic assignment). (i) Define an initial OD pair based link flow solution:

yðlÞaw ¼ 0; a 2 A;w 2W ð25Þ
(ii) With generalized link travel time pattern f~TðlÞa ; a 2 Ag, find the shortest path for each OD pair w, then assign OD travel
demand ~qw calculated in Step 1.6 to each link of the shortest path, namely,
yðlÞaw ¼ ~qw; for any linkaon the shortest path between OD pairw 2W ð26Þ
(iii) Summing up traffic flow of each link yields the auxiliary link flow pattern fyðlÞa ¼
P

w2W yðlÞaw; a 2 Ag.
Step 2.4: (Link flow estimation). Calculate the stochastic network loading flows by the averaging scheme:
�v ðlÞa ¼
ðl� 1Þ�v ðl�1Þ

a þ yðlÞa

l
; a 2 A ð27Þ
Step 2.5: (Stop criterion check). If the number of iterations l P lmax, where lmax is the predetermined sample size, then
stop and output the link flow values fvaðsÞ ¼ �v ðlÞa ; a 2 Ag. Otherwise, let l = l + 1 and go to Step 2.1.

4. Solution algorithm for the MPEC model

In view that the proposed MPEC model, Eqs. (10)–(12), is not convex and also considering the continuously distributed
VOT, existing algorithms (see Section 1.1) are not available for solving this MPEC model. Note that a theoretically effectual
method is to enumerate all the feasible toll patterns, assess their corresponding value of total social benefit (TSB) and aver-
age speed ci(s), and then choose the optimum with maximal TSB value, among those toll patterns that can fulfill the desired
speed interval, Eq. (11). This brute force method is extremely time-consuming, per se, and would be computationally pro-
hibitive even for a medium size example. Consequently, in this paper we adopt a genetic algorithm (GA) type method to
solve the proposed model, which is an approximation of the brute force method.

GA is one of the most well-known search heuristics for solving optimization problems (e.g., Goldberg, 1989; Gen and
Cheng, 1997). Chromosomes of the GA are designed in this way: all the tolled links on the network are successively num-
bered, and each gene in one chromosome represents the toll charge on the corresponding tolled link. For the chromosomes
in the initial generation, all their genes are randomly generated between s and �s.

To cope with the speed constraint (11), a penalty cost is added to the objective function, thus the model (10) is approx-
imated by the following model:
max
s2X

Z2ðsÞ ¼ Z1ðsÞ � c
XI

i¼1

maxð0; ci � ci; ci � �ciÞ ð28Þ
subject to:
vaðsÞ ¼
X
w2W

X
k2Rw

½DwðSwðv; sÞÞ � pwkðv; sÞdw
ak�; a 2 A ð29Þ
where penalty parameter c is a large positive number.
4.1. Revised genetic algorithm

As shown in Section 1.2, the Land Transport Authority in Singapore adjusts the toll charges based on a regular survey on
the travel speed. In accordance with this strategy for toll adjustment, for any chromosome in a particular generation of the
GA, if its corresponding average speed is not in the targeted range, a similar adjustment would be conducted on the chro-
mosomes. This toll adjustment strategy would subsequently produce a new chromosome. Together with those from the
crossover and mutation processes, all the newly generated chromosomes will be considered for the selection of next



90 Z. Liu et al. / Transportation Research Part C 31 (2013) 83–98
generation. Such a solution algorithm for the speed-based toll design problem is called as Revised Genetic Algorithm, shown
as follows:
Step 1: (Initial population). Set the size of population to be �n. Randomly generate initial population of the chromo-
somes, which contains toll fares on each tolled link. Let number of generation �m ¼ 1.

Step 2: (Crossover). Randomly choose some parents from the survivors, and conduct pairing between each parent,
which yields some new chromosomes.

Step 3: (Mutation). With a lower probability, randomly choose some genes from all the chromosomes in current gen-
eration, and then modify value of these genes by a pseudo random number between s and �s. This process also
generates some new chromosomes.

