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Abstract 
Surfactant-enhanced oil recovery (EOR) in fracture-dominated naturally fractured reservoirs (NFR) and very low-
permeability Bakken type reservoirs is less known. Therefore, to predict its performance, improvement of the reservoir 
simulation tools is necessary to account for the surfactant flow mechanisms as much as possible. We present an improved 
dual-porosity (DP) numerical simulation model and algorithm in which matrix-fracture fluid transfer function was enhanced 
by implementing a proper viscous displacement mechanism. This mechanism was added to the existed fluid expansion, 
gravity drainage, and capillary pressure mechanisms. Current DP reservoir simulators generally do not account for the 
viscous displacement mechanism. To validate both the accuracy and efficacy of the improved model, results were compared 
with the results from a variable permeability-porosity, single-continuum, fine-grid model.  
Simulation results of improved model were in agreement with the results of the fine-grid model as the reference case. In a 
one-dimensional numerical model, water flood cumulative oil production increased about 5% compared to the conventional 
DP model. Also, incremental oil production increased over 5% for 1 to 2 wt% surfactant concentrations. Similar results were 
obtained in multi-dimensional numerical models. In a representative matrix block, the water flood oil production rate started 
at 0.25 bbl/day in improved model compared to 0.053 bbl/day in conventional DP model. This rate was 0.124 bbl/day versus 
0.03 bbl/day at the start of chemical injection. The improved model is computationally very efficient and is much faster than 
the fine-grid model. 
For a practical application, the improved model was used to design and assess the viability of an EOR pilot-test using a 
single-well, multiple-completion protocol in a fractured carbonate reservoir. This reservoir has a matrix permeability of 10 
md and matrix porosity of 0.05, and fracture permeability of 10,000 md. Similar result was obtained using improved and 
fine-grid models. Also sensitivity analysis was performed on fracture spacing of 5 to 20 ft. We found that smaller matrix 
blocks are affected more by viscous displacement. 
Introduction 
In a DP NFR, fracture medium consists of the interconnected high-permeability cracks, but its pore space is a small fraction 
of the total pore space of the reservoir. Oil recovery from these reservoirs on the average is lower than sandstone reservoirs 
because NFRs are typically either oil-wet or mixed-wet. Wettability of carbonate reservoirs probably is the most important 
oil recovery controlling parameter (Austad and Milter, 1997; Morrow and Mason, 2001; Tong et al., 2002; Hirasaki and 
Zhang, 2006; Gupta and Mohanty, 2008). Gas and water injection has been used to improve oil production from the matrix 
mainly by gravity drainage (Firoozabadi et al., 1992; Pow et al., 1997; Lange, 1998; Firoozabadi, 2000; Holditch, 2006; 
Eggermann et al., 2007; Lemonnier and Bourbiaux, 2010). Several papers have reported chemical EOR field pilot tests: 
Lagomar Field, Venezuela (Manrique et al., 2000), Angsi Field, Malaysia (Othman et al., 2007), Yates Filed, USA (Yang and 
Wadleigh, 2000; Chen et al., 2000 and 2001). Kiani et al. in 2011 provide a detailed report of the chemical EOR history in 
NFR. 
In the NFR, viscous displacement is significant in fractures but minimal in the matrix. In chemical flooding, surfactant could 
partially penetrate the matrix from fractures with assistance from a secondary viscous displacement across the matrix to 
mobilize additional oil. Field observations and reservoir modeling support this assertion; nonetheless, there are exceptions. 
For instance, viscous displacement by water and gas flooding is significant in the fracture-vug-dominated Cantarell field in 
Gulf of Mexico.  
Viscous displacement formulation in DP reservoir models is mathematically consistent with physics of flow as long as time-
step sizes are large enough to establish pseudo-steady flow within each time step. This is the case when matrix permeability 
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is large and matrix dimensions are small enough to meet the pseudo-steady flow requirements in each time step. This 
condition is generally met in most conventional reservoirs, but it is not met in low-permeability unconventional oil reservoirs 
such as Bakken in North America. In this paper, we presenent a new viscous displacement alogorithm, which aheres to 
physics of flow and is an improvement over exisiting methods.  
The Warren and Root (1963) single-phase version of DP model has the following form: 
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 In Eq.(1) , the fracture flow equation differs from the original Warren-Root model because of the use of effective fracture 

