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For practical group decision making problems, decision makers tend to provide heterogeneous uncertain
preference relations due to the uncertainty of the decision environment and the difference of cultures and
education backgrounds. Sometimes, decision makers may not have an in-depth knowledge of the prob-
lem to be solved and provide incomplete preference relations. In this paper, we focus on group decision
making (GDM) problems with heterogeneous incomplete uncertain preference relations, including uncer-
tain multiplicative preference relations, uncertain fuzzy preference relations, uncertain linguistic prefer-
ence relations and intuitionistic fuzzy preference relations. To deal with such GDM problems, a decision
analysis method is proposed. Based on the multiplicative consistency of uncertain preference relations, a
bi-objective optimization model which aims to maximize both the group consensus and the individual
consistency of each decision maker is established. By solving the optimization model, the priority weights
of alternatives can be obtained. Finally, some illustrative examples are used to show the feasibility and
effectiveness of the proposed method.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

The increasing complexity of the socio-economic environment
makes it less and less possible for a single decision maker (DM)
to consider all relevant aspects of a decision making problem
(Kim, Choi, & Kim, 1999). Therefore, many decision making
problems in the real world are usually conducted by decision
groups, and group decision making (GDM) problem has long been
identified as a hot topic in decision science research area (Hwang &
Lin, 1987).

For a typical GDM problem, decision makers are usually asked
to provide their preferences over a set of alternatives (criteria).
As an effective tool, preference relation has been widely used to
express decision makers’ preference information through pairwise
comparisons. Up to now, many formats of preference relations
have been developed (Xu, 2007b), such as multiplicative
preference relation (Herrera, Herrera-Viedma, & Chiclana, 2001;
Saaty, 1980), fuzzy preference relation (Herrera-Viedma, Chiclana,
Herrera, & Alonso, 2007; Tanino, 1984) and linguistic preference
relation (Herrera, Herrera-Viedma, & Verdegay, 1996; Xu, 2006;
Xu, 2008). But due to the uncertainty of decision environment
and the lack of decision makers’ knowledge, preference relations
given by decision makers sometimes are uncertain ones (Liu,
Zhang, & Wang, 2012; Xu, 2004b). As a result, many publications
have focused on deriving priority weights from uncertain prefer-
ence relations (Chen & Zhou, 2012; Gong, Li, Zhou, & Yao, 2009;
Wang, Yang, & Xu, 2005; Wu, Li, Li, & Duan, 2009; Xu & Chen,
2008a).