Step 4: (Evaluation). For each newly generated chromosome, perform a generalized probit-based SUE traffic assign-
ment using the CA method, and then record its corresponding TSB value in terms of the objective function (28).

Step 5: (Toll adjustment). Based on the existing individuals in current generation, perform a one-off adjustment on
their toll fares in turns: for a chromosome with the toll fares equal to s ¼ ðsa; a 2 AÞT, check the corresponding
average speed of vehicles in pricing cordon i, denoted by ci(s), and if ci(s) is less than the predetermined lower
bound ci, then increase toll fares on all the entry links to this cordon by p; otherwise if ci(s) is greater than its
upper bound �ci, deduct the toll fares on its entry links by p. Here, the increment p is predetermined and fixed.
This adjustment produces some new chromosomes, and we then evaluate the TSB value of these new
chromosomes.

Step 6: (Selection). Among all the existing individuals, choose the top �n individuals with larger TSB values, and then set
these �n individuals as survivors for next generation.

Step 7: (Stop Test). If �m > �mmax, then stop, where �mmax is a predetermined upper-bound for the number of generations;
otherwise, set �m ¼ �mþ 1 and go to Step 2.
4.2. Decomposition of revised genetic algorithm for distributed computing

It can be seen from the procedures above for Revised Genetic Algorithm that evaluation process of each chromosome
mainly requires solving a generalized probit-based SUE traffic assignment based on given toll pattern s e X. This SUE prob-
lem is solved by the CA method proposed by Cantarella (1997). However, since Monte Carlo simulation is adopted for the
stochastic network loading of CA method, computational cost of the Revised Genetic Algorithm would be tremendously large
even for a medium size network. In fact, this hurdle of prohibitive computational time occurs in many applications of GA on
transportation networks.

Despite of this seeming difficulty, we can see that evaluation for each chromosome is independent, and the computation
tasks are identical for the evaluation of each newly generated chromosome. It is thus quite straightforward to conduct the
calculation simultaneously by various processors in a distributed computing system, and such a computation procedure for
solving the speed-based toll design problem is named as Distributed Revised Genetic Algorithm (DRGA). Regarding the par-
allel (distributed) GA type methods used in transportation studies, Wong et al. (2001) proposed a parallel GA for the calibra-
tion of Lowry model, and only recently Cipriani et al. (2012) has used a parallel GA on a personal computer with dual-core
processor for solving the transit network design problem.

Fig. 1 shows the procedures of DRGA. It can be seen that in each iteration new chromosomes are yielded by three pro-
cesses: crossover, mutation and toll adjustment. Then, all the newly generated chromosomes are taken for evaluation, which
possesses more than 90% of the total CPU time. As mentioned earlier, the evaluation process for each chromosome is con-
ducted by different processors in the distributed computing system synchronously. Suppose that the total number of pro-
cessors equals m, and all the newly generated chromosomes are evenly assigned to these m processors. Then, all the
processors would work in parallel, which largely reduces the total execution time. After the evaluation, computational re-
sults for each newly generated chromosome are sent to the main processor for selection and stop test.
5. Numerical example

To numerically validate the proposed model and algorithm for the speed-based toll design problem, a network example is
built based on the cordon-based ERP system in downtown Orchard Road in Singapore.

Fig. 2, downloaded from the website of the Singapore Land Transport Authority (2012), shows the charging locations on
Orchard Road, and it is clear that at each entry link to the cordon a charge is made. Based on the map shown in Fig. 2, a grid
network example with 33 nodes and 104 links is built as shown in Fig. 3. The pricing cordon is highlighted by a dotted el-
lipse, and all 12 entries are indicated by thick blue lines. The entry points are grouped into a set A, as follows:
A ¼ f24;25;27;29;34;47;79;82;84;86;88;90g ð30Þ
These entry links are used sequentially to build the chromosomes in the DRGA. The target range for the average speed of
vehicles in the Orchard Road cordon has been chosen by the Singapore Land Transport Authority to be [20, 30] km/h. Accord-
ing to the speed-based toll design problem, the toll charges at each entry point must be adjusted to keep the average travel



Fig. 1. Flowchart of distributed revised genetic algorithm.
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speed within this range and, also, achieve the largest TSB. The increment p in the toll adjustment procedure (see Step 5 of the
revised genetic algorithm in Section 4.1) is currently taken to be 1.0 Singapore Dollar (S$).

