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Abstract 

  The main objective of the paper is to present a model for choosing proper motor and 

transmission under predicted periodic load taking into account the iron losses and 

mechanical losses. 

  In PM machines, iron losses form a significant fraction of the total loss partly due to 

the non-sinusoidal flux density distribution. This paper presents a set of improved 

approximate models for the prediction of iron losses. Mechanical losses form another 

significant fraction of the total loss both in low-speed motors and high-speed motors. 

In this paper, general methods of predicting iron losses and mechanical losses are 

presented. 

  Continuous duty working range and dynamic working range are the two main 

working ranges of the PM brushless motors. In this paper available transmission ratios 

are defined as the interval between the intersections of the continuous duty limit curve 

and the performance curve of the motor. In the conventional approach the limit torque 

is constant, which is the rated torque at the maximum angular speed of the motor. 

Eddy current loss and hysteresis loss will be studied and evaluated in the new 

approach in order to calculate the limit torque at each angular speed. The limit torques 

are no longer constant but decrease as the angular speed increases. Based on the 

analyzed parameters, the transmission ratio is calculated by an analysis software 

Matlab. The results obtained from the proposed approach are compared with those 

using conventional approach. 

  The features of the proposed approach suggest a candidate method for evaluating 

the torque limits since it considers iron losses and mechanical losses, which affects 

the efficiency vary with the angular speed of motors in high speed mode. Safer and 

more beneficial solutions are proposed in this approach.  

 

 

Keywords 

Permanent magnet (PM) motors, Continuous duty working range, Transmission ratio, 

Eddy current loss, Hysteresis loss, Iron losses, Mechanical losses, MATLAB 
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Introduction 

  Nowadays brushless motors are widely used as they offer several advantages over 

brushed DC motors, including more torque per weight, more torque per watt 

(increased efficiency), increased reliability, reduced noise, longer lifetime (no brush 

and commutator erosion), elimination of ionizing sparks from the commutator, and 

overall reduction of electromagnetic interference (EMI). Brushless motors are more 

efficient at converting electricity into mechanical power than brushed moto rs. 

Additional gains are due to the absence of brushes, alleviating loss due to friction. The 

enhanced efficiency is greatest in the no- load and low-load region of the motor's 

performance curve.  

  Normally, the motor's performance curve is an horizontal line, that is to say, the 

output torque does not change along with the speed of the motor. However, for some 

motors, especially high speed motors, the performance curve is a descending line, 

which is shown in the Fig. 1. 

 

Fig. 1  Motor's performance curve 

 

 

  If the area of the triangle highlighted in Fig. 1 is small enough, the performance 

curve is regarded approximately as an horizontal line.  The torque given by the motor 

is always the rated torque. In many cases, this area is quite large due to the great 

difference of the value of stall torque 𝑀𝑀,𝑆  when the motor speed is null and the 

value of rated torque 𝑀𝑀 ,𝑅 at the rated speed 𝜔𝑀 ,𝑅 . 

  The output torque decreases when speed increases is due to the fact that at null 

speed the only energy waste is the intervention of Joule effect, whereas when the 

speed is different from zero there are also energy wastes due to eddy currents, 

hysteresis and mechanical losses.  

  In brushless motors in the out-runner configuration, the radial- relationship between 

the coils and magnets is reversed; the stator coils form the center (core) of the motor, 

while the permanent magnets spin within an overhanging rotor which surrounds the 

core. The flat or axial flux type, used where there are space or shape limitations, uses 
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stator and rotor plates, mounted face to face. Eddy current loss and hysteresis loss 

exist due to the interaction of electromagnetic fields. Eddy current loss is proportional 

to the motor angular speed squared, hysteresis loss is proportional to the motor 

angular speed and windage losses are proportional to the motor angular speed cubic. 

It's obvious that when the speed is high, these losses cannot be neglected but 

contribute to the power loss a lot.  

  If we want to compute the area of the triangle, which represents the energy wastes 

due to eddy current, hysteresis and mechanical losses, mathematical models should be 

built to evaluate the losses . 

  A proper motor and a suitable transmission will be chosen to drive a specific 

periodic load. One of the major problems in the transmission analysis of different 

motors is the full identification and correct modeling of iron losses, since they affect 

the performance curve much, especially in high speed mode.  

  In the conventional approach the limit torque of continuous duty range is constant, 

which equals to the rated torque 𝑀𝑀 ,𝑅. The new approach takes into account also the 

iron losses and mechanical losses so as to adjust the limit torque to an accurate and 

safe one. Correspondingly, the criterion changes. In a specific load and motor case, 

both the transmission ranges are calculated using Matlab and compared.  
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Chapter 1 :Introduction to the conventional 

approach 

1.1 Scheme of the Drive System  

  A drive system is a controllable motor with its controller and power driver. In this 

case, the drive system consists of a PM brushless motor and a linear transmission with 

a toothed belt, in horizontal position. 

 

 
Fig. 2  Transmission with toothed belt 

 

 

  The load consists of two components: an implied motion, which is a stroke of the 

belt and an implied torque. 

  Fig. 3 shows the scheme of the drive system. 

 

Fig. 3  Scheme of the drive system 
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1.2 Motor Characteristics  

  Under a specific load, the motor gives a torque with the rotating speed of 𝜔𝑚 . The 

moment of inertia of the motor is 𝐽𝑀 . When the motor works with rated load, the 

temperature of the motor will increase to a maximum value from the initial 

temperature when the motor starts. After reaching thermal steady state, the motor can 

keep functioning well for a quite long time. We call this working range continuous 

duty working range, with a limit torque 𝑀𝑀,𝑆1 . When the current in the motor is 

beyond the rated one, the motor can work for a short time. After a transient time, the 

motor "burns". If the current is beyond the dynamic  limit, the motor "burns" 

instantaneously. We call this working range dynamic working range, with a limit 

torque 𝑀𝑀,𝑑𝑦𝑛 . Fig. 4 shows the two ranges: 

 
Fig. 4  Motor working ranges 

   

   

  Below the continuous duty range, the motor works properly for an efficient long 

time. Between the continuous duty range and dynamic range, the motor can only work 

for a few hours. This time depends on the sheathing class and the ambient temperature. 

Beyond the dynamic range, the motor "burns" immediately.  
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1.3 Constraint Inequalities During Work  

  When the motor is working, speed and output torque are strictly controlled under 

limit values, beyond which the motor burns.  The speed limits and torque limits are 

calculated separately considering different criterions.  

 

  1.3.1 Speed Limit 

  The maximum speed under rated power condition 𝜔𝑀,𝑚𝑎𝑥  depends on the 

electrical and mechanical structural characteristics of the motor. This speed limit is 

given by design and constrained by the input voltage and current. For a single motor, 

the higher the input voltage is, the higher the speed will be. However, the voltage 

cannot be more than the rated one because of the limited supporting voltage and the 

heat in the motor transformed from electric energy.  Fig. 5 shows the 𝜔𝑀,𝑚𝑎𝑥 : 

 

Fig. 5 𝜔𝑀,𝑚𝑎𝑥 of the motor 

 

 

  If 𝜔𝑚 ,𝑚𝑎𝑥  is the maximum speed during work, that is 

 

                    𝜔𝑚 ,𝑚𝑎𝑥 =   𝜔𝑚 𝑡   0≤𝑡≤𝑇

𝑚𝑎𝑥
           (1.1) 

 

then, 

                    𝜔𝑚 ,𝑚𝑎𝑥 ≤ 𝜔𝑀,𝑚𝑎𝑥                  (1.2) 
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1.3.2 Continuous Duty Limits 

  In continuous duty working range, the limit torque 𝑀𝑀,𝑠1  depends on the thermal 

characteristics of the motor. The motor warms up because of  Joule effect (copper 

losses), hysteresis and parasitic currents (iron losses) and mechanical losses (windage, 

bearings, etc.).  

  Although PM brushless motors loose less power than the induction ones, up to 10% 

of the electrical energy is converted into heat at the rated power of the machine.  

  Heat transfer always occurs when there is a temperature difference in the motor. 

Due to the power loss, the temperature in the coil is higher than that in the sheathing 

and air gap or the other parts of the motor. Heat is transferred from the coil windings 

to the sheathing. 

  In the coil windings, the main heat transfer means is conduction. There are two 

mechanisms of heat transfer by conduction: first, heat can be transferred by molecular 

interaction, in which molecules at a higher energy level (at a higher temperature) 

release energy for adjacent molecules at a lower energy level via lattice vibration. The 

second means of conduction is heat transfer between free electrons. This is typical of 

liquids and pure metals in particular. As the coil windings are made by copper in most 

cases, and the number of free electrons, which defines the thermal conductivity of 

solids directly, in copper is relatively great, this heat transfer means exists in the coil 

windings. Convection and radiation are negligible in this part.  

  Heat removal is of equal importance as the electromagnetic design of the machine, 

because the temperature rise of the machine eventually determines the maximum 

output power with which the machine is allowed to be constantly loaded. From the 

sheathing to the coolant flow, the main heat transfer means is convection as a matter 

of fact that forced convection is, inevitably, the most efficient cooling method if we 

do not take direct water cooling into account. Convection is defined as the heat 

transfer between a region of higher temperature(here, the sheathing surface) and a 

region of cooler temperature (here, a coolant of air) that takes place as a consequence 

of motion of the cooling fluid relative to the solid surface.  

