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Abstract

Amodel-based feedforward/feedback air fuel ratio controller that optimizes the oxygen storage capacity of the three-way catalyst
in automotive emission control systems is presented. This work incorporates a simplified dynamic catalyst model that describes the
physical behavior of oxygen chemisorption and reversible deactivation in the catalyst system. A novel aspect of this work is the use
of the oxygen storage capability of the catalyst not only to minimize vehicle emissions but also to optimize engine performance and
fuel economy during transient engine demand. The feedback/feedforward controller is a nonlinear model predictive controller that
incorporates catalyst, engine air fuel ratio controller, and fuel system models to determine the optimal air fuel ratio target trajectory.
Feedback is provided by a nonlinear moving horizon estimation strategy for the determination of the oxygen storage level of the
catalyst based on air fuel ratio sensors.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The use of three-way catalysts in exhaust after-treat-
ment systems is essential in reducing tail-pipe emissions
to the levels demanded by environmental legislation.
Although improvements in catalyst formulation and
substrate design to reduce automotive emissions are
on-going, there is considerable potential for reduction
from advanced control of the catalyst operation [1]. As
environmental legislation continues to impose increas-
ingly stringent tail-pipe emission regulations, realizing
the potential of advanced catalyst control will become
more important for regulatory compliance.

Model-based techniques offer an attractive advanced
control methodology for automotive catalyst systems. A
critical aspect of any model-based approach, however, is
the ability of the model to predict the dynamic behavior
0959-1524/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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of the catalyst system and the ability to estimate the cur-
rent state of the system model from available measure-
ments. This work incorporates a simplified dynamic
catalyst model that closely captures the dynamic behav-
ior of oxygen chemisorption and reversible deactivation.
A moving horizon estimation strategy for the catalyst
oxygen storage level based on pre- and post-catalyst
wide range or universal exhaust gas oxygen (UEGO)
sensor measurements is proposed in this work. This esti-
mator provides accurate dynamic estimates while the
state is unobservable and reliable model updates when
the state becomes observable.
2. Catalyst operation

Key to the operation of three-way catalyst systems is
the ability to store and release oxygen resulting from
chemisorption/desorption with the cerium oxides con-
tained in the catalyst. Under rich (excess fuel) engine
operation, the catalyst oxidizes the hydrocarbons and
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carbon monoxide present in the incoming exhaust gas
by releasing previously stored oxygen. This oxygen re-
lease maintains stoichiometric combustion with com-
mensurately low levels of hydrocarbon and carbon
monoxide emissions. Because of the finite storage capac-
ity of the catalyst, however, this process cannot continue
indefinitely. When the oxygen release rate of the
depleted catalyst can no longer satisfy the demand, the
post-catalyst air fuel ratio will decrease below stoichio-
metric and hydrocarbon breakthrough will eventually
occur. A typical catalyst control system will therefore
attempt to switch to lean (excess air) engine operation
before this breakthrough condition is encountered.
Under lean engine operation, the excess oxygen in the
exhaust gas is now adsorbed onto the catalyst resulting
in near-stoichiometric post-catalyst conditions and low
tail-pipe emissions. As the oxygen storage capacity of
the catalyst approaches its saturation condition, how-
ever, the post-catalyst oxygen concentration increases
above stoichiometric and breakthrough of nitrogen
oxides will eventually occur. A typical catalyst control
system will then attempt to switch back to rich engine
operation before lean breakthrough. By cycling the
engine operation in this way, the oxygen storage capa-
city of the catalyst can be used as a buffer against break-
through by compensating for transient oxygen excess or
deficiency.