It is assumed that 12 OD pairs exist in this network. Table 1 shows the origin and destination nodes of each OD pair as
well as the upper bound of its travel demand. The actual travel demand between OD pair w e W is assumed to be determined
by the following function:
qw ¼ �qw � expð�0:001� Swðv; sÞÞ; w 2W ð31Þ
The asymmetric link travel time function on link a e A is defined as follows (Bar-Gera, 2010):
taðvÞ ¼ t0
a 1þ 0:15� va þ 0:5v â

1:5ha

� �4
 !

; a 2 A ð32Þ
where ha is the capacity of the link flow and t0
a is the free-flow travel time. The values of ha and t0

a on each link are shown in
Table 2. We can see from Fig. 3 that most of the links in this network are accompanied by another link that goes in the oppo-
site direction. Let â denote the opposite link to link a; then v â in Eq. (32) denotes the flow on link â. Accordingly, Eq. (32)
implies that the travel time on each link is influenced by the flow on its opposite link as well as its own link flow, which
makes the link travel time functions asymmetric.

In the context of the probit-based SUE principle, commuters’ VOTs are assumed to have a normally distributed perception
error on the link travel time, determined by Eq. (19). In this example, the value of the variance parameter b in Eq. (19) is



Fig. 2. Locations of ERP system on the orchard road of Singapore.

Fig. 3. Topological structure of the orchard road network.
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taken to be 0.1. As mentioned earlier, commuters’ VOT is assumed to be continuously distributed; we assume that the VOT is
uniformly distributed, ranging from 18.0 to 72.0 S$ per h.
5.1. Simulation method for the average travel speed in each cordon

As per the speed-based toll design method, the toll charges at each entry point to the pricing cordon i should be adjusted
based on the average journey speed of all the vehicles in that cordon during the decision period. Herein, the decision period
is defined as 1 h during the morning peak time. In reality, after the implementation of any new toll charge pattern, the aver-
age journey speed of vehicles in the cordon can be obtained by a survey using probe vehicles. In this numerical example, the



Table 1
Parameters involved in the travel demand function for each OD pair.

OD pair w Upper bound of travel
demand �qw (vehicles/h)

1 ? 33 5000
9 ? 1 4000
3 ? 27 5000
27 ? 9 5000
2 ? 29 6000
18 ? 28 6000
4 ? 24 3000
32 ? 14 5000
33 ? 3 5000
25 ? 4 5000
28 ? 6 8000
7 ? 23 8000
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corresponding average speed ci in cordon i is approximated by an area-wide speed-flow model proposed by Olszewski et al.
(1995) for the downtown area of Singapore:
Q i ¼ 80:645cið44:9� 12:0 ln ciÞ
1:563 � 2121:8; i ¼ 1;2; . . . I ð33Þ
where Qi denotes the total in-bound plus out-bound volume to cordon i, which equals the summation of the flows on all
entry and exit points. With any given toll charge pattern s ¼ ðsa; a 2 AÞT, the equilibrium link flows on all the entry and exit
points for cordon i can be obtained by solving a generalized probit-based SUE problem, as discussed in Section 3, and con-
sequently the cordon’s total inbound and outbound volume Qi(s), i = 1, 2, . . ., I equals the flow on all the entry and exit points
of the pricing cordon. Taking Qi(s), i = 1, 2, . . ., I into Eq. (33) gives an estimate of the average travel speed ci(s), and this is
then used to adjust the toll charges at each entry point to cordon i.