  The heat generated in the coil windings and the heat removal by the coolant air can 

be in a dynamic equilibrium. If the loss is too much that beyond the capacity of the 

heat removal, the temperature of the sheathing increases. The motor can suffer a 

maximum internal temperature 𝜃𝑀 ,𝑚𝑎𝑥 , above which the sheathing “burns” , as 

shown in Fig. 6. 
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Fig. 6  Temperature limit of the motor 

 

 

  It's possible that the motor is not at thermal steady state, that the internal 

temperature increases asymptotically to the steady state temperature 𝜃𝑚 ,𝑚𝑎𝑥  after a 

transient time interval.  

If 𝜃𝑚 ,𝑚𝑎𝑥 ≤ 𝜃𝑀 ,𝑚𝑎𝑥  , the motor functions well;  

If 𝜃𝑚 ,𝑚𝑎𝑥 ≥ 𝜃𝑀 ,𝑚𝑎𝑥  , the motor burns before reaching 𝜃𝑀 ,𝑚𝑎𝑥 . 

  In Fig. 7, the temperature versus time is shown. 

 

 

Fig. 7  Temperature profile versus time 

 

 

  In conventional approach, this limit torque 𝑀𝑀,𝑆1  is regarded as constant. Fig. 8 

shows this limit: 

 

 



 

12 

 

 
Fig. 8 𝑀𝑀 ,𝑆1 of the motor 

 

 

  The output torque 𝑀0  is less than the limit value 𝑀𝑀 ,𝑆1, that 

 

                          𝑀0 ≤ 𝑀𝑀,𝑆1                   (1.3)                   

  If the mechanical behavior of the motor is periodic with period T and steady state 

condition is satisfied, a good approximation can be made if the following three 

conditions are satisfied: 

  1) T<<𝑇𝑡ℎ                                           (1.4)  

  that the period is far less than thermal transient time 𝑇𝑡ℎ : in this condition the 

motor warming up depends on the average wasted power 𝑊𝑤  in the period, and not 

on the instantaneous power, which varies significantly in the period. In PM brushless 

motors, thermal transient time 𝑇𝑡ℎ  lasts for more or less 4𝜏𝑡ℎ , where 𝜏𝑡ℎ  is the 

transient time constant, which usually has the order of one hour. The temperature 

transient is shown in Fig. 9. 

 

 

Fig. 9  Temperature transient 
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  The load period is always less than one second. So this condition is satisfied.  

 

  2) the motor torque is proportional to the current: 𝑀𝑀 = 𝐾𝑇𝑖 ;        (1.5) 

  After testing, which will be explained more clearly later, we find in Fig. 8, that the 

motor torque is roughly proportional to the current in most of the current range, that is 

to say, the torque constant 𝐾𝑇  can be regarded as constant approximately in our case. 

This condition is satisfied. 

 

  3) the motor wasted power 𝑊𝑤  is only due to the Joule effect: 

                       𝑊𝑤 = 𝑅𝑖2                            (1.6) 

  where 𝐾𝑇  is torque constant of the motor, R is the resistance at terminals and i 

is the current in the coil.  

  This is the important assumption of the conventional approach. In fact, the 

resistance of the coil windings is not constant but increases with temperature. A 

temperature rise of 50 ℃ above ambient (20℃) increases the resistance by 20% and 

a temperature rise of 135 ℃ by 53% for copper. If the current of the machine 

remains unchanged, the resistive losses increase accordingly. Normally, for copper 

coils, the higher the current flows in it, the higher temperature is in thermal steady 

state, hence the larger resistance is. Correspondingly, the power loss reaches the 

maximum when the resistance is the maximum for each single current case. In other 

words, we can say that if we use maximum resistance to define the limit curve, the 

safest motor working condition is ensured.  

 

  Root mean square motor torque is defined as: 

                           𝑀𝑚 ,𝑟𝑚𝑠 =  
1

𝑇
 𝑀𝑚

2 (𝑡)𝑑𝑡
𝑇

0
           (1.7) 

 

  Average wasted power is defined as: 

 

𝑊𝑤    =
𝐸𝑤

𝑇
=

1

𝑇
 𝑊𝑤 𝑡 𝑑𝑡 =

1

𝑇
 𝑅𝑖2 𝑡 𝑑𝑡

𝑇

0

𝑇

0

 

 

             =
𝑅

𝑇
 

𝑀𝑚
2 (𝑡)

𝐾𝑇
2 𝑑𝑡

𝑇

0

= 
𝑅

𝐾𝑇
2

1

𝑇
 𝑀𝑚

2 (𝑡)𝑑𝑡
𝑇

0
          (1.8) 
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  So, 

                       𝑊𝑤    =
𝑅

𝐾𝑇
2 𝑀𝑚 ,𝑟𝑚𝑠

2                 (1.9) 

  Nevertheless, with a constant torque 𝑀0, averaged wasted power in this condition 

is 

                  𝑊𝑤     =
𝑅

𝐾𝑇
2

1

𝑇
 𝑀0

2𝑑𝑡 =
𝑅

𝐾𝑇
2

𝑇

0
𝑀0

2
           (1.10) 

 

  Hence,  

                           𝑀0 = 𝑀𝑚 ,𝑟𝑚𝑠                 (1.11) 

  𝑀𝑚 ,𝑟𝑚𝑠  is the root mean square torque in a period and 𝑀0 is the constant 

torque that in the period wastes the same energy as the current torque 𝑀𝑚 (𝑡) . 

  Under these three conditions, the motor with mechanical periodic behavior does not 

burn if 

                          𝑀𝑚 ,𝑟𝑚𝑠  ≤ 𝑀𝑀 ,𝑠1                                 (1.12) 
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1.3.3 Dynamic Limit 

  The converter transistors can suffer a maximum peak current without burning for a 

small time range. Because of the proportionality between Mm  and i, the torque 

𝑀𝑀 ,𝑑𝑦𝑛  corresponds to this current. 

 

                  𝑀𝑚 ,𝑚𝑎𝑥 =   𝑀𝑚  𝑡   0≤𝑡≤𝑇

𝑚𝑎𝑥
                               (1.13) 

 

                       𝑀𝑚 ,𝑚𝑎𝑥 ≤ 𝑀𝑀 ,𝑑𝑦𝑛                (1.14) 

 

 

1.3.4 Conclusion of the Constraint Inequalities 

  The three constraint inequalities are:  

                                                     

 
 
 

 
 
𝜔𝑚,𝑚𝑎𝑥 ≤ 𝜔𝑀,𝑚𝑎𝑥

𝑀𝑚,𝑟𝑚𝑠 ≤ 𝑀𝑀,𝑠1

 

𝑀𝑚,𝑚𝑎𝑥 ≤ 𝑀𝑀,𝑑𝑦𝑛

                      (1.15)  
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1.4 Transmission Characteristics 

  A linear transmission is implied with the ratio 𝜏 and negligible moment of inertia.  

We can make a reasonable assumption that the transmission ratio is so small that the 

motor executes many revolutions to drive the load. In practice, this assumption is 

always satisfied as the period of the load is longer than the rotating period of the  

motor. There are direct and inverse power flows. In general, the power flows and their 

relations with efficiencies are very complex. Since we have neglected the moment of 

inertia of the transmission, a conclusion can be made that when the load torque has 

the same rotating direction with the angular speed, the drive system has the direct 

efficiency. On the contrary, when the load torque has the opposite rotating direction 

with respect to the angular speed, the drive system has the inverse efficiency. Fig.10 

shows the structure of the transmission: 

 

 

Fig.10  Structure of the transmission 
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1.5 Load Specification 

  Considering the efficiencies of transmission, the torque load is modified. 𝑀𝐿
∗ is 

introduced. 

 

                  𝑀𝐿
∗ =

 
 
 

 
 

𝑀𝐿

𝜂𝑑   
           𝑖𝑓  𝑀𝐿𝑤𝐿 > 0;

 
𝜂𝑖𝑀𝐿          𝑖𝑓   𝑀𝐿𝑤𝐿 < 0;  

                               (1.16) 

 

 

   

1.6 Feasibility Criterion 

  Since the characteristics of motor and load is known, the power flow of the system 

is known. The power balance equation is: 

 

                                          
𝜂𝑑𝑃𝑖𝑛,𝑚 = 𝑃𝑜𝑢𝑡,𝐿             𝑖𝑓  𝑀𝐿𝑤𝐿 > 0;

𝜂𝑖𝑃𝑖𝑛 ,𝐿 = 𝑃𝑜𝑢𝑡 ,𝑚        𝑖𝑓  𝑀𝐿𝑤𝐿 < 0;  
                        (1.17) 

 

 

  that is 

                                 
𝑀𝑚 =

𝐽𝑀
𝜏

𝛼𝐿 + 𝜏  
𝑀𝐿

𝜂𝑑
      𝑖𝑓  𝑀𝐿𝑤𝐿 > 0;    

𝑀𝑚 =
𝐽𝑀
𝜏

𝛼𝐿 + 𝜏𝜂𝑖𝑀𝐿
      𝑖𝑓  𝑀𝐿𝑤𝐿 < 0;

             (1.18) 

  As 𝑀𝐿
∗  is introduced, the equation can be written as: 

                          𝑀𝑚 = 
𝐽𝑀

𝜏
 𝛼𝐿 + 𝜏𝑀𝐿

∗              (1.19) 

 

  So 

              𝑀𝑚 ,𝑚𝑎𝑥 = ( 
𝐽𝑀 𝛼𝐿 (𝑡)

𝜏
+ 𝜏𝑀𝐿

∗(𝑡) )0≤𝑡≤𝑇
𝑚𝑎𝑥 ≤ 𝑀𝑀 ,𝑑𝑦𝑛          (1.20) 
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           𝑀𝑚 ,𝑟𝑚𝑠  =  
1

𝑇
 [

𝐽𝑀 𝛼𝐿 𝑡 

𝜏
+ 𝜏𝑀𝐿

∗(𝑡)]2
𝑇

0

𝑑𝑡 ≤ 𝑀𝑀 ,𝑆1    (1.21) 

 

                     𝜔𝑚 ,𝑚𝑎𝑥 =
 𝜔𝐿,𝑚𝑎𝑥  

𝜏
≤ 𝜔𝑀,𝑚𝑎𝑥          (1.22) 

 

 

  From equations (1.20), (1.21) and (1.22), three intervals of 𝜏  are obtained 

separately. The reasonable and safe solution of the transmission ratio for the specific 

load is the intersection of these intervals.  

