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We derive analytical expressions for the single mode quantum field state at the individual output ports of a
beam splitter when a single-photon Fock state and a coherent state are incident on the input ports. The output
states turn out to be a statistical mixture between a displaced Fock state and a coherent state. Consequently
we are able to find an analytical expression for the corresponding Wigner function. Because of the generality
of our calculations the obtained results are valid for all passive and lossless optical four port devices. We show
further how the results can be adapted to the case of the Mach-Zehnder interferometer. In addition we
consider the case for which the single-photon Fock state is replaced with a general input state: a coherent
input state displaces each general quantum state at the output port of a beam splitter with the displacement
parameter being the amplitude of the coherent state.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Quantum optics is an exciting field, in which many fundamental
experiments, revealing the peculiarities of quantum mechanics, have
been conducted. The advantage of optical experiments, compared with
other fundamental experiments, is their simplicity. Quantum optics has
been one of the main vehicles in the development of quantum
information technologies and in particular of quantum cryptography
[1-4] and optical quantum computing [3,5,6]. The most widely used
quantum states in this respect are coherent states and Fock states [7].
Important basic building blocks in quantum optics are beam splitters
and Mach-Zehnder interferometers, which are passive and lossless four
port devices [8-10]. Many cases of interference between vacuum, Fock
states and coherent states have already been theoretically studied [10].
A famous example is the so-called Hong-Ou-Mandel effect [11] where
two single-photon Fock states arrive simultaneously at each input port
of a balanced beam splitter. In this case there are no coincident photons
at the output ports. On the other hand interference between a
fluorescent photon and a classical field has been investigated [12]
where the photon is created from a coherently excited atom going
through its Rabi cycle of oscillation. This results in a time dependence of
the interferometric fringe visibility as a function of the atomic Rabi
frequency [13].

Without going into details of the time-dependent photon generation
a somewhat simpler but nevertheless important problem arises when we
consider the interference between a true single-photon Fock |1) state and
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a coherent state |a). Based on an experiment in 2002 a displaced Fock
state has been synthesized to a good approximation by overlapping a
single-photon Fock state with a strong coherent pulse on a highly
reflective beam splitter [14]. To the best of our knowledge an exact
analytical expression for the evolving quantum state in this experiment
has not been published so that the reconstructed state (Wigner function)
of the beam splitter output could be compared with the theory.

In this work we calculate analytically the output of a beam splitter
(BS) in the case of a single-photon Fock state |1) and a coherent state |o)
impinging respectively on its two input ports. In particular we derive an
exact expression for the quantum state of the separate beam splitter
output ports. Because of the generality of our calculations, the results we
obtain are not restricted to the beam splitter, but are valid for all passive
and lossless optical four port devices. In addition we consider the case
for which the single-photon Fock state is replaced with a general input
state. We show that a coherent input state displaces the quantum state
at the output port of a beam splitter in phase space, whereby the
displacement parameter is the amplitude of the coherent state. In the
second part of this paper we show how the results can be adapted to the
case of a Mach-Zehnder interferometer (MZI). Additionally, the mean
photon numbers at the output ports of the MZI are determined. These
results serve as a first step of investigating more complex systems that
might find application in optical quantum computation.

The intention of this article is to present the matter in a concise and
didactic way.

2. Interference at a beam splitter

We consider a general beam splitter with complex reflection
coefficients r and r’ and transmission coefficients t and t’. The phase
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relation between the coefficients depends on the construction of the
beam splitter [15]. In the Heisenberg picture the annihilation
operators d of the incident fields transform as [10]

(8)=( D)(%)=5(%) o

where the indices indicate the corresponding ports (modes). The
unitary scattering matrix B must satisfy — for lossless devices — the
so-called reciprocity relations due to Stokes [16]

Fl=1r, Jt=1], P+’ =1, + 1t =0 2)

2.1. Input: Fock state and coherent state

In our setup (see Fig. 1) the incident field states are a single-photon
Fock state |1)o and a coherent state |o); which can be written as the
following product state:

~ AF P
[y, = Dy() (13,|0>0\0>1 =" N al10)]0)q, (3)
where ag is the creation operator and D (a) is the unitary
displacement operator.
From Eq. (1) together with Eq. (2) we easily obtain the following
relations:

ah = t'al + r'al and a} = ral + tal. (4)

Obviously two vacuum states at the input ports of the beam splitter
transform into vacuum states at the output ports: |0)g|0); LS>| 0)2]0)3 .
We use the Baker-Campbell-Hausdorff formula [10] and Eq. (4) to see

how the input state Eq. (3) transforms into the corresponding output state
under the action of the beam splitter:

A A PN s
Dl Sreelr®h + @)= (e +10) (1] 1 1) 03,00

= ﬁz(ra)ﬁ3(ta)(t’ ab +r' a3) 10),|0)5.

The density operator for the output state, Eq. (5), reads
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Fig. 1. Beam splitter (BS) with a single-photon Fock state |1)o and a coherent state a4
incident on its input ports.

where
YR VPN | N RPN 15 oA
Doz = <t Gy + 1 a3> |0),10)3¢0[50], (t"" @ + 1" a3). (7)

In fact f,; would be the density operator of the beam splitter
output with vacuum instead of the coherent input state. The two
output modes (2 and 3) are in an entangled state. If we consider only
output mode 3 we have to find the reduced density matrix by taking
the partial trace over output 2, i.e.

3 = Try(py3) = Ds(ta)Tr, (Dz(m‘) 52315;(“1))5;(“‘)

= Dy (teTry (Dy(rer) Dy (ret) s ) DS () (8)

D3(ta)n§0 (n|, Py |n>2D£(ta).

The operators Ds(tc) and D}L,(ta) are not effected by the trace over
mode 2, therefore we can put them outside the trace. Further, in the
second and third line of the last equation we made use of the rule that
the trace is invariant under cyclic permutations, Tr(ABC) =Tr(CAB),
and the unity relation Df(ct)D(cr) = 1. Inserting p,; into the last
equation we get with some basic boson algebra

Py = |t'Pltadstas + ['[* Dy (tar) [ 1)5(1]5 D (tav). 9)

The result is a mixed state which is a convex combination of two
pure identically displaced states: a coherent state (displaced vacuum)
and a displaced Fock state [17], where the displacement and the share
of each pure state depend on the reflectivity and the transmittivity of
the beam splitter. For the other output port we get the analogous
result

Py = I [rav,(ratly + |62 Dy(ra) | 1y(1], D (rav). (10)

2.2. Wigner function

With the simple form of the density operator for the output mode
3,Eq. (9), we can calculate its Wigner function. The Wigner function is
defined as [18-21]

17 . .
i ) @=y/21pla+y/2) exp(iyp/h)dy. (1)

W;(q.p) =
where p and q are the field quadratures. By inserting Eq. (9) into
Eq. (11) we see immediately that we get a sum of two Wigner
functions at the output port,

42 12
Wp, = | W,é([)(ta)\w) + || Wﬁ(b(ta)m)’ (12)
where W_ is the Wigner function of the coherent state |t

p(D(ta)|0)

and W. is the Wigner function of the displaced Fock state

" p(bta)| 1)
D(ta)|1). These two individual functions are well known [22] [17]. For
the coherent state it is

_ ! AN 1 q/ 2 p/qo 2
Wobuee ) (@P) = Woqon (@) = 77 exp [_ (?o) _<T> ’



A. Windhager et al. / Optics Communications 284 (2011) 1907-1912 1909

and for the displaced Fock state it is

Wi (bt 1) (@ P) = W1 (@'-P")
R
ol )]

where qo = /% / ®. The displacement quadratures

X

q =q—V2qy(Retay and p' = p—\/fqz(lm t) (15)
o
shift the minimum of the Fock state W, ;) = —1 (and the maximum
of the coherent state Wp o) = 1) to g = V2qo(Reta) and p =
V2 E(Im tar).
do

The Wigner function Eq. (12) for the output field at port 3 is
depicted in Fig. 2 for two different cases. In the first case we consider
a 50:50 BS, where the Wigner function is an equal mix between a
coherent and a displaced Fock state. The absolute minimum of this
function is zero, situated at the center of the displaced Fock state, as can
easily be seen from Eqgs. (12) to (14), and the total Wigner function is
non-negative. In the second case we consider a highly reflective
(99:1) beam splitter comparable to the experiment mentioned in the
introduction [14], in which a displaced Fock state has been synthesized.