For some complex GDM problems defined with high uncer-
tainty, decision makers may be of different culture and education
background and may have different levels of knowledge about
the decision making problems (Herrera-Viedma, Herrera, &
Chiclana, 2002; Palomares, Rodríguez, & Martínez, 2013). On the
other hand, decision makers sometimes are distributed in different
areas and it may be difficult for them to reach an agreement on
which type of preference relations can be used. In such situations,
decision makers may tend to express their preference using differ-
ent formats of preference relations according to their own will. In
recent years, group decision making with heterogeneous prefer-
ence information has received more and more attention (Delgado,
Herrera, Herrera-Viedma, & Martínez, 1998; Espinilla, Palomares,
Martínez, & Ruan, 2012; Fan, Xiao, & Hu, 2004; Li, Huang, & Chen,
2010; Pérez, Alonso, Cabrerizo, Lu, & Herrera-Viedma, 2011). For
instance, Herrera-Viedma et al. (2002) presented a consensus
model for multi-person decision making problems with different
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preference structures to help experts change their opinions and ob-
tain a degree of consensus. Herrera, Martínez, and Sánchez (2005)
developed an aggregation process to combine different types of
preference relations, such as linguistic, numerical and interval-val-
ued information. Fan, Ma, Jiang, Sun, and Ma (2006) established a
goal programming model to solve group decision making problems
where the preference information on alternatives is represented in
multiplicative preference relations and fuzzy preference relations.
Wang and Fan (2007) investigated the aggregation of fuzzy prefer-
ence relations and multiplicative preference relations. In their ap-
proach, they presented two optimization aggregation approaches
to determine the relative weights of individual fuzzy preference
relations so that they can be aggregated into a collective fuzzy
preference relation. Dong, Xu, and Yu (2009) proposed a linguistic
multi-person decision making model based on linguistic prefer-
ence relations which can integrate fuzzy preference relations, dif-
ferent types of multiplicative preference relations and multi-
granular linguistic preference relations. In order to deal with
GDM problems with heterogeneous incomplete preference rela-
tions, including multiplicative preference relations, fuzzy prefer-
ence relations and linguistic preference relations, Fan and Zhang
(2010) established a goal programming model to derive the collec-
tive evaluation of alternatives. Like Fan and Zhang (2010)’s study,
Xu (2011) considered four formats of incomplete preference rela-
tions and established a quadratic programming model to obtain
the ranking of alternatives. Pérez, Cabrerizo, and Herrera-Viedma
(2010) presented a mobile decision support system for dynamic
group decision making with fuzzy preference relations, orderings,
utility functions and multiplicative preference relations, in which
mobile technologies are applied and the set of alternatives can
change throughout the process. Pérez, Cabrerizo, and Herrera-
Viedma (2011b) also developed a mobile GDM model for change-
able decision environments which allows decision makers to ex-
press their preferences using heterogeneous preference relations,
including fuzzy preference relations and multi-granularity linguis-
tic preference relations. In a recent work, Palomares et al. (2013)
proposed a consensus model in which decision makers can express
their opinions by using different types of information, capable of
dealing with large groups of decision makers, which incorporates
the management of the group’s attitude towards consensus by
means of the proposed Attitude-OWA operator.

From the above analysis, a lot of studies have been conducted to
deal with GDM with heterogeneous preference relations and previ-
ous studies have significantly advanced the field of GDM. However,
most of the research focuses on GDM problems with certain pref-
erence relations. There is very little literature addressing GDM
problems with heterogeneous uncertain preference relations. On
the other hand, for actual GDM problems there may be cases in
which decision makers do not have an in-depth knowledge of
the problem to be solved. In such cases, decision makers may not
put their opinions forward about certain aspects of the problem,
and as a result incomplete preference relations may be obtained
(Alonso, Herrera-Viedma, Chiclana, & Herrera, 2009; Alonso, Herre-
ra-Viedma, Chiclana, & Herrera, 2010; Herrera-Viedma et al., 2007;
Zhang & Guo, 2013). Considering such situations, the main contri-
bution of this paper is to propose a GDM approach to deriving pri-
ority weights from heterogeneous incomplete uncertain
preference relations, including uncertain multiplicative preference
relations, uncertain fuzzy preference relations, uncertain linguistic
preference relations and intuitionistic fuzzy preference relations,
which can allow decision makers to express their preference infor-
mation over alternatives more flexibly. For this purpose, this paper
first defines the group consensus index and the collective individ-
ual consistency index for the four types of incomplete uncertain
preference relations under group decision making environment.
Afterwards, a bi-objective optimization model, which aims to ob-

 

 

tain both the maximum group consensus and collective individual
consistency, is proposed to derive the priority weights.

To do so, the rest of this paper is organized as follows. Section 2
presents some concepts and preliminaries related to incomplete
uncertain preference relations. In Section 3, we give a description
of the group decision making problem with heterogeneous incom-
plete uncertain preference relations. Section 4 proposed a bi-objec-
tive optimization model to address the group decision making
problem. In Section 5, we give some illustrative examples to show
the feasibility and effectiveness of the proposed method. Section 6
gives a discussion on the advantages and limitations about the pro-
posed approach. Finally, we conclude this paper in Section 7.

2. Preliminaries

In this section, we present some basic concepts and preliminar-
ies related to incomplete uncertain preference relations, including
uncertain multiplicative preference relations, uncertain fuzzy pref-
erence relations, uncertain linguistic preference relations and
intuitionistic fuzzy preference relations.