This dynamic behavior is clearly shown in Fig. 1
where the post-catalyst air fuel ratio remains essentially
at stoichiometric (�14.5) for several seconds after the
pre-catalyst air fuel ratio makes a lean to rich step tran-
sition. Air fuel ratio is defined as the ratio of the air mass
flow rate to the fuel mass flow rate. When the oxygen
release rate of the catalyst can no longer satisfy the
exhaust gas demand, the post-catalyst air fuel ratio
begins to become rich until it eventually matches the
pre-catalyst air fuel ratio. The separation between the
pre- and post-catalyst sensor measurements present be-
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Fig. 1. Pre- and post-catalyst air fuel ratio transitions.
tween 20 and 70 s is due to sensor distortion in the
post-catalyst air fuel ratio sensor as discussed in the
sequel. Oxygen storage on the catalyst is clearly shown
after the pre-catalyst air fuel ratio rich-to-lean step
change made at approximately 70 s.
3. Catalyst system model

The catalyst system model used in the model-based
controller is described in this section. This model con-
sists of a combination of component models represent-
ing the catalyst oxygen storage, post-catalyst sensor
distortion, engine air fuel ratio controller, and fuel sys-
tem. These component models are discretized and inte-
grated into a single model of the system. A moving
horizon estimator is employed to determine the current
state of the system model for the controller.

3.1. Catalyst oxygen storage model

Various models have been proposed for the real-time
characterization of the dynamic oxygen storage, or
equivalently of the rate oxygen storage and release. In
the simplest case, used implicitly or explicitly in many
current systems, the catalyst is represented as a limited
integrator oxygen store, where the rate of storage or re-
lease is proportional to the relative oxygen excess or
deficiency in the pre-catalyst exhaust gas. A significant
model improvement is described in [2], with later refine-
ments in [3], where the model structure is preserved, but
rates of oxygen storage and release are considered to be
nonlinear functions of the amount of oxygen stored on
the catalyst. These functions switch according to
whether the catalyst is being oxidized or reduced by
the pre-catalyst exhaust gas. The catalyst oxygen storage
in this work is represented by the following nonlinear
integrating model [4]

_/ ¼ Kk _mf Dk
/ �Nð/Þð Þ; ð1Þ

where / is the oxygen storage state of the catalyst, _mf is
the fuel mass flow rate to the engine, Nð/Þ is the equi-
librium oxygen storage capacity of the catalyst, and Dkv

is the pre-catalyst relative air fuel ratio deviation from
stoichiometric with Dk defined as

Dk ¼ k� 1; k ¼ 1

Kk

_mO2

_mf

; ð2Þ

where k = 1 represents a stoichiometric air fuel ratio,
_mO2

is the oxygen mass flow rate to the engine, and Kk

is the stoichiometric air fuel ratio times the oxygen mass
fraction of air. In this model, the oxygen storage and re-
lease rates depend on the difference between the forcing
function Dkv, which promotes adsorption under lean air
fuel ratio conditions and desorption under rich air fuel
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ratio conditions, and the equilibrium catalyst oxygen
storage Nð/Þ.

This model describes stored oxygen relative to the
equilibrium level when the pre-catalyst exhaust gas is
stoichiometric. A value of / = 0 corresponds to the
equilibrium attained when Dkv = 0. When / < 0, the
stored oxygen on the catalyst is less than the stoichio-
metric equilibrium value and when / > 0, the stored
oxygen is greater than the stoichiometric equilibrium
value. In this work,Nð/Þ is parameterized using a quin-
tic polynomial expansion of /.

Nð/Þ ¼ a1/þ a2/
2 þ a3/

3 þ a4/
4 þ a5/

5. ð3Þ
Fig. 2 presents an example of this function based on

measured automotive catalyst response data. As / in-
creases from zero, it becomes progressively harder to
store oxygen on the catalyst and as / decreases from
zero, it becomes progressively harder to remove oxygen
from the catalyst. The stored oxygen level does not hit
hard saturation/depletion limits, as in limited integrator
models, but instead approaches these limits asymptoti-
cally while attaining an operating condition that is
dependent on the steady-state pre-catalyst air fuel ratio.
In this work, we will assume that the model parameters
a1 through a5 remain constant. In practice, these param-
eters would have to be adapted to account for tempera-
ture dependence and catalyst aging effects.