(a)

(b)

Fig. 2. Wigner function (xm, #=®=1) of the beam splitter output 3, Eq. (12). It is a
statistical mixture between a coherent state and a displaced Fock state. (a) 50:50 beam
splitter (t = 1/+/2) with the coherent input state | = v/2e™/4). (b) Highly reflective
beam splitter (t=1/10) with the coherent input state [w=10e™4). Note that ta is
identical for both (a) and (b).

However the high reflectivity would lead to a smaller displacement at
port 3, unless the intensity of the incoming coherent state is increased to
get anidentical factor ta for Figs. 2a and b. Therefore the shift is identical,
but due to the different reflection and transmission coefficients of the
BS the relative weights of both input states are different. Indeed we
see from the Fig. 2b that the displaced Fock state is very dominant with
a pronounced minimum nearly reaching the original value of —1.

We have thus established an exact theory for the experiment of
creating a displaced Fock state [14] instead of the theory which the
experiment was originally based on [23-25] or the theory in [26].

2.3. Input: coherent state and a general state
For future theoretical considerations and experimental demon-

strations it might be useful to replace the ideal Fock state by a general
state

o = 2. Cplm). (16)
m=0
The input state then reads

A hd 1
), =D L
Wf>0|a1 1(&) mgo Cm\/rm

F\m
(@)™ 10%/0). (17)

Itis straightforward to see that the output mode 3 of the BS is given
by an equation analogous to Eq. (8), whereby the density matrix p3
becomes

i 1

m=0 [=0 vm!l!

e

Prs = cnci ('8 +1'a3)"[0),10050150],  (18)

x (t7 8 + 17 as)"

Similar to above P, is the non displaced density operator which
would emerge at the output if the coherent state at the input would be
replaced by vacuum. Thus the coherent input state displaces any state
at the individual output port of a beam splitter compared to a vacuum
input (see Eq. (8)). In the limit of a highly reflective beam splitter
(t—0) Eq. (18) becomes p,3— |0); [4)34|3¢0]. If we furthermore
consider a strong coherent state (tc finite), we see from Eq. (8) that
the effect on an arbitrary input state is approximately a mere
displacement by ta of this state. A similar result has already been
shown using a different approach in [26] confirming our calculations.

3. Interference at a Mach-Zehnder interferometer

Now we consider a single-photon Fock state and a coherent state
at the input of a Mach-Zehnder interferometer (MZI) as shown in
Fig. 3. Again we want to calculate the quantum state at the output
ports.

3.1. MZI scattering matrix

As suggested in [9], a MZI can be considered as a lossless and
passive four port device. The annihilation operators of the field states
transform similar to Eq. (1) and yield

(&) =ta() o

The necessary and sufficient condition for the scattering matrix
Bz is that it has to be unitary. In fact, since we have already
considered a general scattering matrix in the case of the beam splitter,
Eq. (1), which essentially accounts for all passive and lossless four port
devices, the calculations from the last section are generally valid. The
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Fig. 3. Mach-Zehnder interferometer (MZI) with a phase shift in path 3. The input
states at BS; are a single photon Fock state |1)o and a coherent state |at);.

scattering matrix of an arbitrary four port MZI, in particular, may be
represented as a composition of several unitary scattering matrices.

The scattering matrix for the MZI, depicted on Fig. 3 is composed of
3 unitary matrices, two matrices corresponding to the two beam
splitters (see Eq. (1)) and one matrix associated with the phase shift,
which in our case reads

U= (g o) (20

Accordingly the annihilation operators of the field states transform
as

Iy _ (13 1.0 o dy
as r, ) \0o &) \r a,

(21)
—(tm @G\ _p (0
oty a AR
where in the last line we defined the following variables:
m = nit, + 't
ty =, + et
M 112 " ,1 2 (22)

= tirp +e'rity,
Y] i0_ .11
ty = tity, + e,

The variables defined in Eq. (22) obey the reciprocity relations
Eq. (2), in particular |ty | = |ty| and |ry| = |mu].