  This is the conventional approach.  
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Chapter 2: Losses in Brushless Motors 

  Power losses are important because they determine the efficiency and the 

temperature-rise of the machine. The two most important components of power loss 

are the Joule loss in the stator conductors and the iron loss, most of which is in the 

stator laminations. The iron loss is roughly proportional to the square of the product 

of flux and frequency. Consequently it is relatively more significant at high speed 

and/or light load, whereas the Joule loss is often predominant at low speed.  

  In PM machines, Joule loss is called copper loss as well, due to the fact that most 

Joule loss exists in the copper-made coil windings. The Joule loss consists of two 

parts: external Joule loss and internal Joule loss. The former is related to the output 

torque, or more essentially, to the load case. The latter is related to resistant torque 

given by eddy current, hysteresis and mechanical losses.  

  Permanent magnet excited machines are undoubtedly energy efficient, while the 

brushless dc format is emerging as the most significant for many applications. 

However, the stator iron losses depend on numerous design and fabrication factors, 

such as the grade of lamination material, the number of poles, operational conditions 

such as the type of supply converter and the load, heat treatment, burrs, interlaminar 

insulation etc. 

  Windage and friction losses are similar to those in induction motors. To the extent 

that a PM machine may have a slightly larger air gap than a comparable induction 

motor, the windage loss will be lower. PM machine often does not need a fan, in 

which case the associated "fan losses" will be avoided.  

  Similarly to the previous approach, maximum resistance is applied to the equations 

for the sake of ensuring the safe working condition.  
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2.1 External Joule Losses  

  The main term of Joule losses is external loss, which is related to the output torque 

𝑀𝑚  of the motor. The current 𝑖 in the coils can be calculated by 

                                  𝑖 =
𝑀𝑚

𝐾𝑇
                    (2.1) 

 

 

  The external Joule losses can be written as: 

                 𝑃𝐽 = 𝑅𝑖2  = 𝑅  
𝑀𝑚

𝐾𝑇
 

2

 = 𝑅
𝑀𝑚

2

𝐾𝑇
2            (2.2) 

 

 

  where 𝑅 is the maximum resistance in the terminals of the coil windings as what 

is said previously.  

  



 

21 

 

2.2 Hysteresis Loss 

  Hysteresis loss is a heat loss caused by the magnetic properties of the armature. 

When an armature core is in a magnetic field, the magnetic particles of the core tend 

to line up with the magnetic field. When the armature core is rotating, its magnetic 

field keeps changing direction, with a frequency f. The continuous movement of the 

magnetic particles, as they try to align themselves with the magnetic field, produces 

molecular friction. This, in turn, produces heat. This heat is transmitted to the 

armature windings. The heat causes armature resistances to increase. Steel of the iron 

core is very good ferromagnetic material. This kind of materials are very sensitive to 

be magnetized. That means whenever magnetic flux passes through, it will behave 

like magnet. Ferromagnetic substances have numbers of domains in their structure. 

Domain are very small region in the material structure, where all the dipoles are 

paralleled to same direction. In other words, the domains are like small permanent 

magnet situated randomly in the structure of substance. These domains are arranged 

inside the material structure in such a random manner, that net resultant magnetic 

field of the said material is zero. Whenever external magnetic field or MMF is applied 

to that substance, these randomly directed domains are arranged themselves in parallel 

to the axis of applied MMF. After removing this external MMF, maximum numbers 

of domains again come to random positions, but some of them still remain in their 

changed position. Because of these unchanged domains the substance becomes 

slightly magnetized permanently. This magnetism is called " Spontaneous 

Magnetism". To neutralize this magnetism some opposite MMF is required to be 

applied. The MMF applied in the iron core is alternating. For every cycle, due to this 

domain reversal there will be extra work done. For this reason, there will be a 

consumption of electrical energy which is known as hysteresis loss. Physically the 

hysteresis loss is caused by very localized irreversible changes during the 

magnetization process, which make it dependent only on the maximum induction. 

Hysteresis loss results from the "unwillingness" of the steel to change its magnetic 

state. Through one electrical cycle the magnetic represented by the point (H,B) 

describes a closed loop in the B/H diagram, Fig. 11.  
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Fig. 11  Hysteresis loop 

 

 

  The loss per cycle is proportional to the enclosed loop area, suggesting that the 

mean power loss due to hysteresis is proportional to the frequency 𝑓, that is 

                        𝑃ℎ = 𝑘ℎ𝑓𝐵𝑚
𝛼                     (2.3) 

 

 

  The formula is due to C.P. Steinmetz, where 𝑓 and 𝐵𝑚  are the frequency and 

amplitude of the flux density, and 𝑘ℎ  and α are determined to fit a 𝑃ℎ -𝐵𝑚  curve 

derived experimentally from single-sheet 'dc' tests. In most cases, 𝛼 can be from 1.5 

to 2. From equation 2.1 we know that hysteresis loss is related to the amplitude of the 

flux density. 

  In PM brushless motors, flux density is depended on the material of the permanent 

magnets. For a certain motor, we can assume that 𝐵𝑚  is constant and can be known  

from the motor user manual. Hysteresis loss is proportional to the frequency 𝑓 , then 

the formula 2.1 becomes 

                        𝑃ℎ = 𝑘ℎ
′𝑓                      (2.4) 

 

 

  where 𝑘ℎ
′ = 𝑘ℎ𝐵𝑚

𝛼  and it is the modified hysteresis constant. 

  Since the motor angular speed 𝜔𝑚  is proportional to the frequency f, hysteresis 

loss is proportional to 𝜔𝑚 . A constant torque 𝑀ℎ  is introduced to simplify the 
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equation.  

                        𝑃ℎ = 𝑀ℎ𝜔𝑚                   (2.5) 

 

 

  We call 𝑀ℎ  hysteresis torque. Also Joule effect occurs as a corresponding current 

is generated by this resistant torque. This part of Joule loss is  

 

                        𝑃ℎ ,𝐽 = 𝑅
𝑀ℎ

2

𝐾𝑇
2                      (2.6)               

 

 

  where R is the terminal resistance and 𝐾𝑇  is torque constant of the motor.  

  The total loss caused by hysteresis is: 

                      𝑃ℎ = 𝑀ℎ𝜔𝑚 + 𝑅
𝑀ℎ

2

𝐾𝑇
2                (2.7) 

 

 

  Considering that 𝜔𝑚  maybe negative, the equation should be 

                     𝑃ℎ =  𝑀ℎ𝜔𝑚  + 𝑅
𝑀ℎ

2

𝐾𝑇
2                (2.8) 
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2.3 Eddy Current Loss 

  Eddy currents are electric currents induced within conductors by a changing 

magnetic field in the conductor. When current is induced in a conductor such as the 

square piece of metal shown above, the induced current often flows in small circles 

that are strongest at the surface and penetrate a short distance into the material. These 

current flow patterns are thought to resemble eddies in a stream, which are the 

tornado looking swirls of the water that we sometimes see. Because of this presumed 

resemblance, the electrical currents were named eddy currents. When current flows 

through the solenoid, the magnetic flux linked to the solenoid increases from zero to 

finite value. This change in magnetic flux gives rise to induced currents in the disc 

upon the upper surface of the iron core. When a conductor is kept in a changing 

magnetic field, current are induced in the body of the conductor. The currents occur in 

very small loops, and are called eddy currents. The direction of induced current is 

such as to oppose the very cause producing it,  stated in Lenz's Law. These eddy 

currents cause local temperature increases, known as eddy current loss. The eddy 

current loss that is induced in the permanent magnets of brushless machines is often 

neglected. However, this assumption may not always be justified. For example, 

machine designs are emerging in which the torque is produced by the interaction of a 

space-harmonic magnetomotive force (MMF) with the permanent magnets and which 

employ concentrated windings. Although this results in short end-windings, and, 

hence, a low copper loss, and a high power density, and the coils may be wound only 

on alternate teeth so as to enhance fault-tolerance, eddy currents will be induced in the 

magnets by forward and backward rotating MMFs. The situation may be aggravated 

further by time harmonics in the phase currents. Due to the relatively high electrical 

conductivity of rare-earth magnets, the resultant eddy-current loss can be significant, 

and may cause a substantial temperature rise and result in partial irreversible 

demagnetization of the magnets, especially in machines with a high electric loading, a 

high rotational speed, or a high pole number. These circulating eddies of current have 

inductance and thus induce magnetic fields. These fields can cause repulsive, 

attractive, propulsion, drag and heating effects. The stronger the applied magnetic 

field, or the greater the electrical conductivity of the conductor, or the faster the field 

changes, then the greater the currents that are developed and the greater the fields 

produced.  