permeability ( k f ,eff ) instead of absolute fracture permeability ( k f ). Eq.(2), the matrix flow equation, is a resistance-
capacitance (RC) formulation, which accounts only for the flow resulting from fluid expansion or compression, and is 
applicable to situations where pseudo-steady state approximation prevails. In reality a global coordinate system supports 
Eq.(1), while a local coordinate supports Eq.(2). Kazemi, et al, 1976, and Gilman and Kazemi, 1988, reported gravity and 
capillary force formualtion for the two-phase flow in the fracture and matrix. Similarly, Ramirez et al., 2009 and Alkobaisi et 
al., 2009 presented three-phase flow formulations for steady state and unsteady state fluid transfer between fracture and 
matrix. 

1. Dual-porosity Model without viscous displacement inside the matrix 

1.1. Water Phase 

In the absence of free gas, the following formulation is applicable and the continuity equation for water phase in fracture is:  
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Eq. (4) represents the transfer function equation for water phase between fracture and matrix. Transfer function is defined as 
the flow rate [volume/time] per unit of rock volume, which becomes [1/time].  Terms inside the parenthesis account for fluid 

expansion and compression, Pof − Pom( ) , gravity, σz
σ
γw hwf − hwm( ) , and capillary forces, Pcwof − Pcwom( ) , in the matrix 

blocks. Fluid expansion/compression term in multi-phase flow is generally negligible. The capillary and gravity forces can 
work together or can be against each other. Depending on the flowing phase present, capillary and gravity forces are 
generally dominant in fractured reservoirs. The effects of these two forces are different case to case. They can work together 
or can oppose each other. For example in gas injection always gravity difference will play the major role but in water 
flooding both mechanisms might be effective. When fluid expansion is negligible, capillary and gravity forces are dominant 
in the matrix, which leads the Eq. (5): 

τw = 0.006328σ km
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λt
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⎝⎜
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The relative effect of gravity to capillary is shown by the relative magnitude of the gravity term 
σz
σ
γw − γo( ) hwf − hwm( )

versus capillary term, (Pcwom− Pcwof ) . For example, if the gravity term is 1 psi and capillary term is 2 psi, for a water-wet 
system, then the gravity and capillary add to 3 psi, and capillary is more important than gravity. However, for an oil-wet 
system with -2 psi capillary term, the combined effect of capillary and gravity is -1 psi; this means that water cannot enter the 
matrix.  
A credible transfer function accurately accounts for the matrix-fracture fluid exchange through the above mentioned forces. 
An accurate calculation of transfer function has a very important effect on the economics of the project. Because based on 
that one can determine how much of hydrocarbon in place in a NFR can be produced. Figure 1 helps to explain the terms 
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used in the transfer function equation by considering a fractured rock in reservoir condition including three phases (This 
picture is an ideal case and is just for purpose of showing the fluid levels in the fracture and matrix block). Figure 1 shows 
the water, oil, and gas levels (heads) in matrix and fractures in reservoir conditions. In Figure 1, the gas or water column in 
fractures needs to be big enough to overcome the entry capillary pressure (threshold gas-oil or water-oil capillary pressure) of 
the matrix. For example in a pressure maintenance gas injection project, gas head could be more than several feet to enable 
the gas penetrate into the matrix. Similarly, in water flooding projects the same mechanism is involved. 

 

Figure 1: Top: outcrop of fractured carbonate rock (Scott, 2008); Bottom: Schematic of fluid heads in a DP model (f:fracture, 
m:matrix, h:fluid head(level)) 

Continuity equation for water phase in matrix is as following: 
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Eq. (6) can be written in below form: 
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 1.2. Oil Phase 

Fracture material balances for oil phase is: 
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And matrix material balance (transfer function) is as following: 
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Eq. (10) can be written in below form: 

τo = φmSom cφm + co( )∂Pom
∂t
+φm

∂Som
∂t

        (11) 
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Under a counter-current flow mechanism the amount of water transferred into the matrix is equal to the amount of oil 
expelled from the matrix; therefore we have: 

τo =−τw            (12) 

For a system including water and oil phases, by adding the fracture water and oil material balances, the form of global 
pressure equation becomes: 

∇. k f ,eff( ) λtf∇Pof − γwλwf + γoλof( )∇D−λwf∇Pcwof⎡
⎣⎢

⎤
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∂t

   (13)  

Eq.(13) is non-linear and in order to solve it as a set of linearized equations an approximate form has to be written in finite 
difference. τt  is total transfer function of the phases and is the sum of τo  and τw . Solving the finite difference expansion of 
the above equation implicitly for pressure, the results can be used sequentially in the saturation equations to solve for the 
phase saturations. Then matrix phase saturation values can be obtained from Eq. (7) and Eq. (11) for water and oil 
respectively. 