The post-catalyst, or final tail-pipe, air fuel ratio devi-
ation from stoichiometric Dkx is determined from the
oxygen capacity function by the relationship

Dk. ¼
0; ðDk/ < 0Þ and ð/ > 0Þ;
Nð/Þ; otherwise;

�
ð4Þ

where the pre-catalyst air fuel ratio, Dkv, is denoted
using a left-facing triangle and the post-catalyst air fuel
ratio, Dkx, is denoted using a right-facing triangle. The
system is demand limited in the case of rich pre-catalyst
exhaust gas, Dkv < 0, and an oxidized catalyst, / > 0,
Fig. 2. Normalized oxygen storage capacity Nð/Þ.
where stored oxygen is available for reducing the rich
exhaust gas, because the oxygen release is limited by
the exhaust gas oxygen demand resulting in stoichiome-
tric post-catalyst exhaust, Dkx = 0.

3.2. Post-catalyst UEGO sensor distortion

The post-catalyst UEGO sensor distortion under rich
air fuel ratio operating conditions illustrated in Fig. 1
can be related to the hydrogen generated by catalytic
promotion of the water gas shift reaction.

CO+H2O�CO2+H2

When the reaction proceeds in the forward direction,
the ability of hydrogen to diffuse faster than the other gas
components results in a sensor output that appears richer
than the true value. In the same manner, reduced levels
of post-catalyst hydrogen due to a progressive inhibition
of the water gas shift reaction result in a sensor output
that appears leaner than the true value [5]. The rise to-
ward leaner values of the measured post-catalyst air fuel
ratio stoichiometric deviation shown in Fig. 1 is due to
this effect. The pre-catalyst sensor dependency on com-
position can be largely removed by calibration with rep-
resentative engine-out exhaust. Because the post-catalyst
composition varies dynamically according to the reac-
tions taking place, static calibration is insufficient to
correct for these errors.

This behavior suggests that the sensor distortion can
be used as a measure of the reversible catalyst deactiva-
tion effect [6]. If the degree of water gas shift reaction
inhibition is assumed proportional to the deactivated
fraction of the catalyst surface, w, then the apparent
post-catalyst air fuel ratio, Dk.a, can be related to the true
post-catalyst air fuel ratio, Dkx, as follows

Dk.a ¼ Dk. þ Kww; ð5Þ
where the constant Kw represents the combined effects of
the sensor sensitivity to hydrogen concentration and the
inhibition of the water gas shift reaction due to rever-
sible catalyst deactivation. The reversible deactivation
model state is determined as follows

_w ¼ _mf

�KdðDk. þ wÞ; ðDk/ < 0Þ and ðDk. < 0Þ;
�KrDk

/; ðDk/ > 0Þ and ðw > 0Þ;
0; otherwise;

8><
>:

ð6Þ

where Dkx is the true post-catalyst air fuel ratio deter-
mined from the oxygen storage model in Eq. (4) and
the sensor distortion of the measured post-catalyst air
fuel ratio can be determined from Eq. (5). This model
assumes that the rate of deactivation is proportional to
the post-catalyst oxygen deficiency, Dkx, and the frac-
tion of the surface that is already deactivated, w, where
Kd is the deactivation constant of proportionality. The
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presence of pre-catalyst free oxygen, Dkv > 0, reverses
the deactivation process at a rate proportional to the
supply of pre-catalyst oxygen until the catalyst is reacti-
vated, w = 0, where Kr represents the reactivation pro-
portionality constant.

The two states of the combined catalyst model are
represented by Eqs. (1) and (6). Fig. 3 presents a com-
parison between the measured post-catalyst air fuel ratio
and the model prediction for the a series of representa-
tive step transitions to the pre-catalyst air fuel ratio.
As shown in this figure, the deviations at the end of each
rich cycle are accounted for in the combined model. In
particular, the combined model now characterizes the
distortion that occurs in the post-catalyst sensor under
rich air fuel ratio engine operation. The close agreement
between the predicted and actual measurements, espe-
cially during the periods of rich operation, demonstrates
that the reversible catalyst deactivation dynamics are
well described by this model.