  The eddy current loss is generally held to vary with the square of the peak flux 

density and the square of the frequency, as in the classical formula:     

  

                               𝑃𝑒 = 𝑘𝑒𝐵𝑝𝑘
2 𝑓2                  (2.9) 

 

 

  where 𝑘𝑒  is the eddy current coefficient and 𝐵𝑝𝑘  is the peak value of flux 



 

25 

 

density. The coefficient 𝑘𝑒  can be calculated from an idealized theory as: 

                             𝑘𝑒 =
𝜋2𝑡2 𝜍

6𝜌𝑚
                       (2.10) 

 

 

  where t is the lamination thickness, 𝜍 is the conductivity, and 𝜌𝑚  is the mass 

density of the magnets. We assume that the flux density is sinusoidal and the local 

effects of stator slotting are ignored, the magnets will produce a square space wave of 

air gap flux density of half angular width. The physical interpretation of this 

conclusion is that the idealized model has assumed an infinite rate of change of flux  

density with time in the stator as the magnet edges pass. From the equation 2.5 we can 

see that eddy current loss can be reduced by using thinner lamination steels; for 

example, if t is reduced from 0.5 mm to 0.35 mm, 𝑘𝑒  decreases by half. Similarly, 

𝐵𝑝𝑘  is depend on the material of the permanent magnets and independent of the 

current. 

  Since 𝑘𝑒  and 𝐵𝑝𝑘
2  are constants, eddy current loss is proportional to the 

angular speed squared, 𝜔𝑚
2 . Introducing the constant term of this loss as 𝑟𝑒, the loss 

can be written as: 

                           𝑃𝑒 = 𝑟𝑒𝜔𝑚
2                   (2.11) 

 

 

  Similarly, the eddy current causes Joule effect like hysteresis loss. This part of 

Joule loss is 

                          𝑃𝑒 ,𝐽 = 𝑅
 𝑟𝑒𝜔𝑚  2

𝐾𝑇
2                (2.12) 

 

 

  The total loss caused by eddy current is: 

 

                   𝑃𝑒 =  𝑟𝑒𝜔𝑚
2 + 𝑅

 𝑟𝑒𝜔𝑚  2

𝐾𝑇
2                 (2.13) 
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2.4 Mechanical Losses 

  Mechanical losses usually consist of windage, friction and bearing losses. The 

power transmission cannot be achieved without losses or dissipation of heat within the 

transmission. Among these losses we can distinguish those by friction resulting from 

contact between teeth in mesh which constitute a major source of dissipation at low 

rotational speeds . The other important loss is that caused by churning which 

represents the power lost because of the compression of the air-lubricant mixture 

around teeth roots during meshing. The third power loss is that induced by windage 

which corresponds to the power lost because of the aerodynamic trail of the teeth in 

the air- lubricant mixture. It is assumed that the windage loss controls the total 

efficiency of the system in the case of high operating speeds. So, these power losses 

must be taken into account in order to choose the optimized transmission and motor. 

Except in high-speed motors, losses caused by friction and windage are very low in 

PM brushless motors, typically accounting for less than one or two percents of the 

total losses. 

  Friction losses can be divided into dry friction and viscous friction. The form of dry 

friction is exactly the same as the hysteresis loss and viscous friction is the same as 

the eddy current loss. So we just consider them contained in the hysteresis loss and 

eddy current loss to simplify the case. The mechanical losses can be written as: 

                              𝑃𝑚 = 𝑤𝜔𝑚
3                          (2.14) 

 

 

  Similarly, the mechanical loss causes Joule effect like hysteresis loss. This part of 

Joule loss is  

                       𝑃𝑚 ,𝐽 = 𝑅
 𝑤𝜔𝑚

2  
2

𝐾𝑇
2                  (2.15) 

 

 

  The total mechanical losses are: 

                     𝑃𝑚 =  𝑤𝜔𝑚
3 + 𝑅

 𝑤𝜔𝑚
2  

2

𝐾𝑇
2              (2.16) 

 

 

Considering that 𝜔𝑚  maybe negative, the equation should be 

                    𝑃𝑚 =   𝑤𝜔𝑚
3  + 𝑅

 𝑤𝜔𝑚
2  

2

𝐾𝑇
2              (2.17) 
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  All the losses are calculated separately. They are classified into two categories, 

internal losses and external losses.  

  The external losses are the external Joule losses. The internal losses are the 

hysteresis loss, eddy current loss, mechanical loss and the Joule losses caused by all 

of these losses. In order to simplify them, we introduce 𝑀𝑚 ,𝑖 and 𝑀𝑚 ,𝑒  : 

 

                        𝑀𝑚 ,𝑒 = 𝑀𝑚 ;                    (2.18) 

 

  then, 

                   𝑀𝑚 ,𝑖 = 𝑀ℎ + 𝑟𝑒𝜔𝑚 + 𝑤𝜔𝑚
2             (2.19) 

 

 

  The total loss is 

𝑃 =
𝑅

𝐾𝑇
2  𝑀𝑚 ,𝑒 + 𝑀𝑚 ,𝑖 

2
+ 𝑀𝑚 ,𝑖𝜔𝑚  

=
𝑅

𝐾𝑇
2  𝑀𝑚 + 𝑀ℎ + 𝑟𝑒𝜔𝑚 + 𝑤𝜔𝑚

2  2 + 𝑀ℎ𝜔𝑚 + 𝑟𝑒𝜔𝑚
2 + 𝑤𝜔𝑚

3   (2.20) 

 

  It's obvious that the total loss increases with the angular speed 𝜔𝑚 . 

2.5 Testing 

  The importance of physical testing is self-evident for all electrical machines. It 

includes the design and assembly of dynamometers and other test fixtures; the 

acquisition and sometimes the design of measuring instruments; a knowledge of 

standards and standard procedures; a high standard of organization and record-

keeping; and above all a meticulous attention to detail, both in the operation of the 

tests and in the observation of process and results. The objectives of testing are to 

check that the product is fit for delivery to the customer or not and to identify certain 

parameters which are difficult to measure directly on the machines. For our case, 

resistance testing, EMF testing and torque testing are necessary.  
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2.5.1 Resistance Testing   

  The simplest way to measure winding resistance is to use a multimeter with "4-

terminal" resistance measurement, which is altogether the most accurate method. The 

winding temperature must be measured at the same time as the resistance, because the 

accuracy of the resistance measurement is only as good as the accuracy of the 

temperature. See Fig. 12. 

 

 

Fig. 12  Resistance measurement 

 

 

  In this test, we get the maximum resistance R, which ensures the motor does not 

burn as what is clarified in equation 1.6. 
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2.5.2 EMF Testing 

  EMF testing is electromagnetic field testing. It is arguably the most important and 

useful test which can be performed on a brushless PM motor. In many cases, it is the 

only performance test required on the production line for motor qualification, because 

the relationship between the EMF and the torque is so predictable. Fig. 13 shows the 

EMF testing scheme. 

 

Fig. 13  EMF testing 

 

 

    Fig. 13 shows the measurement of the mean rectified EMF using a precision 

rectifier, as well as the EMF waveform from which the peak line- line EMF is 

obtained. It thus provides for both the preferred methods of defining and measuring 

the EMF constant 𝐾𝐸 . 
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2.5.3 Torque Testing 

  The torque linearity can be tested on a setup such as the one in Fig. 13, preferably 

with a load machine or brake that can be programmed with torque. A typical result is 

shown in Fig. 14. 

 

f  

Fig. 14  Measurement of torque constant 𝐾𝑇 
 

 

  Even though non linearity exist in low current and high current condition due to 

friction and saturation, we can consider 𝐾𝑇  is constant for most cases the rated 

current is in the medium range. This test can be evident to the assumption 2 in chapter 

1.3.2, equation 1.5. 

  Normally, KT is quoted in catalogue data of the motor and slightly deduced from 

a measured value of 𝐾𝐸  due to the non-linearity. 

  Since we have known the input power of the drive motor and the output torque and 

power from the sensor of the machine under test, the losses are obtained. In the 

condition without load, the hysteresis, eddy current and mechanical losses are 

specified.  

  Hysteresis loss is characterized as a resistant torque multiplied by the angular speed 

of the machine. Fig. 15 shows the resistant torque 𝑀ℎ  qualitatively. 
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Fig. 15  Hysteresis resistant torque 

 

 

  As this torque is constant, we can regard it as a friction.  

  Eddy current loss is characterized as a resistant torque, whose value is 𝑟𝑒𝜔𝑚 , 

multiplied by the speed of the machine. Fig. 16 shows the resistant torque 𝑟𝑒𝜔𝑚  

 

 
Fig. 16  Eddy current resistant torque 

 

 

  As this torque is proportional to the speed, we can regard it as viscous.  

  Mechanical losses are characterized as a quadratic resistant torque multiplied by the 

speed of the machine. Fig. 17 shows the resistant torque. 
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Fig. 17  Mechanical resistant torque 

 

 

  As this torque is proportional to the speed squared, we can regard it as an inertia.  

  So the total loss is the sum of the hysteresis, eddy current and mechanical losses. In 

the Fig., we superimposition of the three parts: 

 

 

Fig. 18  Total resistant torque 

 

 

  After testing and parameter identification, we find that the practical result is 

consistent with the analytical one. This can be an evidence of the availability and 

practicability of our approach.  
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Chapter 3: New Approach 

  In the conventional approach, there are three inequalities to be defined as the 

criterion in choosing the transmission ratio. In the new approach, the speed limit and 

dynamic limit are the same. The only difference is that the continuous duty limit is 

changed as iron losses and mechanical losses are taken into account. Now we focus 

on the continuous duty limit.  