1.3. Fracture Surfactant Material Balance 

Surfactant concentration per time step can be solved explicitly or implicitly using the finite-difference form of Eq. (14). In 
this equation pressures and saturations have already been calculated using Eq.(13), (7) or (11) at n+1 level. This equation 
includes diffusion mass transfer term, surfactant partition in oil phase, and surfactant adsorption on the rock surface. 
Cosf /m = βCwsf /m accounts for surfactant partition into oil phase.  Langmuir isotherm adsorption equation was used.
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1.4.     Matrix Surfactant Material Balance 

Eq.(15) accounts for surfactant penetration into matrix. Upstream weighting determines whether surfactant goes in or out of 
matrix grid block. Surfactant adsorption is included on the right hand side of Eq.(15).  
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Surfactant incremental oil recovery is investigated by using interfacuial tension reduction and wettability alteration. The 
auxiliary equations for solving the pressure and saturations are given in Appendix A. 

2. Dual-porosity Model with Viscous Displacement in the Matrix 

In contrast with conventional single-porosity formulations, fluid exchange between fracture and matrix in a DP model is a 
replacement process rather than a displacement. To include fluid displacement in DP models viscous displacement term 
needs to be added. The need for implementation of the viscous displacement term was recognized by Gilman and Kazemi in 
1988 and an algorithm was provided. In what follows, we have followed this early idea and have developed an easily 
implementable method to account for viscous displacement. Figure 2 shows the comparison between the DP model with 
viscous displacement and the DP model without viscous displacement. As seen from this figure in the new work we account 
for the pressure gradient between fracture and matrix within the numerical grid block. In both works the matrix blocks in a 
given numerical grid block behaves identically. Depend on the capillary pressure insid the matrix block oil pressure can be 
greater than water pressure or vice versa. Assuming capillary pressure near zero in fractures, both water and oil pressures are 
the same. When the pressure gradient across the matrix block, in each direction, becomes larger than the capillary pressure 
inside the matrix, fracture fluid will flow from upstream face and matrix fluid will drop from downstream face. Viscosu 
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displacement mechanism was adjusted into the current DP formulation as a part of matrix-fracture transfer function terms. 
We have made this adjustment in the following procedure: 

  

 
Figure 2:   DP model (a) Flow into a numerical grid block with 

more than one matrix block (b) without viscous 
displacement (c) with viscous displacement (modified 
from Gilman and Kazemi, 1988).  

 
  
  
  

Figure 3: Schematic of a 5-point fracture-matrix grid designation 
and pressure nomenclature for Calculating viscous 
displacement in the central matrix block.  

 
2.1. Adjustment inside the Fracture 

    The viscous displacement terms for matrix flow are represented by ,w vdt and ,o vdt for water and oil respectively. 
Consequently Eq.(3) becomes Eq.(16). 
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Eq. (8) becomes Eq.(17) 
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In the global pressure equation, Eq.(13), the total transfer function, τt , becomes: 

τt = τw + τo + τw,vd + τo,vd          (18) 

In the above equations viscous displacement terms can be shown to be: 

τw,vd =−

vtm∇fw           (19) 

τo,vd =−

vtm∇fo           (20) 

The 

vtm  is the totl phase velocity vector in matrix and ∇f  is the gradient of phase fractional flow. 
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v tm =


vwm+


vom            (21) 

Therefore the material balance equation for each phase in a matrix block becomes: 

τw −

vtm∇fw = φm

∂Swm
∂t

          (22) 

τo −

vtm∇fo = φm

∂Som
∂t

          (23) 

Integrating Eq.(22) or Eq.(23) with respect to the volume of the matrix block: 
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Where the volume of matrix block is: 