5.2. Computing platform and performance measures

Before we talk about the computational results of using the DRGA to solve the speed-based toll design problem, the com-
puting platform used and performance measures of the distributed computing method will be described briefly.

The computing platform used in this study is a high performance computing (HPC) system in the Civil and Environmental
Engineering department at the National University of Singapore. This system has 60 computer nodes with distributed mem-
ory, and each node uses an Intel� Core i7 940 (Quad Core) processor, with a clock speed of 2.93 GHz, 256kB L2 cache per core
and 8 MB L3 cache and 12 GB of 1333 MHz DDR3 RAM. These nodes are connected to an Ethernet Local Area Network via the
10G Myrinet technology and corresponding products, which allows a 10-Gigabit/s data delivery velocity. Regarding the soft-
ware, an x64-based HPC Cluster Manager is installed on every node for configuring, deploying and managing the cluster, and
data communication as well as job assignment is conducted by means of the Message Passing Interface (MPI) (Gropp et al.,
1999). The MPI protocol can support both point-to-point and collective communication. All programs used for this paper are
coded in FORTRAN 90, for which MPI acts as a function library.

The DRGA is tested under different scenarios, using different numbers of processors in the distributed computing system.
The execution time as well as a well-known performance measure, known as Speed-Up (Nagel and Rickert, 2001; Wong
et al., 2001; Liu and Meng, 2011), are used to evaluate its performance under each scenario. The value of Speed-Up can
be calculated as follows:
SðmÞ ¼ T1

Tm
ð34Þ
where T1 denotes the execution time when using only one processor, and Tm the execution time when m processors are used.

5.3. Computational results of the distributed revised genetic algorithm

For the DRGA, the values for both the population and generation are chosen to be 50. The computation is terminated after
50 generations, which is taken as a stop criterion. The mutation and crossover rates are set to be 0.01 and 0.25, respectively.
The synchronized evaluation procedure solves a generalized probit-based SUE problem for each newly generated chromo-
some using the CA method. The sample size at each stage of the Monte Carlo simulation, as discussed in Section 3.2, is chosen
to be 100 for stage 1 and 1000 for stage 2, based on some empirical tests. In addition, the penalty parameter c in Eq. (28) is set
to be 1.0 � 106.

The upper bound �s and the lower bound s for the positive toll charges at each entry point are taken to be 10.0 S$ and 0.0
S$, respectively. An initial generation of the DRGA is then produced by independently selecting a random number in the



Table 2
Data for the link attributes.

Link no. Start node End node Free-flow travel time t0
a (s) Capacity ha (vehicles/h)

1 2 1 60 5400
2 1 2 60 5400
3 3 2 100 5400
4 2 3 100 5400
5 1 4 40 5400
6 4 1 40 5400
7 5 4 90 3600
8 4 5 90 3600
9 6 5 42 3600

10 5 6 42 3600
11 2 6 80 7200
12 6 2 80 7200
13 3 8 72 3600
14 8 3 72 3600
15 7 6 160 1800
16 6 7 160 1800
17 8 7 120 1800
18 7 8 120 1800
19 9 8 60 3600
20 8 9 60 3600
21 4 10 80 5400
22 10 4 80 5400
23 12 5 55 3600
24 5 13 55 3600
25 6 14 80 7200
26 14 6 80 7200
27 7 15 120 1800
28 15 7 120 1800
29 8 17 60 3600
30 17 8 60 3600
31 9 18 90 3600
32 18 9 90 3600
33 11 10 16 5400
34 10 11 16 5400
35 12 11 40 5400
36 11 12 40 5400
37 13 12 24 5400
38 12 13 24 5400
39 14 13 48 5400
40 13 14 48 5400
41 14 15 40 5400
42 15 14 40 5400
43 16 15 12 5400
44 15 16 12 5400
45 17 16 60 5400
46 16 17 60 5400
47 18 17 60 5400
48 17 18 60 5400
49 10 27 20 5400
50 27 10 20 5400
51 11 19 24 1800
52 19 11 24 1800
53 12 20 20 5400
54 20 12 20 5400
55 13 21 30 3600
56 21 13 30 3600
57 14 22 12 7200
58 22 14 12 7200
59 23 15 12 3600
60 15 23 12 3600
61 16 24 12 3600
62 24 16 12 3600
63 17 25 14 3600
64 25 17 14 3600
65 18 26 20 5400
66 26 18 20 5400
67 20 19 80 1800
68 19 20 80 1800