Here we add a short comment with respect to Fig. 3. The output
ports 4 and 5 can serve as two paths of a second MZI including a
second phase shift, subsequently followed by a third MZI of a similar
type. Such a cascade of 3 interferometers can operate as preparation,
distribution and measuring module of a simple linear optical gate
helpful in quantum computing systems. The resulting scattering
matrix of such a device would be a matrix product of 3 matrices
similar to By used in Eq. (21).

3.2. MZI output states
The states at the output ports 4 and 5 of the MZI can now be

calculated analogously to the output states of the single beam splitter
in the previous section. Therefore according to Eq. (5) and by

. Windhager et al. / Optics Communications 284 (2011) 1907-1912

replacing the beam splitter scattering matrix B with the MZI scattering
matrix Byz we get for the MZI output state

MZI - A A PN ’oA
g lethy = Dy (ry) Ds (63 (£ 8 + 17 @ ) 10)4]0)s. (23)

Further we get for the reduced density matrix at output port 5
(compare with Eq. (9)),

A 2 2A AT

Ps = [tml” [tmo0s tyee] s + [ryl"Ds (tyr) | D515 Ds5 (ty0e) (24)

and output port 4

~ 2 2A Af

Ps = [rul” [Ty04ryee| 4 + [ty " Da(ryr) | 104(1]4Dy(ryt). (25)
The result is again, as in the case of the beam splitter, a mixed state

between a coherent state (displaced vacuum) and a displaced Fock

state, both displacements being identical. The Wigner function of this

state can be calculated using the analogue of Eq. (12). The calculations

where a coherent state and a general state are incident on a MZI are

equivalent to the beam splitter case, so the output state is again

merely displaced compared to a MZI with vacuum input instead of the

coherent input state.

3.3. Photon numbers

Finally we calculate the average photon number at the output
ports of the MZI. For port 5 it is defined as

n)s = Tr(sps) = 3 (n|akas ps . (26)
For the coherent state we obtain, of course,

éo (n| & as| tyods(tyee|n)s = (tyer| 8L ds| tyes = [tyal.  (27)
For the displaced Fock state we obtain

3" (n] & asDs(tye) | 15 (1| D (tyyc0) s
n=0 (28)

= <1\D§(t1vla) ﬁE a5 D5 ()| 105 = 1 + [tya,

where in the last step the commutation relation [7] @D(tyc) =

D(tyo)(a + tyo) has been used. With the last two equations and
using that |ty|* + |rm|*> = 1 we can now calculate the average photon
number, Eq. (26), and get

2 2 2 2 2 2
(M) = It *lowed + Irl* (1 + ltwee®) = Inul® + ltwed®. (29)
For port 4 we get analogously
(n)g = [tyl* + Iy, (30)

Using this formalism the mean square deviation ((An)?) = (n?) — (n)?
of photons can be calculated leading to

(@n?) = ltyal* (14 2 l?) + 1l |tul.
((@n)?) = mel®(1+20tu1%) + 1l |tul®

for the two output ports.
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3.4. Discussion of a MZI with balanced BSs

As a particular example, that can be realized easily in an
experiment, we calculate the average photon numbers for the case
of two 50:50 dielectric layer beam splitters with a phase factor of
e™2=j for the reflected beams (t; = tE=t=t=1/v2
r = r; =r = r; =i/ \/i) [15]. In this case the transmittivity and
the reflectivity are |ty|?=sin?(6/2) and |ry|? = cos?(#/2). Both are
completely determined by 6. The average photon numbers are then

(n), = sin®(6/2) + |af*cos’(6/2), (32)
(n)s = cos®(6/2) + |af’sin®(6/2) (33)
and the mean square deviations are given by

<(An)2>4 = }lsinz(e) + \a|2{cos2 <g> + %sin%@)], (34)

<(An)2>4—<(An)2>5 = |a|* cos(6).