3.3. Pre-catalyst air fuel ratio and fuel system models

The model-based controller in this work will set the
target to the engine air fuel ratio controller. The engine
air fuel ratio control system will maintain the pre-cata-
lyst exhaust gas at this target through feedback control
using the pre-catalyst air fuel ratio sensor. Although
there is significant complexity to the air fuel ratio system
dynamics due to the effects of fuel puddling, wall wet-
ting, and intake manifold hydrodynamics, a properly
functioning air fuel ratio control can essentially elimi-
nate these nonlinear effects on the pre-catalyst air fuel
ratio. The closed-loop behavior of the pre-catalyst air
fuel ratio can then be approximated by the first order
delay-differential equation

sk
dDk/

dt
þ Dk/ ¼ Dk�ðt � tkÞ; ð7Þ
Fig. 3. Post-catalyst air fuel ratio model prediction.
where Dk* is the target air fuel ratio deviation from stoi-
chiometric and tk is the time delay.

A feedforward correction to the air fuel ratio target
will be made based on engine demand as indicated by
the fuel flow commanded by the engine management
system. Assuming a first order response between the fuel
mass flow rate to the engine and the fuel command, the
fuel mass flow rate can be determined as follows

sm
d _mf

dt
þ _mf ¼ _m�

f ; ð8Þ

where _m�
f is the target fuel command from the engine

management system and _mf is the fuel mass flow rate
to the engine.

3.4. Discrete-time system model

Because a discrete controller will be implemented, the
catalyst model presented in Eqs. (1)–(8) is referenced to
a nominal fuel mass flow rate and discretized where

~/ ¼ /=ðKk _m
ref
f Þ ð9Þ

is the normalized oxygen storage state and _mref
f is the ref-

erence fuel flow rate. The discrete model is obtained
from integration of the catalyst state model over one
controller sample period

~/kþ1 ¼ ~/k þ
Z ðkþ1ÞDt

t¼kDt
q Dk/ �Nð/Þð Þdt; ð10Þ

where k is the discrete sample period index, Dt is the
controller sample period, and q ¼ _mf= _m

ref
f . This integral

can be evaluated by first solving the pre-catalyst air fuel
ratio differential equation in Eq. (7) and the fuel mass
flow rate differential equation in Eq. (8) at sample period
k assuming zero order holds on the engine air fuel ratio
target and fuel command in which q�

k ¼ _m�
fk
= _mref

f , and
dk = tk/Dt is the air fuel ratio controller delay in sample
periods.

Dk/ðtÞ ¼ Dk�k�dk
½1� e�t=sk � þ Dk/ke

�t=sk ð11Þ
qðtÞ ¼ q�

k ½1� e�t=sm � þ qke
�t=sm ð12Þ

Substituting these relationships into Eq. (10) and
integrating results in the following discrete-time catalyst
oxygen storage model

~/kþ1 ¼ ~/k þ aDk�k�dk
q�
k þ bDk/kq

�
k þ cDk�k�dk

qk

þ dDk/kqk � �q�
k � fqk; ð13Þ

where the constants a–f are

a ¼ Dt � aksk � amsm þ akm
sksm

sk þ sm
; ð14Þ

b ¼ aksk � akm
sksm

sk þ sm
; ð15Þ

c ¼ amsm � akm
sksm

sk þ sm
; ð16Þ
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d ¼ akm
sksm

sk þ sm
; ð17Þ

� ¼ ðDt þ amsmÞ ~Nð~/kÞ; ð18Þ
f ¼ �amsm ~Nð~/kÞ; ð19Þ

ak, am, and akm are defined aso

ak ¼ 1� e
�Dt

sk

� �
; am ¼ 1� e�

Dt
sm

� �
;

akm ¼ 1� e
�DtðskþsmÞ

sksm

� �

and ~Nð~/kÞ is the discrete catalyst capacity function.