94 Z. Liu et al. / Transportation Research Part C 31 (2013) 83–98



Table 2 (continued)

Link no. Start node End node Free-flow travel time t0
a (s) Capacity ha (vehicles/h)

69 20 21 20 5400
70 21 20 20 5400
71 22 21 48 5400
72 21 22 48 5400
73 23 22 20 5400
74 22 23 20 5400
75 24 23 28 5400
76 23 24 28 5400
77 25 24 60 5400
78 24 25 60 5400
79 26 25 60 5400
80 25 26 60 5400
81 19 28 24 1800
82 28 19 24 1800
83 20 29 12 5400
84 29 20 12 5400
85 22 30 18 7200
86 30 22 18 7200
87 23 31 16 3600
88 31 23 16 3600
89 24 32 18 5400
90 32 24 18 5400
91 26 33 60 5400
92 33 26 60 5400
93 28 27 20 5400
94 27 28 20 5400
95 29 28 40 5400
96 28 29 40 5400
97 30 29 90 3600
98 29 30 90 3600
99 31 30 30 3600

100 30 31 30 3600
101 32 31 60 3600
102 31 32 60 3600
103 33 32 96 5400
104 32 33 96 5400
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range [0.0, 10.0] to each gene of the chromosomes. It should be pointed out that, due to the toll adjustment process (see Step
5 in Section 4.1), the toll charges may fall outside the range of [0.0, 10.0] S$.

Fig. 4 shows the convergence trend of the DRGA, and provides the maximal value of the objective functions among all the
chromosomes in each generation. Table 3 indicates the resultant optimal toll charges at each entry point to the Orchard Road
cordon, denoted by s⁄. The corresponding TSB (in terms of Eq. (28)) and the average travel speed ci(s⁄) in the Orchard Road
cordon are 4.81 � 107 and 23.3 km/h, respectively. We can see that ci(s⁄) is located within the target range [20, 30] km/h
chosen by the Singapore Land Transport Authority.

To see the full impact of the toll charges on the network conditions, two additional tests are conducted for the cases with
null toll (toll charges all equal to zero) and maximum tolls (the upper bound 10.0 S$ is levied at each entry point). The results
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Fig. 4. Convergence trend of DRGA.



Table 3
Resultant toll charges on each entry.

Entry no. 24 25 27 29 34 47
Optimal toll charge (S$) 1.6 0.9 2.4 3.9 4.0 1.1
Entry no. 79 82 84 86 88 90
Optimal toll charge (S$) 5.3 3.9 1.3 4.0 5.6 2.1

Table 4
Execution time and speed-up with different number of processors.

No. of processors Execution time (s) Speed-up

1 107580 1
2 56,736 1.896151
3 41,330 2.602952
4 37,116 2.89848
5 28,836 3.730753
6 27,427 3.922412
7 26,458 4.066067
8 22,950 4.687582
9 20,399 5.273788

10 19,106 5.630692
15 14,501 7.418799
20 11,156 9.643241
25 10,080 10.67262
30 9826 10.9485
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show that, for the untolled case, the TSB value is �5.17 � 107 and the average speed in the cordon is 10.1 km/h; for the case
with the maximum toll, the TSB value is 2.56 � 107 and the average speed is 34.2 km/h. The computational results for these
two extreme cases verify that cordon-based toll charges inherently influence the network users’ route choices and thus can
mitigate traffic congestion within the cordon area. For the untolled case, an average speed of 10.1 km/h implies a congested
road condition, which is much worse than the expectation of the network authorities. In the case of maximum toll charges, a
fast average speed of 34.2 km/h implies that quite a small number of vehicles are traveling in the area, which is a waste of the
road resources. The TSB value for the untolled case is negative due to the high penalty cost of an unacceptable average travel
speed.