   

 

3.1 Performance Curve of the Motor 

  The maximum wasted power during work is no longer constant but increases with 

the angular speed of the motor. Resulted in this, the performance of the motor is a 

descending curve. In conventional approach, only the maximum Joule loss is taken 

into account. Hence the limit torque is constant. By contrast, the new approach takes 

into account iron losses and mechanical losses at any single angular speed. As a result, 

the limit curve is no longer constant but a descending curve because the losses 

increase with the speed. A qualitative curve is shown in Fig. 19: 

 

Fig. 19  Comparison of motor performances in the two approaches  

 

 

  It is reasonable that the total loss has an upper bound, otherwise the motor cannot 

work regularly. This limit depends on the sheathing class of the motor. The insulation 

materials can be classified with respect to the heat capability to seven classes: y, a, e, 

b, f, h, c. Corresponding maximum operating temperatures are 90℃, 105℃, 120℃, 

130℃, 155℃, 180℃ and above 180℃. The resistance at the terminals of the coils is 

the maximum at this operating temperatures. Based on experience, a-class materials 

can work properly at 105℃ up to 10 years. As the environment temperature and 

operating temperature are not at the maximum designed temperature, the life of the 

sheathing can be 15 to 20 years. If the motor keeps working above the limit 
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temperature, the sheathing gets aged significantly. Hence operating temperature and 

the sheathing class are the main parameters to define the maximum wasted power, 

which is converted into heat. This power limit 𝑊𝑙𝑖𝑚  can be seen as an equivalent 

Joule loss. So 

                          𝑊𝑙𝑖𝑚 =
𝑅

𝐾𝑇
2 𝑀𝑙𝑖𝑚

2                 (3.1) 

 

 

  where 𝑀𝑙𝑖𝑚  is the corresponding torque. 

 

3.2 Torque Limit and Inequalities 

  The total loss is less than the wasted power limit, we get 

 

                   
𝑅

𝐾𝑇
2  𝑀𝑒 + 𝑀𝑖 

2 + 𝑀𝑖𝜔𝑚 ≤ 𝑊𝑙𝑖𝑚          (3.2) 

   

 

  that is: 

𝑅

𝐾𝑇
2
 𝑀𝑚 ,𝑒 + 𝑀ℎ +  𝑟𝑒𝜔𝑚  + 𝑤𝜔𝑚

2  
2

+  𝑀ℎ𝜔𝑚  + 𝑟𝑒𝜔𝑚
2 +  𝑤𝜔𝑚

3   

≤
𝑅

𝐾𝑇
2 𝑀𝑙𝑖𝑚

2                                                (3.3) 

 

 

𝑀𝑚 ,𝑒 ≤  𝑀𝑙𝑖𝑚
2 −

𝐾𝑇
2

𝑅
  𝑀ℎ𝜔𝑚  + 𝑟𝑒𝜔𝑚

2 +  𝑤𝜔𝑚
3   −  𝑀ℎ +  𝑟𝑒𝜔𝑚  + 𝑤𝜔𝑚

2                                                               

(3.4) 

 

 

  In order to simplify this equation, and under the assumption that in high speed 

motors, 

    𝐾𝑇
2

𝑅
  𝑀ℎ𝜔𝑚  + 𝑟𝑒𝜔𝑚

2 +  𝑤𝜔𝑚
3   ≫  𝑀ℎ +  𝑟𝑒𝜔𝑚  + 𝑤𝜔𝑚

2     (3.5) 

 

 

the term  𝑀ℎ + 𝑟𝑒𝜔𝑚 + 𝑤𝜔𝑚
2   is neglected. 
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  So the equation becomes 

         𝑀𝑚 ,𝑒 ≤  𝑀𝑙𝑖𝑚
2 −

𝐾𝑇
2

𝑅
  𝑀ℎ𝜔𝑚  + 𝑟𝑒𝜔𝑚

2 +  𝑤𝜔𝑚
3       (3.6) 

 

 

   

3.3 Solution of the Parameters  

  In equation 3.6, 𝑀𝑚 ,𝑒 and 𝜔𝑚  can be read from the catalogue of the motor and 

𝐾𝑇  and 𝑅  can be read from the instructions of the motor. Thus these two 

parameters are known, while 𝑀𝑙𝑖𝑚 , 𝑀ℎ , 𝑟𝑒 and 𝑤 remain unknown. 

3.3.1 Solution of 𝑴𝒍𝒊𝒎  

  We set ωm  to 0, the equation 3.6 becomes  

                         𝑀𝑚 ,𝑒 ,0 ≤ 𝑀𝑙𝑖𝑚                 (3.7) 

 

 

  𝑀𝑚 ,𝑒,0 is known as stall torque 𝑀𝑠, which means that the angular speed of the 

motor is null. So  

                          𝑀𝑙𝑖𝑚 = 𝑀𝑠                 (3.8) 

 

 

  This is the first solution of the parameters. Based on this, the other parameters are 

solved mathematically. 
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3.3.2 Solution of 𝑴𝒉, 𝒓𝒆  and 𝒘  

We rewrite the equation 3.6 as 

 

           𝑀𝑚 ,𝑒
2 ≤ 𝑀𝑠

2 −
𝐾𝑇

2

𝑅
  𝑀ℎ𝜔𝑚  + 𝑟𝑒𝜔𝑚

2 +  𝑤𝜔𝑚
3      (3.9) 

 

 

that is 

         
𝐾𝑇

2

𝑅
  𝑀ℎ𝜔𝑚  + 𝑟𝑒𝜔𝑚

2 +  𝑤𝜔𝑚
3   ≤ 𝑀𝑠

2 − 𝑀𝑚 ,𝑒
2     (3.10) 

 

 

  Now 
𝐾𝑇

2

𝑅
, 𝑀𝑠

2
 and 𝑀𝑚 ,𝑒

2  are known, the parameters 𝑀ℎ , 𝑟𝑒  and 𝑤  can be 

solved by choosing three working point in the catalogue of the motor, i.e.  

 

 

𝑝𝑜𝑖𝑛𝑡 1: (𝜔𝑚1 , 𝑀𝑚 ,𝑒1) 

𝑝𝑜𝑖𝑛𝑡 2: (𝜔𝑚2 , 𝑀𝑚 ,𝑒2) 

𝑝𝑜𝑖𝑛𝑡 3: (𝜔𝑚3 , 𝑀𝑚 ,𝑒3) 

 

 

  In the limit condition, we can get the equation series: 

 

 
 
 

 
 

𝐾𝑇
2

𝑅
  𝑀ℎ𝜔𝑚1 + 𝑟𝑒𝜔𝑚1

2 +  𝑤𝜔𝑚1
3   = 𝑀𝑠

2 − 𝑀𝑚 ,𝑒1
2

𝐾𝑇
2

𝑅
  𝑀ℎ𝜔𝑚2 + 𝑟𝑒𝜔𝑚2

2 +  𝑤𝜔𝑚2
3   = 𝑀𝑠

2 − 𝑀𝑚 ,𝑒2
2

𝐾𝑇
2

𝑅
  𝑀ℎ𝜔𝑚3 + 𝑟𝑒𝜔𝑚3

2 +  𝑤𝜔𝑚3
3   = 𝑀𝑠

2 − 𝑀𝑚 ,𝑒3
2

         (3.11) 

 

 

  It is easy to get the solutions of 𝑀ℎ , 𝑟𝑒 and 𝑤. Now we have all the parameters 

what are needed to calculate the interval of transmission ratio known.  
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3.4 Representation in the Plane 𝝎𝒎 − 𝑴𝒎 

  The main characteristics of the new approach is a couple of virtual parameters  

(𝜔𝑚0,𝑀𝑚 ,𝑟𝑚𝑠 ),  is introduced. 𝜔𝑚0  is the equivalent speed of the motor at 

which the internal loss is equal to the steady state internal loss at the actual motor 

speed. 𝑀𝑚 ,𝑟𝑚𝑠  is the root mean square output torque of the motor in steady state. 

ωm0  can be calculated from: 

 

𝑀ℎ𝜔𝑚0 + 𝑟𝑒𝜔𝑚0
2 + 𝑤𝜔𝑚0

3 =
1

𝑇
  𝑀ℎ𝜔𝑚 + 𝑟𝑒𝜔𝑚

2 + 𝑤𝜔𝑚
3 𝑑𝑡

𝑇

0
 

(3.12) 

𝑀𝑚 ,𝑟𝑚𝑠  can be calculated as: 

                      𝑀𝑚 ,𝑟𝑚𝑠 =
1

𝑇
 𝑀𝑒

2𝑑𝑡
𝑇

0
                    (3.13) 

 

  In the no load condition, we can easily solve this equation. At each angular speed 

of the motor, we get a point (𝜔𝑚0 , 𝑀𝑒 ) on the Torque-Speed diagram. A qualitative 

plot is shown in Fig.20: 

 

 

Fig.20  Equivalent working point in no load condition 
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3.5 Load Representative Point 

  With the specific load we have defined previously, the motor does not work in 

steady state condition. Integrations of the total loss in the period with respect to time 

are used, with the specific load: 

                   𝑀𝑚 ,𝑒 =
𝐽𝑀

𝜏
𝛼𝐿 𝑡 + 𝜏𝑀𝐿

∗(𝑡)         (3.14) 

   

 

  and 

                         𝜔𝑚 =
𝜔𝐿

𝜏
                  (3.15) 

 

 

 The equation 3.6 becomes      

1

𝑇
  

𝐽𝑀

𝜏
𝛼𝐿 𝑡 + 𝜏𝑀𝐿

∗(𝑡) 
𝑇

0

2

𝑑𝑡 +  1
𝑇
 

𝐾𝑇
2

𝑅
 𝑀ℎ   

𝜔𝐿

𝜏
  + 𝑟𝑒  

𝜔𝐿

𝜏
 

2

+ 𝑤   
𝜔𝐿

𝜏
 

3

  𝑑𝑡
𝑇

0
 ≤

𝑀𝑠
2                                     (3.16) 

 

 