~Nð~/kÞ ¼
X5

j¼1

ajðKk _m
ref
f
~/kÞ

j. ð20Þ

Utilizing the same procedure for the reversible deac-
tivation model results in the discrete-time model

~wkþ1 ¼ ~wk þ

�Kd ðDtþ fÞq�
k � fqk

� �
ðDk.k þ _mref

f
~wkÞ;

ðDk/k < 0Þ and ðDk.k < 0Þ

�Kr aDk�k�dk
q�
k þbDk/kq

�
k þ cDk�k�dk

qk þdDk/kqk

� �
;

ðDk/k > 0Þ and ð~wk > 0Þ
0; otherwise;

8>>>>>>><
>>>>>>>:

ð21Þ

where the actual and apparent post-catalyst air fuel ratio
discrete model predictions are determined as follows:

Dk.k ¼
0; ðDk/k < 0Þ and ð~/k > 0Þ;
~Nð~/kÞ; otherwise;

(

Dk.a;k ¼ Dk.k þ Kw _mref
f
~wk.

ð22Þ
4. Oxygen storage state estimation

Pre- and post-catalyst UEGO sensors are used to esti-
mate the current oxygen storage state of the catalyst.
This state estimate can then be used by the model-based
controller to determine the future engine air fuel ratio
target trajectory to obtain the desired catalyst system
performance. A problem with this model-based control
strategy is that the desired engine operation results in
significant periods of stoichiometric post-catalyst air
fuel ratio. The oxygen storage state is then unobservable
because changes in the engine exhaust gas have, at least
to a first approximation, no effect on the post-catalyst
air fuel ratio. Examination of Eq. (4) reveals that the
catalyst state for the model presented here cannot be
reconstructed from the pre- and post-catalyst air fuel
ratio sensors when Dkv < 0 and / > 0. Although it is
possible to change the operation to provide additional
post-catalyst sensor information, this practice would
result in increased tail-pipe emissions and could not be
applied in a regular fashion. When sensor information
is available to estimate the catalyst state, the estimate
must then be based on rather noisy air fuel ratio mea-
surements. In this work, a moving horizon least squares
estimator analogous to that presented in [7] is con-
structed to addresses these issues.

The single estimated parameter xk is obtained at
sample time k from the solution to the following nonlin-
ear least squares problem

min
xk

Xk

k�Nx

ðDk.a;k � Dk.m;kÞ
2 þ rx x2

k

s:t:: ~/k�Nxjk ¼ ~/k�Nxjk�1 þ xk

xmin 6 xk 6 xmax

ð23Þ

where xk is an estimated correction to the oxygen
storage state at the beginning of the horizon, Nx is the
horizon length, Dk.a;k is the model predicted apparent
post-catalyst air fuel ratio stoichiometric deviation,
Dk.m;k is the measured post-catalyst air fuel ratio devia-
tion, rx is the weighting term on the estimate, and
~/k�Nxjk is the corrected initial oxygen state in the hori-
zon. This estimation algorithm is the initial state moving
horizon estimator discussed in [8].

The choice of model correction depends on how well
it captures the dynamic nature of the true disturbances
and how sensitive the model output is to the correction.
This estimator is well motivated if the unmodeled distur-
bances are negligible and the post-catalyst measurement
is corrupted by zero mean noise. If the system is unob-
servable over the estimation horizon, the penalty on
the estimated state correction will prevent the estimation
algorithm from introducing a large correction that will
drive the catalyst model out of demand limited opera-
tion. Extended Kalman filtering approaches, such as
presented in [9] and [10], do not behave in a similar man-
ner when the model is unobservable. The filter must
either be constrained or detuned when the system is
unobservable, as discussed in [10], in order to prevent
this behavior.

Because a single parameter is estimated by this algo-
rithm, the determination of the sequence {xk} can be
carried out as a series of one-dimensional optimization
or search problems that are not computationally
demanding. Provided a feasible sequence is generated
by the optimization procedure [12], an approximate
solution is available if the computational time limit is
reached before convergence. Other corrections, such as
a bias to the measured pre-catalyst air fuel ratio stoichio-
metric deviation or a multiplicative factor to the space
velocity, could also be applied to construct the moving
horizon estimator but result in poor estimator perfor-
mance as shown in [11].