The performance of the DRGA will be affected by the number of processors used. Hence, a sensitivity test is conducted to
determine the impact on the total execution time as well as the value of Speed-Up. The results are shown in Table 4. It can be
seen that, when only one processor is used for the calculation T1, the execution time is as large as 107,580 s, that is approx-
imately 30 h, which is beyond an acceptable level. The execution time, however, is sharply reduced when more processors
are used. When 30 processors are used, the computation is accelerated by nearly 11 times, with an execution time of around
2.7 h.

To get a better view of the trend in this sensitivity test, the values of Speed-Up for different numbers of processors are
indicated in Fig. 5. An interesting phenomenon shown by Fig. 5 is that, when the number of processors used is less than
10, the value of Speed-Up increases linearly, but the increase from each additional processor reduces when more than 10
Fig. 5. Value of speed-up in terms of different number of processors.
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processors are used. This phenomenon can be ascribed to two reasons: (a) When a new processor is added, there should be a
trade-off between its marginal computation effort and the marginal cost resulting from the additional data communication
load. Yet, thanks to the advanced 10G Myrinet technology adopted in the distributed computing system, the total data com-
munication time is quite trivial, thus each additional processor can fully contribute to speeding up the computation, and this
results in an approximately linear increase in Speed-Up. (b) In each generation of the DRGA, the number of newly generated
chromosomes varies from 10 to 40. If this number is less than the number of processors used, the redundant processors will
be idle, so they cannot contribute to speeding up the calculation. Thus, when the number of processors is larger than 10, the
total idle time will increase dramatically, and the performance of the distributed computation will deteriorate.

It should be pointed out that, apart from cordon-based pricing, the ERP system in Singapore also features link-based tolls
on some arterial roads and expressways, where the same rule is adopted for the toll setting. The proposed methodology in
this paper is also applicable to this type of link-based toll system, if we take the arterial roads (or expressways) as a special
case of a pricing cordon: the cordon area only contains the charging portion of the arterial road, maybe only one link, and the
charging location is not the entry link but one link of this arterial road.

6. Conclusions

This paper deals with the speed-based toll design problem for a cordon-based congestion pricing scheme, taking an
improvement of the traffic conditions in the cordon area as an objective. Average travel speed is taken as an indicator of
the traffic conditions, and a target range for the average travel speed is predefined. Any toll charge pattern that keeps the
average travel speed within this target range is regarded as acceptable. A MPEC model is proposed to determine the optimal
toll charge pattern, among the acceptable ones, that produces the maximal TSB. The MPEC model takes a fixed-point model,
formulated for the commuters’ route choice problem, as a constraint. This route choice problem is, by nature, a probit-based
SUE problem with continuously distributed VOT, elastic demand and asymmetric link travel time functions.

A DRGA is then proposed for solving this speed-based toll design problem, based on a distributed computing system. The
results show that the DRGA can successfully find a toll charge pattern that keeps the average travel speed within the target
range while maximizing TSB. The numerical example further indicates that the computation can be speeded up by more than
ten times through the use of multiple processors.

This study represents an initial step towards including the traffic conditions in the CBD area as well as the issue of average
travel speed into the congestion pricing toll design problem. A promising research topic would be an in-depth and more
practical investigation into the effect of a given toll charge pattern on the average travel speed in the cordon area, to provide
a more proper flow average-speed relationship function. Furthermore, it is also necessary to extend the current work to the
cases of dynamic traffic assignment, multiple vehicle types and Pareto-improving the toll design, among other things.

Further efforts are also required to investigate the impacts of different distributions of the VOT on the optimal toll charge
pattern. A calibration of the VOT distribution based on practical survey data would be of considerable significance to this
research topic.
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