Vm = lxlylz            (25) 
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For a two dimensional vertical model: 

If    vtmx > 0and vtmz > 0 , then 

τwVm− vtmxlylz fwm− fwf( )− vtmzlylx fwm− fwf( )=Vmφm
∂Swm
∂t

     (28)  

Otherwise  

τwVm− vtmxlylz fwf − fwm( )− vtmzlylx fwf − fwm( )=Vmφm
∂Swm
∂t

     (29) 

Then Eq.(28) becomes: 

τ w−vtmx
fwm− fwf
lx

− vtmz
fwm− fwf
lz

= φm
∂Swm
∂t

       (30) 

And Eq.(29) becomes: 

τ w−vtmx
fwf − fwm
lx

− vtmz
fwf − fwm
lz

= φm
∂Swm
∂t

       (31) 

The similar approach for the oil phase is given below: 
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If vtmx > 0 and vtmz > 0  

τ o−vtmx
fom− fof
lx

− vtmz
fom− fof
lz

= φm
∂Som
∂t

       (32) 

Otherwise 

τ o−vtmx
fof − fom
lx

− vtmz
fof − fom
lz

= φm
∂Som
∂t

       (33) 

The viscous displacement velocity affecting a matrix block for each phase is: 


vwm =−0.006328kmλwm ∇Pw

(n+1)− γw∇D( )        (34) 

And  


vom =−0.006328kmλom ∇Po

(n+1)− γo∇D( )        (35) 

The sum of Eq.(34) and Eq.(35) results Eq.(21). 

For a matrix block with four faces in x-z plane shown in Figure 3, the descritized form of the above phases velocities are: 

vϕmx =−0.006328kmλϕm
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vϕmz =−0.006328kmλϕm
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     (37) 

In the above equations: 

The pressure at each face, left (-) and right (+), of the matrix block is given by: 

P
i±1
2

= 1+ ki
ki±1

Δxi±1
Δxi

⎛

⎝
⎜⎜⎜

⎞
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⎟⎟⎟⎟
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Pi       (38)  

Similar equations apply to y and z directions. For a model with uniform grid and constant fracture permeability the above 
equations become: 

Pressure at the right face of matrix block for each phase 

Pϕ f
i+1
2

n+1 =
Pϕ fi+1
n+1 + Pϕ fi

n+1

2
          (39) 

Pressure at the left face of matrix block for each phase 
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Pϕ f
i−1
2

n+1 =
Pϕ fi
n+1+ Pϕ fi−1

n+1

2
          (40) 

Pressure at the top face of matrix block for each phase 

Pϕ f
k+1
2

n+1 =
Pϕ fk+1
n+1 + Pϕ fk

n+1

2
          (41) 

Pressure at the bottom face of matrix block for each phase 

Pϕ f
k−1
2

n+1 =
Pϕ fk
n+1+ Pϕ fk−1

n+1

2
          (42)   

Similar equations was applied during chemical injection. 

3. Conceptual Examples 

In below examples (Table 1) we showed the results of using the DP model with and without viscosus displacement in a 
waterflood scenario which was followed by a surfactant flood. Results were compared with variable permeability-porosity 
model (fine-grid model) as the reference. The properties of these exampless are given in Table 2.  

Table 1: Conceptual model examples 
Example DP With Viscous 

Displacement 
DP Without Viscous 

Displacement 
Variable Permeability-

Porosity fine-grid 
Dimension Alignment Size 

1 YES - - 1D Horizontal 12X1X1 
2 - YES - 1D Horizontal 12X1X1 
3 - - YES 1D Horizontal 25X3X3 
4 YES - - 1D Vertical 1X1X12 
5 - YES - 1D Vertical 1X1X12 
6 - - YES 1D Vertical 3X3X25 
7 YES - - 3D - 10X1X10 
8 - YES - 3D - 10X1X10 

9* YES - - 3D  10X1X10 
10* - YES - 3D - 10X1X10 
11* - - YES 3D - 21X3X21 

*: These examples have differnet relative permeability properties; look at Table 2. 