We test the moving horizon estimator on the engine
operating data presented in Fig. 4. The pre-catalyst air
fuel ratio is operated approximately at stoichiometry



Fig. 4. Example engine operation. Fig. 6. Post-catalyst estimated air fuel ratio.
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for the first 8 s and then operated rich for the next 25 s in
order to precondition the catalyst to an oxygen depleted
state. After this point, it is cycled between lean and rich
operation at a frequency of 1 Hz. When the catalyst oxy-
gen storage level is near depletion or saturation, the
magnitude of the gain relating a change in the output
Dkx to a change in the catalyst state / is large and the
model prediction is generally good as shown in Fig. 3.
When the oxygen storage level is closer to its stoichiom-
etric equilibrium level, as in the high frequency portion
of the engine operating data in this example, the magni-
tude of this gain approaches zero and the output is much
less sensitive to the catalyst state. Under these condi-
tions, the effects of noise and unmodeled dynamics,
when integrated by the model, can result in larger pre-
diction errors. The estimated oxygen storage state ~/k

and the state correction xk for the engine operation in
Fig. 4 with a sample period of Dt = 0.1 s and a horizon
of Nx = 10 is presented in Fig. 5 . As shown in this fig-
ure, the state corrections are essentially zero for the low
frequency engine operation. During the high frequency
Fig. 5. Estimated oxygen storage state and correction.
operation, larger state corrections are necessary to accu-
rately predict the magnitude of the post-catalyst air fuel
ratio oscillations. The estimated post-catalyst air fuel
ratio, shown in Fig. 6, is essentially the same as the mea-
sured values when these state corrections are applied.
5. Model-based catalyst control strategy

From a control perspective, the post-catalyst air fuel
ratio stoichiometric deviation should ideally remain at
Dkx = 0 to maximize catalyst efficiency and minimize
the vehicle tail-pipe emissions. When Dkx < 0, there is
the possibility of hydrocarbon breakthrough. When
Dkx > 0, there is the possibility of nitrogen oxide break-
through. Therefore, the catalyst is typically operated
such that the oxygen storage level is always either filling
or emptying around the stoichiometric equilibrium stor-
age level. A common practice to achieve this operation is
to cycle the pre-catalyst air fuel ratio across stoichiome-
tric at a frequency determined during engine calibration
or obtained through relay feedback from a relay type
post-catalyst heated exhaust gas oxygen (HEGO) sen-
sor. The output of such sensors switches sharply around
stoichiometry resulting in a limit cycle behavior of the
catalyst system [1]. A slightly more sophisticated mod-
el-based control strategy would aim to maintain the cat-
alyst near the stoichiometric equilibrium state in order
to maximize the time required to reach either rich or
lean breakthrough conditions when subject to distur-
bances. Linear model-based control strategies of this
type using limited-integrator oxygen storage models
have been proposed based on H1 [13], linear quadratic
regulator [14], and IMC [3] design methods. A nonlinear
model predictive control formulation based on this
model form is presented in [15]. The strategy adopted
in this work allows / to vary dynamically depending
on engine demand while preventing post-catalyst break-



Fig. 7. Model-based controller block diagram.
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through as proposed in [16]. A block diagram of this
model-based control strategy is presented in Fig. 7.
The controller components in this diagram are discussed
in the following sections.

5.1. Model-based control algorithm

A nonlinear model predictive control formulation
based on the model presented in the present work can
be developed as follows

min
fDk�i g

XkþN

i¼kþdk

ðDk/i � Dkri Þ
2 þ rðDk�i Þ

2 þ qð~/iÞ
2

s.t.: Dk�min 6 Dk�i 6 Dk�max

Dk.min 6 Dk.i 6 Dk.max

ð24Þ

in which Dkri is the pre-catalyst exhaust air fuel ratio ref-
erence trajectory based on engine demand, r is the pen-
alty on the pre-catalyst air fuel ratio target deviations
from stoichiometric, q is the penalty on the deviation
of the oxygen storage state of the catalyst from the equi-
librium value of zero, N is the prediction horizon, and
Dk* is the pre-catalyst air fuel ratio target sent to the en-
gine AFR controller. The hard constraints in Eq. (24)
represent the operational limits for the engine air fuel
ratio controller target and the emission limits for the
post-catalyst air fuel ratio. Although this control algo-
rithm will dynamically trade off catalyst oxygen storage
level for either improved torque or improved fuel econ-
omy, it is assumed that / = 0 is the optimum equilibrium
oxygen storage level. The actual optimum equilibrium
value of / will depend on the relative oxidation verses
reduction rates, the relative probability and magnitude
of rich verses lean disturbances, and the relative penal-
ties incurred for rich verses lean post-catalyst breakout.