For the convenience of analysis, let X ¼ fx1; x2; . . . ; xng be a finite
set of alternatives, where xi denotes the ith alternative,
i 2 f1;2; . . . ;ng ¼ N. In addition, we denote the priority weight vec-
tor obtained from a preference relation by w ¼ ðw1;w2; . . . ;wnÞT,
such that

Pn
i¼1wi ¼ 1; wi P 0; i 2 N.

Definition 1 (Saaty and Vargas, 1987). A matrix ~A ¼ ð~aijÞn�n is
called an uncertain multiplicative preference relation if ~aij satisfies
~aij ¼ ½a�ij ; a

þ
ij �; aþij P a�ij ; a�ij aþji ¼ aþij a�ji ¼ 1; aþii ¼ a�ii ¼ 1, where ~aij is

the interval-valued preference degree to which the alternative xi is
preferred to xj, and a�ij ; aþij 2 f1=9;1=8;1=7; . . . ;1=2;1;2; . . . ;

7;8;9g, i; j 2 N.
Definition 2 (Wang et al., 2005). Let ~A ¼ ð~aijÞn�n ¼ ð½a�ij ; aþij �Þn�n
be

an interval multiplicative preference relation. If there exists a posi-
tive vector w ¼ ðw1;w2; . . . ;wnÞT such that the following convex
feasible region

H¼ w¼ðw1;w2; . . . ;wnÞTja�ij 6
wi

wj
6 aþij ; wi >0; i; j2N;

Xn

i¼1

wi ¼1

( )
ð2:1Þ

is nonempty, then ~A is called a consistent interval multiplicative
preference relation.
Definition 3 (Xu, 2004b). A matrix ~B ¼ ð~bijÞn�n is called an uncer-
tain fuzzy preference relation if ~bij satisfies ~bij ¼ ½b�ij ; b

þ
ij �;

bþij P b�ij ; b�ij þ bþji ¼ bþij þ b�ji ¼ 1; bþii ¼ b�ii ¼ 0:5, where ~bij is the
interval-valued preference degree to which the alternative xi is
preferred to xj, and b�ij ; bþij 2 ½0;1�; i; j 2 N.
Definition 4 (Xu and Chen, 2008a). Let ~B ¼ ð~bijÞn�n ¼ ð½b
�
ij ; b

þ
ij �Þn�n

be an interval fuzzy preference relation. If there exists a positive
vector w ¼ ðw1;w2; . . . ;wnÞT such that the following convex feasi-
ble region

H¼ w¼ðw1;w2; . . . ;wnÞTjb�ij 6
wi

wiþwj
6 bþij ;wi > 0; i; j2N;

Xn

i¼1

wi¼1

( )
:

ð2:2Þ

is nonempty, then ~B is called a consistent interval fuzzy preference
relation.
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Definition 5 (Xu, 2007b). Let S ¼ fsaja ¼ 0;1; . . . ; Tg be a linguistic
term set with odd cardinality as defined by Herrera et al. (1996)
and IðsaÞ denote the label index of the linguistic term sa, i.e.

IðsaÞ ¼ a, then a matrix ~L ¼ ð~lijÞn�n is called an uncertain linguistic

preference relation if ~lij satisfies ~lij ¼ ½l�ij ; l
þ
ij �; Iðlþij ÞP Iðl�ij Þ; Iðl�ij Þþ

Iðlþji Þ ¼ Iðlþij Þ þ Iðl�ji Þ ¼ T; lþii ¼ l�ii ¼ sT=2, where ~lij is the interval-val-
ued linguistic preference degree to which the alternative xi is pre-
ferred to xj, and l�ij ; lþij 2 S; i; j 2 N.