Table 2: Conceptual model properties 

Properties Example 1 to 8 Example 9 to 11 

Matrix Fracture Matrix Fracture 
Initial pressure, psia 3000 3000 3000 3000 

Permeability, md 10 10000 10 10000 
Porosity 0.05 0.02 0.05 0.02 

Oil viscosity, cp 3 3 3 3 
Water viscosity, cp 0.5 0.5 0.5 0.5 

Swi 0.25 0.02 0.25 0.02 
Sorw 0.3 0.02 0.3 0.02 
nw 2 1.3 2 1.3 
now 6 1.3 4 1.3 

Krw end point 0.05 0.98 0.25 0.98 
Krow end point 0.07 0.98 0.7 0.98 

3.1. Simulation results 

   Figure 4 and Figure 5 show simulation results in horizontal and vertical one dimensional model (examples 1 to 6). The 
result of one dimensional DP model with viscous displacement was compared with the DP model without viscous 
displacement. This result was also compared with the one dimensional variable permeability-porosity fine-grid model. 
Results showed that application of viscous displacement in the DP model improves oil production in both water flood and 
surfactant flood stages. Surfactant was injected after 1,000 days of water flood. Results were compared for 1 wt% (10,000 
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ppm) and 2wt% (20,000 ppm) surfactant concentration. Using higher surfactant concentration showed that more 
concentration would results in more surfactant penetration into matrix block. However the use of higher concentration is in 
the limit of the project economics.  

In example 7 and 8 viscous displacement was used in a single-well dual-completion pilot test model for differnet 
concentrations (Figure 6). Viscous displacement transfered more water phase into the matrix block. This mechanism caries 
higher surfactant concentration into the matrix during surfactant injection. The higher surfactant concentration mobilizes 
more oil from the matrix block in the DP model. This result was not seen when we used even higher concentration in the 
common commercial DP simulators. This might be because of using a more detailed transfer function equation that was used 
in this work. In another experiment, in example 9 and 10, the relative permeability with higher end points were used which 
eases the fluid mobility inside the matrix. Results were shown in Figure 7. The higher oil recovery during water flood was 
observed and also the effect of using higher concentration is clearer. As a general result, the use of viscous displacement 
improved the fluid movement in DP model. 

 

Figure 4: Application of viscous displacement in a one 
dimensional horizontal model (Example 1,2,3). 

 

Figure 5: Application of viscous displacement in a one                          
dimensional vertical model (Example 4,5,6). 

 

Figure 6: Single-well dual-completion method using DP model 
with viscous displacement compared to DP model without 

viscous displacement (Example 7,8). 

 

Figure 7: Single-well dual-completion method using DP model 
with viscous displacement compared to DP model without 
viscous displacement (Example 9,10). 

Comparison between the DP model and the variable permeability-porosity fine-grid model in a single-well dual-completion 
was shown in Figure 8 (Example 9 and 11). As mentioned before the variable permeability-porosity fine-grid model was 
used as the reference case for the improved DP model with viscous displacement. A reasonable agreement between two 
models was achieved. However, DP model with viscosus displacement was computationally very efficient and it was much 
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faster than the computation time of the fine-grid model. The computation time for DP model was in matter of few minutes 
against the hours for the fine-grid model in different scenarios. The effect of matrix block size on the DP model with viscous 
displacement was shown in Figure 9. As seen smaller matrix blocks (lx=ly=lz= 5 ft) resulted in more oil recovery than the 
larger ones because the viscous displacement was more effective when the fracture spacing is small. In this case a higher 
pressure gradient existed around matrix block. However for matrix blocks with high thickness and smaller width the 
combined effect of viscosity and gravity gave higher oil recovery during surfactant injection (lx=ly=5ft, lz=20 ft). 

 

Figure 8: DP with viscous displacement vs. variable 
permeability-porosity model in a single-well dual-completion 
case (Example 9 and 11). 

 

Figure 9: The effect different matrix block size on DP with viscous 
displacement effect 

Figure 10 and Figure 11 show phase transfer function and production rate in a representative matrix block in DP model. In 
these figures the DP model with viscous displacement was compared with the DP model without this mechanism. As seen in 
Figure 10 the transfer function for the DP model with viscous displacement was improved and more fluid can be exchanged 
between matrix and fracture. Due to a good fluid exchange more oil was produced in the model with viscous displacement 
(Figure 11). In water flood stage the matrix grid oil production rate started at 0.25 bbl/day in improved model compared to 
0.053 bbl/day in conventional DP model. During surfactant injection even the transfer function was increased more, because 
more surfactant concentration could be carried into the matrix and releases more residual oil.  This amount was 0.124 bbl/day 
against the 0.03 bbl/day at the start of chemical injection. This increases the incremental oil production during surfactant 
injection.  