1

𝑇
  

𝐽𝑀
2

𝜏2
𝛼𝐿

2 𝑡 + 𝑀𝐿
∗2 𝑡 𝜏2 + 2𝐽𝑚  𝛼𝐿 𝑡 𝑀𝐿

∗ 𝑡   
𝑇

0
𝑑𝑡 +

 1
𝑇
 

𝐾𝑇
2

𝑅
 𝑀ℎ   

𝜔𝐿

𝜏
  + 𝑟𝑒  

𝜔𝐿

𝜏
 

2

+ 𝑤   
𝜔𝐿

𝜏
 

3

  
𝑇

0
 𝑑𝑡 ≤ 𝑀𝑠

2
           (3.17) 

 

 

 

  As is known,  

            
1

𝑇
  

𝐽𝑀

𝜏
𝛼𝐿 𝑡 + 𝜏𝑀𝐿

∗(𝑡) 
𝑇

0

2

𝑑𝑡 = 𝑀𝑚 ,𝑟𝑚𝑠
2
       (3.18) 

 

 

  We set  

1

𝑇
  𝑀ℎ   

𝜔𝐿

𝜏
  + 𝑟𝑒  

𝜔𝐿

𝜏
 

2

+ 𝑤   
𝜔𝐿

𝜏
 

3

  𝑑𝑡 = 𝑀ℎ𝜔𝑚0 + 𝑟𝑒
𝑇

0
𝜔𝑚0

2 + 𝑤𝜔𝑚0
3               

                                            (3.19) 

 

 

  where ωm0  is an equivalent angular speed of the motor in steady state, which can 
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characterize the working condition.  

  Hence both the two variables 𝜔𝑚0 and 𝑀𝑚 ,𝑟𝑚𝑠  are known, we can plot the 

couple of variables in the Plane 𝜔𝑚 − 𝑀𝑚 , as shown in Fig.21: 

 

Fig.21  Equivalent working point with load  

 

 

3.6 Effect of the Transmission Ratio 

  After an interval of transmission ratio 𝜏  is given, say [0.0001,10], two 

corresponding series of 𝑀𝑚 ,𝑟𝑚𝑠  and 𝜔𝑚0 are obtained by solving equation 3.16 

and equation 3.17. Consequently, we get the feasibility curve. A qualitative plot is 

shown in Fig.22: 

 

 

 
Fig.22  Equivalent feasibility curve  

 

 

  From the two intersections between the limit curve(the red one) and the curve 
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represents the motor losses(the blue one), the solutions of transmission ratio are 

obtained. In the interval of transmission ratio defined by the feasible arc, the drive 

system works without burning. 

  Along with the other inequalities, that 

 

 

        𝑀𝑚 ,𝑚𝑎𝑥 = ( 
𝐽𝑚 𝛼𝐿(𝑡)

𝜏
+ 𝜏𝑀𝐿

∗(𝑡) )0≤𝑡≤𝑇
𝑚𝑎𝑥 ≤ 𝑀𝑀,𝑑𝑦𝑛      

 

                   𝜔𝑚 ,𝑚𝑎𝑥 =
 𝜔𝐿 ,𝑚𝑎𝑥  

𝜏
≤ 𝜔𝑀,𝑚𝑎𝑥           (3.21) 

 

 

  The three inequalities form our new criterions of transmission ratio.  
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Chapter 4: Choice of Motor and 

Transmission 

  Servomotor AC brushless series 8C are famous and reliable brushless PM motors. 

We choose N 501055 - 8C4430 as our objective of study. This is the picture of the 

motor:  

 

 
Fig.23  Motor N 501055 - 8C4430 

 

 

4.1 Corresponding Values of the Parameters  

  On the website, we can find the catalogues and user manual of this motor.  

Fig.23shows the performance of the motor. On the plot we can easily check the 

dynamic limit, which is the green line and the continuous duty limit, which is the red 

line. 

  It is obvious the continuous duty limit is a descending line, as analyzed in the new 

approach. 
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Fig.24  Characteristic curve of the motor 

 

 

  The procedure of obtaining this curve is: 

1) Set a maximum temperature 𝜃𝑀 ,𝑚𝑎𝑥 , below which the motor does not burn; 

2)Set a speed of the motor. Normally, we start from the stall torque, which means the 

output torque when the motor works at null speed; 

3)Drive the motor in the no load EMF test to thermal steady state, i.e. after a thermal 

transient time the temperature stays constant; 

4)Sense and record the output torque; 

5)Increase the motor speed and repeat 3) and 4).  

 

  Then we get a series of points on the Torque-Speed diagram step by step. By 

linking the points in a line, we obtain the motor characteristic curve, which is the 

continuous duty limit curve in the new approach.  

 

  In equation series 3.11, three corresponding series of speed and torque are chosen 

as  

 

 

 
𝑤𝑚1 = 750
𝑤𝑚2 = 1500
𝑤𝑚3 = 2250

     and  

𝑀𝑚 ,𝑒1 = 13.9

𝑀𝑚 ,𝑒2 = 12.9

𝑀𝑚 ,𝑒3 = 11.6

  

 

 

  From the user manual of the motor, we can find the moment of inertia of rotor 𝐽𝑚 , 
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resistance at terminals 𝑅, torque constant 𝐾𝑇 , and stall torque 𝑀𝑠 . They are 

highlighted in Appendix A and Appendix B. 

  By now we have all the values of the parameters needed.  

 

 

 

4.2 Calculations and Results in Matlab 

  MATLAB, the language of technical computing, is a programming environment for 

algorithm development, data analysis, visualization, and numeric computation. The 

data is processed with MATLAB. 

4.2.1 Position, Velocity and Acceleration of the Load 

  The load acceleration is in the form that constant acceleration with "  
1

3
 𝑎𝑛𝑑 

1

3
 " 

positive acceleration non dimensional time and negative acceleration non dimensional 

time. T is set to 0.15 second and both the positive acceleration dimensionless time and 

negative acceleration dimensionless time is 0.3. The stroke of the load 𝑋𝐿  is one 

meter. By integrating the acceleration once and twice with respect to time in the 

period, we get the velocity and position. Acceleration is  𝛼𝐿and velocity is 𝜔𝐿.  

 

 

Fig.25  Position, velocity and acceleration of load 
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4.2.2 Load Torque 

  The periodic torque 𝑀𝐿  is [1 + 𝑠𝑖𝑛⁡(
2𝜋

𝑇
𝑡)] Nm, which is shown in Fig.26: 

 

 

Fig. 26  Periodic torque load 

 

 

 

  Direct efficiency of the drive system is equal to 0.9 and inverse efficiency is 0.85.  

Fig.27 shows the modified torque load 𝑀𝐿
∗: 

 

 
Fig.27  Modified torque load 
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4.2.3 Mathematic Solution of 𝑴𝒉, 𝒓𝒆 and 𝒘 

  From equation series 3.11, we calculate the parameters. The results are shown as 

follows: 

 

 

  𝑀ℎ  = 0.041978 

 

  𝑟𝑒 = 0.00014914 

 

  𝑤 = 2.4404e-007 

 

  As 𝑟𝑒 and 𝑤 are quite small, they only affect the shape of the characteristic 

curve of the motor at high speed mode. This is consistent with our previous analysis. 

 

 

4.2.4 Mathematic Solution of 𝑴𝒎,𝒓𝒎𝒔 and Transmission Ratio 

  We set transmission ratio 𝜏 is from 0.01 to 50 with an incremental of 0.01. 

𝑀𝑚 ,𝑟𝑚𝑠  is calculated and plotted with the characteristic curve of the motor. The 

result is shown in Fig. 28: 

 

 

Fig. 28  𝑀𝑚 ,𝑟𝑚𝑠  and 𝑀𝑚 ,𝑒 

 

 

  Since the motor works under continuous duty working range, it is sure that the 
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output torque will not exceed dynamic limit.  

  The maximum load speed is 9.5823 m/s as calculated previously. The maximum 

rated angular speed of the motor is 3000 rpm, that is 314.1593 rad/s. From the 

inequality that   

                    
 𝜔𝐿 ,𝑚𝑎𝑥  

𝜏
≤ 𝜔𝑀 ,𝑚𝑎𝑥                  (4.1) 

 

   𝜏𝑚𝑖𝑛 =
 𝜔𝐿,𝑚𝑎𝑥  

𝜔𝑀 ,𝑚𝑎𝑥
= 0.030315             

 

  From the Fig. 28 it is easy to find the corresponding transmission ratio interval 

whose lower and upper bounds are the intersections of the two curves.  

𝜏 =  0.02,0.97  

  The final result of transmission ratio τ is obtained considering both the two 

criterions is 0.03 to 0.97 . 

 

 

  In conventional approach, 𝑀𝑚 ,𝑟𝑚𝑠  is calculated without any iron losses and the 

continuous duty limit is the rated torque. We call it 𝑀𝑚 ,𝑟𝑚𝑠0  in order to distinguish. 

The two plots are shown in the same Fig. 29: 

 

 
Fig. 29  Comparison of the two approaches 

 

 

  If we zoom the zone where the transmission ratio is acceptable, shown in Fig. 30 
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Fig. 30  Zoom of acceptable transmission ratio zone 

 

 

  we can find that the two transmission ratio intervals are quite different.  

  The interval due to continuous duty limit using the conventional approach is 

𝜏 =  0.04,0.63  

  Considering 𝜏𝑚𝑖𝑛 = 0.030315, the final result of the conventional approach 

is 𝜏 =  0.04,0.63 . 

 

 

  If we decrease the period and keep other load specifications unchanged, it is 

obvious that the whole level of root mean square torque is improved. As a result, we 

can propose that the conventional approach will give no solution while the new 

approach will give an efficient solution.  