The application of this model-based controller re-
quires the on-line optimization of the multi-objective
performance function proposed in Eq. (24). The direct
solution of this optimization problem within the time
scale of interest, however, is limited by the computa-
tional capability of the engine control module. A
weighted Gaussian radial basis function approximation
to the optimal solution is presented in [15] to address
this computational limitation. Other options include
functional parameterization of the future control hori-
zon fDk�i g to reduce the dimension of the optimization
space and multi-rate control approaches in which a fast
inner-loop controller, such as a local linear predictive
controller, is reset by the nonlinear model predictive
controller.

5.2. Air fuel ratio target reference

The pre-catalyst exhaust air fuel ratio reference tra-
jectory, Dkr, is determined based on engine demand.
As the throttle position is increased, there is an increased
demand on the engine. One method to maximize engine
performance in this case, is to drive the pre-catalyst air
fuel ratio as rich as possible while avoiding catalyst
breakout immediately after the throttle position is in-
creased. This action maximizes engine torque early in
the demand cycle where it can provide the most benefit.
The control system can then reduce the air fuel ratio to
allow the catalyst to recover stored oxygen later in the
demand cycle. To maximize fuel economy when the
throttle position is decreased, the control system could
increase the air fuel ratio while avoiding catalyst break-
out immediately after the throttle position is decreased.
This action minimizes engine fueling at higher engine
speeds resulting in reduced fuel consumption during
deacceleration. The control system can then make a rich
adjustment to the air fuel ratio later in the cycle to pre-
vent lean catalyst breakout. The exact timing and mag-
nitude of these corrections depend on the engine torque
characteristics, catalyst capacity, and the trade-off be-
tween optimizing engine performance, fuel economy,
and vehicle emissions. For example, a very aggressive
strategy to optimize engine performance or fuel econ-
omy can result in increased emissions because the
post-catalyst air fuel ratio will spend more time operat-
ing near breakout conditions where the catalyst is more
susceptible to disturbances.

The exact characterization of these adjustments for a
particular engine system is beyond the scope of this
work. However, we note that a lead/lag adjustment to
the current air fuel ratio target based on the change in
the commanded fuel flow rate provides a simple model
that is capable of computing air fuel ratio target refer-
ence trajectories with the desired properties. For a
change in the commanded fuel flow target at sample
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time k, the pre-catalyst air fuel ratio reference can be
computed by

Dkrkþj ¼ KðDk�k ;Dq�
kÞ expð�jDt=rÞ ð25Þ

KðDk�k ;Dq�
kÞ ¼

Dk�k � mDq�
k ; ðDk�k < 0Þ and ðDq�

k > 0Þ
Dk�k � mDq�

k ; ðDk�k > 0Þ and ðDq�
k < 0Þ

�mDq�
k ; ðDk�k > 0Þ and ðDq�

k > 0Þ
�mDq�

k ; ðDk�k < 0Þ and ðDq�
k < 0Þ

8>>><
>>>:

where KðDk�k ;Dq�
kÞ specifies the instantaneous change in

the air fuel ratio target at sample time k, Dq�
k is the

change in the normalized commanded fuel flow target
at sample time k, r is a tuning parameter that specifies
the reference trajectory speed of response, and m is a tun-
ing parameter that specifies the magnitude of the air fuel
ratio correction for a change in the normalized engine
fuel flow command. In practice, the value of m would
be adjusted based on the current engine load and speed.

The reference trajectory is shifted forward at each
sample period when the commanded fuel flow target is
unchanged and is recomputed from the current pre-cat-
alyst air fuel ratio target when the commanded fuel flow
rate changes. The pre-catalyst air fuel ratio approaches
stoichiometric at steady state with this adjustment strat-
egy. The catalyst oxygen storage state / is restored to
the equilibrium value at steady state through the penalty
on the deviation of this state from zero in the model pre-
dictive controller objective in Eq. (24).