 

Figure 10: Comparison of water (left) and oil (right) transfer function in the DP model with and without viscous displacement in a 
representative matrix block (Example 9 and 10). 
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Figure 11: Comparison of water (left) and oil (right) production rate from a representative matrix block in the DP model with and 
without viscous displacement (Example 9 and 10). 

 

Discussion 
The main issue with surfactant injection in carbonate NFR is shallow penetration of surfactant into the matrix. In oil-wet 
rocks, spontaneous capillary imbibition is absent. In fact, negative capillary pressure is present, which hinders oil drainage; 
however, for tall matrix blocks, there is often sufficient gravity force to push the surfactant solution into the matrix. In DP 
models, gravity is constrained by the matrix block height. In variable permeability-porosity fine-grid models the gravity is 
controlled by formation and bed thickness. Chemical injection in current DP models results in lower incremental oil 
compared to the fine-grid formulation, because gravity and viscous displacement forces in fine-grid models dominate the 
negative capillary pressures. Which model is the more reasonable one to use is a question. The oil recovery results from 
either model are highly subjective. But the DP results are more realistic for pattern chemical floods, because in large 
reservoirs the viscous displacement contribution is small in the inter-well region. 

 Conclusions 
As a result of this study following conclusion can be made: 

1. With large pressure gradients between fracture and matrix in DP model, the viscous displacement could improve the 
oil displacement from the matrix. In this paper a very efficient formulation and algorithm was developed to account 
for viscous displacement in DP model. Simulation results of DP model including viscous displacement were verified 
by comparison to the variable permeability-porosity fine-grid model as the reference case. 

2. Surfactant based EOR methods in DP models is more effective when viscous displacement is included.  

3. In single-well dual-completion pilot test, the DP model with viscous displacement formulation is more appropriate 
than the DP model without this mechanism. However, viscous displacement contribution is small in the inter-well 
region of reservoirs with large well spacing.  

4. The simulation run time for the DP model with viscous displacement algorithm is several orders of magnitude faster 
than the run time for the fine-grid model. 

Nomenclature 
𝑎!  adsorption, mili-gram/gram rock  
𝐵!  formation volume factor of phase 𝜑, rb/STB 
𝑐!  total system compressibility, Lt2/m, psi-1 
𝑐!  compressibility of phase 𝜑, Lt2/m, psi-1  
𝑐!  pore compressibility, Lt2/m, psi-1 
𝐶!"  Surfactant concentration in phase 𝜑, mili-gram/gram rock 
D  depth, ft 
𝐷  diffusivity, L2/t, ft2/day 
𝑓!  fractional flow, dimensionless 
ℎ!  gravity head for phase 𝜑, ft 
ℎ!  fracture height, L, ft  
ℎ!"  height of water inside the fracture, ft 
ℎ!"  height of water inside the matrix, ft 
𝑘!,!""   effective fracture permeability,  𝑘!,!"" = 𝑘!∅! 
𝑘  0.006328* absolute permeability, L2, md 
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𝑘!  0.006328* fracture absolute permeability, L2, md 
𝑘!"          relative permeability to phase 𝜑, dimensionless 
L  matrix block dimension, ft 
𝑃!  pressure of phase 𝜑, psi 
𝑃!"#  water-oil capillary pressure, psi 
𝑞!  source/sink term for phase 𝜑, L3/t, ft3/d 
𝑞  sink/source term per volume of grid block, 1/t, 1/day 
𝑆!  saturation of phase 𝜑, fraction 
𝑆!"  residual saturation of phase 𝜑, fraction 
𝑣!  phase velocity, ft/day 
0.006328               conversion factor to the field units of psi, psi/ft, cp, ft, md,… 
Greek Letters 