  Now we decrease the period from 0.15 second to 0.05 second, new results are 

shown in Fig.31: 

 

 
Fig.31  Comparison of the two approaches 
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  If we zoom it to recognize the available interval, as shown in Fig.32: 

 

 
Fig. 32  Zoom of comparison of the two approaches 

 

 

  We can see that the results are consistent with our assumption well.  
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Chapter 5: Conclusions and Discussions 

  After series of research and tests based on the assigned motor and transmission, 

three conclusions can be made:  

1) iron losses and mechanical losses can be significant when the motor angular speed 

is high; 

2) the new approach gives a more accurate, practicable and beneficial solution than 

the conventional approach does when both the approaches are valid; 

3) the new approach can even give a solution when the load is so critical that using  

the conventional approach no solution is obtained.  

  In order to back these conclusions up, the whole design and test procedure is 

divided into four parts and explained as follows:  

  The first part of the study is to analysis the known method. The basic concept is 

that the wasted energy during the motor works should be less than a limit value. The 

wasted power is due to Joule loss due to the conventional approach. By calculation, 

we know that the power loss is equal to the root mean square torque of the motor in a 

period at steady state. The limit torque is defined as the rated torque of the motor, 

which is constant. After specifying the periodic load and introducing the relationship 

between load, transmission ratio and the output torque of the motor, we can find the 

efficient transmission ratio by finding the intersections of the equivalent power loss 

curve and the limit curve.  

  The second part is to identify the hysteresis loss, eddy current loss and mechanical 

losses. According to the electromagnetic properties of the permanent magnets, 

hysteresis loss and eddy current loss are identified. Hysteresis loss is related to the 

amplitude of the flux density and the frequency at which the flux density changes. For 

the chosen specific motor, the amplitude of the flux density is only depend on the 

material of the permanent magnets. So it's a constant. The frequency is equal to the 

angular speed of motor divided by 2𝜋 multiplied by the number of poles of the 

motor. Hence hysteresis loss is proportional to the speed of the motor. Eddy current 

loss is a little more complicated. It's related to the peak value of the flux density the 

frequency powered by Steinmetz constant 𝛼, which is determined by the material of 

the permanent magnets. As a convention, we set 𝛼 to 2. That is to say, eddy current 

loss is proportional to the speed squared. The mechanical losses is proportional to the 

speed cubic. With these theories, we define the losses in the motor along with the 

Joule loss. 

  The third part of the study is to build the mathematic models of the new approach 

for evaluating the transmission ranges. The basic concept of the new approach is the 

same with the conventional one. But we consider the maximum losses is determined 

not only by the Joule loss but also the iron losses and mechanical losses. The limit 

curve is no longer constant but the continuous duty limit of the motor and can be 
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obtained by the catalogue in the user manual. This is the main difference between the 

two approaches. After introducing internal losses and external losses, we can define a 

couple of variables(𝜔𝑚0,𝑀𝑚 ,𝑟𝑚𝑠 ), which is equivalent to root mean square torque 

representing the losses at the equivalent angular speed 𝜔𝑚0 . By dividing the 

transmission ratio into a discrete series, a series of points representing the power loss 

is obtained and the curve can be plotted by linking these points. The transmission 

ratio interval is got by finding the intersections of these two curves.  

  The fourth part of this study is to assign the motor and transmission to compare 

these two approaches and test the theories. After solving the parameters in the new 

approach and plotting the four curves explained previously, we can easily see the 

difference of the results of the two approaches. As expected, the new approach gives 

an enlarged transmission ratio ranges. Sometimes it can give a solution while the 

conventional approach can't. We can say that a more safe and accurate interval of 

transmission ratio is obtained compared to the conventional approach. Therefore, the 

improved approach is very helpful for choosing transmission ratio for PM brushless 

machine, particularly for high-speed motors. For low-speed motors, the conventional 

approach gives a good approximation, thus the two approaches consist on the whole.  

  In the future works, to validate the proposed model, laboratory testing on different 

motor speeds and different motors should be carried out. On the other hand, since the 

equivalent speed is directly calculated with the parameters of iron losses and 

mechanical losses, the result of the new approach is highly related to the accuracy of 

the evaluation of hysteresis, eddy current and mechanical losses. If a more accurate 

mathematic model of the evaluation of these losses is built, a more accurate result will 

be obtained. 
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Acronyms 

PM: permanent magnet 

EMI: electromagnetic interference  

DC: direct current 

MMF: magnetomotive force  

EMF: electromagnetic fields 

Internet resources 

Wikipedia 

http://www.wikipedia.org/ 

 

ABB Group 

http://www.abb.it/product/seitp322/2d7769f76007eaddc1256f89003bfd27.aspx 

 

 

  

http://www.wikipedia.org/
http://www.abb.it/product/seitp322/2d7769f76007eaddc1256f89003bfd27.aspx
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Appendix A 

  The main electromechanical parameters and data of servomotors 8C under rated 

voltage of 230V. 
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Appendix B 

  The characteristics of servomotors 8C.  
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Appendix C 

Main MATLAB code of the model in MATLAB R2009b 

 

 

clear all 

close all 

clc 

global  m0 m1 m2 m3 m4 omeg omeg2 omeg3 

data=xlsread('motor.xlsx'); 

m0=data(5,12); 

m1=data(5,13); 

m2=data(5,14); 

m3=data(5,15); 

m4=data(5,16); 

omeg=data(2,12:16); 

omeg2=data(3,12:16); 

omeg3=data(4,12:16); 

m=[m0,m1,m2,m3,m4]; 

a_a=data(6,12); 

b_b=data(6,14); 

Kt_R=data(6,18); 

yeta_d=0.9; 

yeta_i=0.85; 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%%%parameters 

Jm=data(5,17);   %Kg*m^2 

 

tau=0.01:0.01:50; 

tau_t=1./tau; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%% 

%acceleration,speed and position 

tap_ND = 0.3; 

tan_ND = 0.3; 

% 

T=0.15;%[s] 0.146 

 

X=input('stroke [m]: '); 

j=0; 
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for t_ND = 0.0002:0.0002:1 

    j = j+1; 

    [x_ND,v_ND,a_ND] = Constant_Acceleration_ND(t_ND,tap_ND,tan_ND);  

    x(j)= X*x_ND; 

    v(j)= X/T*v_ND; 

    a(j)= X/T^2*a_ND; 

end  

v_max=max(v); 

tau_max=v_max/314.15926 

 

t_ND = 0.0002:0.0002:1; 

t_T=T*t_ND; 

%load torque Ml, load acceleration alpha_l=a, load speed omega_l=v 

%Ml=0.815+0.30*sin(2*pi*t_ND);%%if load is too high,no feasibility arc,if load is 

too small, the lower bound will be too close to the tau max 

Ml=1+1*sin(2*pi*t_ND); 

Ma=Ml.*v; 

for i=1:1:length(t_ND) 

     

    if Ma(i)>=0 

        Ml(i)=Ml(i)/yeta_d; 

     

   else  

       Ml(i)=Ml(i)*yeta_i; 

   end 

end 

 

figure 

plot(t_T,Ml) 

xlabel('time[s]') 

ylabel('torque[Nm]') 

figure  

subplot(3,1,1), 

plot(t_T,x,'b','linewidth',1.5),ylabel('mm'),legend('position','location','northwest')  

subplot(3,1,2),plot(t_T,v,'r','linewidth',1.5),ylabel('m/s'),legend('velocity','location','no

rthwest') 

subplot(3,1,3),plot(t_T,a,'g','linewidth',1.5),ylabel('m/s^2'),legend('acceleration','locati

on','west') 

xlabel('time[s]') 

grid on; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 



 

58 

 

%plot(t_T,Ml) 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%%% 

%%calculate Mlim,Kt^2/R,Mh,re,w 

%%syms R_Kt Mh re w 

%%%[R_Kt,Mh,re,w]=solve('(m0^2-m1^2)*R_Kt-omeg(2)*Mh-omeg2(2)*re-

omeg3(2)*w=0', '(m0^2-m2^2)*R_Kt-omeg(3)*Mh-omeg2(3)*re-

omeg3(3)*w=0','(m0^2-m3^2)*R_Kt-omeg(4)*Mh-omeg2(4)*re-omeg3(4)*w=0', 

'(m0^2-m4^2)*R_Kt-omeg(5)*Mh-omeg2(5)*re-omeg3(5)*w=0') 

A=Kt_R*[omeg(3),omeg2(3),omeg3(3); 

        omeg(4),omeg2(4),omeg3(4); 

        omeg(5),omeg2(5),omeg3(5);]; 

B=[m0^2-m2^2;m0^2-m3^2;m0^2-m4^2]; 

c=A\B; 

 

 

%%c0 = [2; 0.20; 0.2; 0.2]; 

%%c = fsolve(@myfun,c0);  % Call optimizer 

 

%c=-c*10^19; 

Mlim=m0; 

Mh=c(1); 

re=c(2); 

w=c(3); 

 

Wlim=1/Kt_R*m0^2; 

 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%%%%%%%%%%%%% 

%%%%%integral 

k_1 = abs(w^2*(v.^4)/T) ; 

k_2 = (abs(2*re*w*v.^3)+abs(w*Kt_R*v.^3)+abs(2*w*Jm*a.*(v.^2)))/T; 

k_3 = (abs(2*Jm*re*a.*v)+abs((re^2+2*Mh*w+re*Kt_R)*v.^2)+Jm^2*(a.^2))/T;  

k_4 = 

(abs(2*Jm*a*Mh)+abs(2*Mh*re*v)+abs(Mh*v*Kt_R)+abs(2*w*(v.^2).*Ml))/T; 

k_5 = (abs(2*Ml.*v*re)+abs(2*Jm*Ml.*a))/T; 

k_6 =abs(2*Mh*Ml)/T;  

k_7 =Ml.^2/T;  

k=[trapz(t_T,k_1);trapz(t_T,k_2);trapz(t_T,k_3);trapz(t_T,k_4);trapz(t_T,k_5)+Mh^2