Fig. 8 presents an example pre-catalyst air fuel ratio
target reference trajectory for an increase in the com-
manded fuel flow target while the current air fuel ratio
target is rich. In this case, the reference trajectory further
decreases the pre-catalyst air fuel ratio to provide addi-
tional engine torque. For this example, Dt = 0.1 s,
r = 0.75 s, m = 0.025, and the change in the normalized
commanded fuel flow rate is Dq* = 0.5. We note that
this tuning provides a performance-aggressive reference
trajectory in order to illustrate the intent of the pre-
Fig. 8. Pre-catalyst air fuel ratio reference trajectory.
catalyst air fuel ratio target trajectory determination
procedure.
6. Example

An example of the model based controller in this
work is presented for an increase in engine demand. In
this example, we wish to maximize engine performance
by minimizing the pre-catalyst air fuel ratio during the
demand cycle. Maximum performance is achieved by
setting the pre-catalyst air fuel ratio deviation reference
equal to the minimum constraint, Dkr ¼ Dk�min, and not
penalizing the pre-catalyst and the post-catalyst air fuel
ratio deviations, q = r = 0. This choice of tuning maxi-
mizes the engine torque subject to the position con-
straints in Eq. (24). The controller tuning in this
example represents an extreme operating condition that
would not typically be desired in an engine control sys-
tem, however, it does illustrate the intent and demon-
strate the flexibility of the control algorithm.

Table 1 presents the model parameters used in this
example. The catalyst is initially at a steady-state of
~/ ¼ 0 when a step change from q* = 1 to q* = 1.5 is
made at time t = 0. The pre-catalyst air fuel ratio target
position constraints are Dk�min ¼ �0.025 and Dk�max ¼
0.025. The post-catalyst air fuel ratio position con-
straints which represent the catalyst breakout limits
are Dk.min ¼ �0.001 and Dk.max ¼ 0.001.

As shown in Fig. 9, the controller immediately satu-
rates the pre-catalyst air fuel ratio deviation target at
Dk* = �0.025 to maximize the attainable engine torque
early in the demand cycle. The result is a depletion of the
stored oxygen on the catalyst and a decrease in the post-
catalyst air fuel ratio. After approximately 3.5 s, the
controller brings the air fuel ratio deviation target back
close to stoichiometric, Dk* = 0, to prevent the post-cat-
alyst air fuel ratio from violating the minimum break-
through constraint. The controller then slowly brings
the air fuel ratio deviation target down to the minimum
post-catalyst constraint value and holds at this value so
that the steady-state post-catalyst air fuel ratio does not
violate the minimum constraint. The engine operates at
the post-catalyst air fuel ratio minimum constraint from
approximately 5 s into the demand cycle. Because of the
rich bias in the catalyst operation, the apparent post-cat-
alyst air fuel ratio begins to show a lean bias sensor dis-
Table 1
Model parameters

Variable Value

Dt 0.1 s
sk 0.5 s
dk 2
sm 1 s



Fig. 9. Air fuel ratio controller performance.

Fig. 10. Oxygen and deactivation state performance.
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tortion after 2.5 s into the demand cycle. We note that
control based on the post-catalyst UEGO measurement
would result in post-catalyst rich breakthrough because
of this distortion. Fig. 10 shows the oxygen storage and
catalyst deactivation states for the engine operation in
this example.
7. Conclusions

The nonlinear model-based controller presented in
this work minimizes vehicle emissions while optimizing
engine performance and fuel economy during transient
engine demand. Engine performance and fuel economy
are optimized during transient operation by taking
advantage of the oxygen storage capability of the cata-
lyst that allows deviation from stoichiometric operation
for short periods of time without post-catalyst emis-
sions. Feedback is provided by a moving horizon esti-
mation scheme for the oxygen storage state that
minimizes the post-catalyst air fuel ratio squared predic-
tion error over a past prediction horizon by the selection
of a single state correction term. Future work includes
adapting the model for catalyst temperature dependence
and addressing the computational requirements of the
algorithm to allow real-time implementation.
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