𝜏!  matrix / fracture transfer function for phase 𝜑, 1/day 
𝜏  turtuasity, dimensionless 
𝜆!  mobility of phase 𝜑, cp-1 
𝜆!  total system mobility, cp-1 
𝜙!  matrix porosity, fraction 
𝜙!  fracture porosity, fraction 
𝛾!  fluid gravity gradient for phase 𝜑, psi/ft 
𝜎  matrix block shape factor, L-2, 1/ ft2 
𝜎!  matrix shape factor in z direction, L-2, 1/ ft2 
𝛽!  partition coefficient, dimensionless 
𝜌!  rock density, 𝑙𝑏𝑚/𝑓𝑡! 
Operators 
𝛻  gradient operator 
𝛻 ∙  divergence operator 
Superscript 
𝑛  current time level 
𝑛 + 1  next time level to be solved 
Subscript 

m  matrix 
𝑓  fracture 
o  oil 
w  water 
𝑡  total, system 
𝜑  fluid phase (𝜑 = 𝑜, 𝑜𝑖𝑙  ;𝜑 = 𝑤,𝑤𝑎𝑡𝑒𝑟) 
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Appendix  A :Auxiliary equations used in model 
	  
Shape factor for DP formulation w/o refinement:     σ = 4( 1

Lx
2 +

1
Ly
2 +

1
Lz
2 )

  

Shape factor in z direction for DP  w/o refinement:       σ z =
4
Lz
2

  

Fluid gravity:                   γ ϕ =
ρϕ

144
      

Total compressibility:                                                                                              ct = cφ + Swcw + Soco + Sgcg   

Water compressibility:                                                                                             cwf = −
1

Bwf

∂Bwf
∂p    

  

Formation volume factor:                                                                                         Bwf = Bwfb 1− cwbPw( )                                                            
 
   

 

Oil compressibility:                                               cof = − 1
Bof

∂Bof
∂P

                                                                    

Mobility ratio:                                                                                             λϕ =
krϕ
µϕ

        

Total mobility ratio:                                                                                           λt = λw + λg + λo          

Phase fractional flow:                                                                                             fϕ =
λϕ

λt
       

Relative permeability:                                                                                              krϕ = krϕ Sw( )       

Capillary pressure:                                                                                        Pcow = Pcow (Sw )        
Saturation constraints:                                                                                             Sw + So + Sg =1  

Water level (head) in matrix or fracture                                                               hwm/ f =
Swm/ f − Swrm/ f

1− Swrm/ f − Sorwm/ f

⎛

⎝
⎜

⎞

⎠
⎟ Lz

   

Oil level (head) in matrix or fracture                                                             hom/ f =
1− Swm/ f − Sorwm/ f
1− Swrm/ f − Sorwm/ f

⎛

⎝
⎜

⎞

⎠
⎟ Lz
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Relative permeability and capillary pressure equations 

Water relative permeability in matrix/fracture:                                 krwm/ f = krwm/ f
max

Swm/ f − Swrm/ f
1− Swrm/ f − Sorwm/ f

⎛

⎝
⎜

⎞

⎠
⎟

nwm/ f

 

Oil relative permeability in matrix/fracture:                                 krom/ f = krom/ f
max

1− Swm/ f − Sorwm/ f
1− Swrm/ f − Sorwm/ f

⎛

⎝
⎜

⎞

⎠
⎟

nom/ f

 

Capillary pressure in matrix: 
Swm < Swrm                                 → Pcwo =1psi

Swm > Swrm  and  Swm < Swx        → Pcwo =α2 log
1− Sox − Swrm
Swm − Swrm

⎛

⎝⎜
⎞

⎠⎟
psi

Swm > Swx  and  Swm <1− Sorwm  → Pcwo =α1 log
1− Swx − Sorwm
1− Swm − Sorwm

⎛

⎝⎜
⎞

⎠⎟
psi

Swm >1− Sorwm                           → Pcwo = −8psi

    

 

where 

α2 = −
Swx − Swrm

1− Swx − Sorwm

⎛

⎝⎜
⎞

⎠⎟
.α1  , and α1 = −0.1  

 
In presence of surfactant, phase relative permeability, capillary pressure, and fluid heads (level) in both matrix and fractures 

was calculated as a function of surfactant residual oil saturation ( Sorwm/ f
* ). Therefore in above equations  Sorwm/ f ( water 

flood residual oil saturation) was replaced by Sorwm/ f
* . 