;trapz(t_T,k_6);trapz(t_T,k_7);]; 

y1=k(1)+k(2)*tau+k(3)*tau.^2+k(4)*tau.^3+(k(5))*tau.^4+k(6)*tau.^5+k(7)*tau.^6;  

z1=Mlim^2*tau.^4; 
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figure 

plot(tau,y1,tau,z1); 

title ('with losses') 

    xlabel ('τ[m/rad]') 

legend('Me^2','Mlim^2') 

grid on; 

syms tau1 

f =k(1)+k(2)*tau1+k(3)*tau1^2+k(4)*tau1^3+(k(5)-

Mlim^2)*tau1^4+k(6)*tau1^5+k(7)*tau1^6; 

p=sym2poly(f); 

Tau_k=roots(p); 

Tau_kp=Tau_k(Tau_k>0); 

k_8 = Jm^2*(a.^2)/T; 

 

k_9 =abs(2*Jm*Ml.*a)/T; 

 

k_10 =Ml.^2/T;  

k2=[trapz(t_T,k_8);trapz(t_T,k_9);trapz(t_T,k_10);]; 

y2=k2(1)*tau_t.^2+(k2(2))+k2(3)*tau.^2; 

z2=Mlim^2*tau.^2; 

 

%figure 

%plot(tau,y2,tau,z2); 

%title ('without losses') 

  %  xlabel ('tau[m/rad]') 

%legend('Me^2','Mlim^2') 

%grid on; 

syms tau2 

f2 =k2(1)+(k2(2)-Mlim^2)*tau2^2+k2(3)*tau2^4; 

p2=sym2poly(f2); 

Tau_k2=roots(p2); 

Tau_kp2=Tau_k2(Tau_k2>0); 

 

 

wm=tau_t'*v; 

 

Q0=(abs(Mh*wm)+abs(re*wm.^2)+abs(w*wm.^3))/T; 

 

Q1=trapz(t_T,Q0'); 

 

for i=1:1:length(Q1) 

   

wo(i)=(-Mh+sqrt(Mh^2+4*Q1(i)*re))/2/re; 
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end 

%%%%%%%%%%%%%%%%%%%%% 

 uni=linspace(1,1,5000); 

Q2=((Jm^2*(tau_t.^2)'*a.^2)+(tau.^2)'*Ml.^2+2*abs(Jm*uni'*(a.*Ml)))/T; 

Me_rms=trapz(t_T,Q2'); 

 

dwm=omeg(5)/5000; 

wm1=dwm:dwm:omeg(5); 

M=m0*(1+a_a*wm1.^2+b_b*wm1); 

 

for i=1:1:length(Me_rms) 

    err(i)=M(i)-Me_rms(i); 

    if err(i)<0 

        ERR(i)=0; 

    else  

        ERR(i)=Me_rms(i); 

    end 

end 

 

 

M_Rated=m4*uni; 

 

figure 

plot(wo,Me_rms,wm1,M,wm1,y2,wm1,M_Rated); 

axis([0 omeg(5) 0 20 ]) 

title ('KP') 

    xlabel ('speed[rad/s]') 

    ylabel('torque[Nm]') 

legend('Mrms','Me','Mrms0','M_Rated') 

 

 

 

 

subprograms to calculate load acceleration, velocity and 

position 

  

function [p_ND,v_ND,a_ND] = Constant_Acceleration_ND(t_ND,tap_ND,tan_ND) 
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cap = 1/(1-(tap_ND+tan_ND)/2)/tap_ND; 

can = 1/(1-(tap_ND+tan_ND)/2)/tan_ND; 

cv = 1/(1-(tap_ND+tan_ND)/2); 

 

 

    if 0<=t_ND && t_ND<= tap_ND 

        a_ND = cap; 

        v_ND = cv*t_ND/tap_ND; 

        p_ND = 0.5*cap*t_ND^2; 

    elseif  t_ND<= 1-tan_ND 

        a_ND = 0; 

        v_ND = cv; 

        p_ND= 0.5*cap*tap_ND^2+cv*(t_ND-tap_ND); 

    elseif t_ND<= 1 

        a_ND = -can; 

        v_ND = cv*(1-t_ND)/tan_ND; 

        p_ND = 0.5*cap*tap_ND^2+cv*(1-tan_ND-tap_ND)+cv*(t_ND-

1+tan_ND)-0.5*can*(t_ND-1+tan_ND)^2; 

    end  

 

 

function [p_ND,v_ND,a_ND] = Constant_Acceleration_NDn(t_ND,tap_ND,tan_ND)  

 

 

cap = 1/(1-(tap_ND+tan_ND)/2)/tap_ND; 

can = 1/(1-(tap_ND+tan_ND)/2)/tan_ND; 

cv = 1/(1-(tap_ND+tan_ND)/2); 

 

 

    if 0<=t_ND && t_ND<= tan_ND 

        a_ND = -can; 

        v_ND = -cv*t_ND/tan_ND; 

        p_ND = -0.5*can*t_ND^2; 

        %a_ND = cap; 

        %v_ND = cv*t_ND/tap_ND; 

        %p_ND = 0.5*cap*t_ND^2; 

    elseif  t_ND<= 1-tap_ND 

        a_ND = 0; 

        v_ND = -cv; 

        p_ND= -0.5*can*tan_ND^2-cv*(t_ND-tan_ND); 

        %a_ND = 0; 

        %v_ND = cv; 

        %p_ND= 0.5*cap*tap_ND^2+cv*(t_ND-tap_ND); 
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    elseif t_ND<= 1 

        a_ND = cap; 

        v_ND = -cv*(1-t_ND)/tap_ND; 

        p_ND = -0.5*can*tan_ND^2-cv*(1-tap_ND-tan_ND)-cv*(t_ND-

1+tap_ND)+0.5*cap*(t_ND-1+tap_ND)^2; 

        %a_ND = -can; 

        %v_ND = cv*(1-t_ND)/tan_ND; 

        %p_ND = 0.5*cap*tap_ND^2+cv*(1-tan_ND-tap_ND)+cv*(t_ND-

1+tan_ND)-0.5*can*(t_ND-1+tan_ND)^2; 

    end 

Database of the MATLAB files: 

 

NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN

 NaN 0.0 750.0 1500.0 2250.0 3000.0 NaN NaN NaN NaN 

NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN

 NaN 0.0 78.53981633974483 157.07963267948966 235.6194490192345

 314.1592653589793 NaN NaN NaN NaN 

NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN

 NaN 0.0 6168.502750680849 24674.011002723397 55516.52475612765

 98696.04401089359 NaN NaN NaN NaN 

NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN

 NaN 0.0 484473.0731296847 3875784.585037478 1.3080772974501489E7

 3.1006276680299822E7 NaN NaN NaN NaN 

14.2 9.5 12.9 314.0 157.0 4.725246881305242 -4.513540854023228 -

2.9998645775419355E-6 -1.1213779492239837E-4 NaN NaN 14.2

 13.9 12.9 11.6 9.5 0.00205 NaN NaN NaN 

-2.9998645775419355E-6 0.0 -1.1213779492239837E-4 314.0 157.0

 NaN NaN -0.0014962453803785765 0.46663633606307686 NaN

 NaN -2.9998645775419355E-6 NaN -1.1213779492239837E-4

 NaN NaN NaN 3.14 NaN NaN 

30.0 21.4 27.6 314.0 157.0 3.679474074307678 -

3.4979995941564495 -2.5694078191136913E-6 -1.061571125265389E-4

 5430.0 NaN 30.0 29.5 27.6 24.9 21.4 0.00492

 9.600263157894737 1.91 0.38 

34.3 22.9 31.1 314.0 157.0 4.75744326159781 -

4.5410683275090395 -2.956967721858631E-6 -1.2998830105290398E-4

 5530.0 NaN 34.3 33.6 31.1 27.85 22.9 0.00684

 11.960357142857143 1.83 0.28 

37.86 24.3 35.0 314.0 157.0 5.539657959606705 -

5.369552163688338 -4.200549941999192E-6 1.783304901396699E-4 5630.0

 NaN 37.86 37.14 35.0 30.0 24.3 0.0078
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 14.260416666666668 1.85 0.24 

45.5 23.0 40.0 209.0 104.5 11.360158022211719 -

11.06625177221172 -1.1572411471681177E-5 5.2578999947420815E-5 7120.0

 NaN 45.5 43.2 40.0 35.0 23.0 0.00975 12.10782608695652

 2.36 0.46 

2.5 1.84 2.3 628.0 314.0 3.2027410207939506 -3.0212665406427215

 -5.274047628707046E-7 -8.917197452229307E-5 1260.0 NaN 2.5 2.4 2.3

 2.1 1.84 1.65E-4 0.19014084507042256 0.9 4.26 

14.0 12.6 13.3 209.0 104.5 0.8302383639410424 -

0.7222051229438127 -7.624983571519584E-21 -4.784688995215294E-4

 4415.0 NaN 14.0 13.8 13.3 13.1 12.6 0.00205

 3.2208510638297874 3.48 3.76 

14.2 9.5 12.9 314.0 157.0 4.725246881305242 -4.513540854023228 -

2.9998645775419355E-6 -1.1213779492239837E-4 4430.0 NaN 14.2

 13.9 12.9 11.6 9.5 0.00205 3.1387692307692308 2.02 1.3 

 

 

 