Fig. 4 shows the average photon numbers as a function of the
phase shift 6 for different coherent input states |a). The maxima and
minima in the graph indicate the cases where the quantum states at
the separate output ports are either a pure coherent state or a pure
Fock state.

The technical advantage of the MZI (with two 50:50 BSs) over a
single beam splitter is that ty; and ry can simply be adjusted by
changing the phase 6 in path 3. All desired states could be generated in
experiments without changing the setup by selecting another beam
splitter with the appropriate transmittivity |t and reflectivity |r|*.

Let us compare the result for [o)>=1 with the case when two
separate single-photon Fock states are impinging on the input ports of

(a)

<n>4
4t -
N ’
N /’ 2
3l N / |or|"=4
S, /
N, /
S, /
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2F \\ /
/
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Fig. 4. Average photon number at output 4 (a) and output 5 (b) of the Mach-Zehnder
interferometer with the coherent input states [|o] = 0), || = 1) and ||l = 2). Note that
for |o)?> =1 the mean photon numbers are independent of 6 and equal to 1.

an MZI. The first balanced BS; of the latter is reminiscent to the Hong-
Ou-Mandel (HOM) effect [11]. After the BS; the state is
i(]12)210)3 + |0)2]2)3) / v2 which means that no coincidences appear
behind BS; [10]. Introducing a phase shift 6 in path 3 and a second BS,
(see Fig. 3) the wave function behind the MZI reads

) = 2\1—5{(1—e2“’)Ho>4|2>5—|2>4\0>5]+ fz(l + e2i9)\1>4|1>5}.
(35)

The probability for coincidences is Wjs=cos*(8) while the
probabilities of measuring 2 photons at the output ports 4 and 5 are
Ws = Ws = = sin?(9). However, the mean photon numbers (n);
and <n>|5w> are equal to 1 and therefore independent of 6. This can be
compared with the results of the present paper (see Egs. (32) and
(33)) in which the mean photon numbers in output 4 and 5 also do
not depend on 0. Anyway, one has to keep in mind that these two
examples have completely different initial conditions although the
input mean photon numbers are the same in case of |a|?>= 1. In fact,
one has to compare the entangled quantum states of the HOM-effect
Eq. (35) on the one hand with the MZI-state Eq. (23) on the other
hand and realize that these are completely different. By executing the
trace operation for the separate output ports, however, entanglement
is eliminated in both cases yielding the identical outcomes for the
mean photon numbers.

4. Summary and outlook

To sum up, we have derived simple analytical solutions for a
quantum state and its Wigner function at the output ports of a general
passive and lossless optical four port like a beam splitter, when a
coherent state and a single-photon Fock state are incident on the input
ports. These calculations could be of interest in the fields of quantum
cryptography based on continuous variables and optical quantum
computing. We have obtained a statistical mixture between of a
coherent state and a displaced Fock state and have derived the
corresponding Wigner functions. Furthermore, we have shown that a
coherent input state displaces the quantum state at the output port of a
beam splitter in phase space as compared with vacuum at the input port,
when in both cases a general state is incident on the second input port.
Additionally, we have analyzed the quantum states behind a Mach-
Zehnder interferometer and have evaluated mean photon numbers at
the output ports. It turns out that for an input state |1)o|la = 1) the
mean photon numbers behind the MZI do not depend on the phase shift
0 inserted in the interferometer.

In addition to the 3-interferometer-cascade mentioned in Section
3.1, a further possible application of the presented formalism can be
proposed. Instead of the reflector R in path 2 of Fig. 3 a beam splitter
can be inserted in such a way that beam 2 is both reflected and
transmitted. The beam splitter provides also an additional input. A
second MZI then can be added below the first one. In particular these
two interferometers have one beam path in common generating a so-
called two-loop interferometer which consists of 4 beam splitters and
2 reflectors providing 3 input and 3 output ports. Such a device
enables the superposition of three wave functions and will be
theoretically investigated in a next step.

The results of this paper can serve as a basis for further phase-
space investigations of higher Fock states in combination with
coherent, squeezed or thermal states as input states used in current
optical setups. Those setups (BS, MZI, Phase gate, CNOT gate) are
building blocks for linear optical quantum computers.
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