Gao and Peng (2011) proposed a formula to transform an uncer-
tain linguistic preference relation ~L ¼ ð~lijÞn�n ¼ ð½l

�
ij ; l
þ
ij �Þn�n

into an
uncertain fuzzy preference relation ~B ¼ ð~bijÞn�n ¼ ð½b

�
ij ; b

þ
ij �Þn�n

as
follows:

~bij ¼ ½b�ij ; b
þ
ij � ¼

Iðl�ij Þ
T

;
Iðlþij Þ

T

" #
; i; j 2 N; ð2:3Þ

where T þ 1 is the cardinality of the linguistic term set as defined in
Definition 5.

Definition 6 (Xu, 2007a). An intuitionistic fuzzy preference rela-
tion ~R is represented by a matrix ~R ¼ ð~rijÞn�n with ~rij ¼ ðxi; xjÞ;

�
uðxi; xjÞ; vðxi; xjÞi; i; j 2 N. For convenience, let ~rij ¼ ðuij;v ijÞ; i;
j 2 N, where ~rij is an intuitionistic fuzzy value consisting of the
certainty degree uij to which xi is preferred to xj and the certainty
degree v ij to which xi is nonpreferred to xj, and uij; v ij satisfy
0 6 uij þ v ij 6 1; uji ¼ v ij; v ji ¼ uij; uii ¼ v ii ¼ 0:5, and pij ¼ 1�
uij � v ij is interpreted as the uncertainty degree to which xi is
preferred to xj; i; j 2 N.

 

 

Definition 7 (Xu, 2007a). Let ~R ¼ ð~rijÞn�n ¼ ððuij;v ijÞÞn�n be an
intuitionistic fuzzy preference relation. If there exists a positive
vector w ¼ ðw1;w2; . . . ;wnÞT such that the following convex feasi-
ble region

H¼ w¼ðw1;w2; . . . ;wnÞTjuij6
wi

wiþwj
61�v ij;wi >0; i; j2N;

Xn

i¼1

wi¼1

( )
:

ð2:4Þ

is nonempty, then ~R is called a consistent intuitionistic fuzzy pref-
erence relation.

According to Xu (2006), a preference relation is called an incom-
plete preference relation if some of the elements of a preference
relation cannot be given by decision makers, and other elements
can be provided. If all the unknown elements can be obtained by
other known elements, the preference relation is considered
acceptable. Based on the theorem given by Xu (2006), if an incom-
plete uncertain preference relation is acceptable, then there exists
at least one known element (except diagonal elements) in each line
or each column for the preference relation, i.e. at least n� 1 judg-
ments for the alternatives should be provided. In this paper, all the
incomplete preference relations concerned are acceptable ones.

3. Description of the group decision making problem

As denoted in Section 2, let X ¼ fx1; x2; . . . ; xng be a finite set of
alternatives, where xi denotes the ith alternative, i 2 f1;2; . . . ;ng
¼ N. In addition, let D ¼ fd1; d2; . . . ; dqg denote the set of decision
makers, where dk denotes the kth decision maker, k 2
f1;2; . . . ; qg ¼ K , and we denote the weight vector of the decision
makers by k ¼ ðk1; k2; . . . ; kqÞT, such that

Pq
k¼1kk ¼ 1; 0 6

kk 6 1; k 2 K . Here decision makers provide their preferences over
the alternatives through pairwise comparisons, i.e. the preference
information is given as preference relations. The preference rela-
tions provided by them are the four formats of acceptable incom-
plete uncertain preference relations as described in Section 2.
According to the diversity of the preference relations, the set of
decision makers can be divided into four subsets, i.e.
D ¼ fD1;D2;D3;D4g. Specifically, let D1 ¼ fd1; d2; . . . ; dh1g;
D2 ¼ fdh1þ1; dh1þ2; . . . ; dh2g; D3 ¼ fdh2þ1; dh2þ2; . . . ; dh3g; D4 ¼ fdh3þ1;

dh3þ2; . . . ; dqg. For dk 2 D1, the incomplete uncertain multiplicative

preference relation is denoted as ~Ak ¼ ð~ak
ijÞn�n

¼ ð½ak�
ij ; a

kþ
ij �Þn�n

;

k 2 f1;2; . . . ; h1g ¼ K1; for dk 2 D2, the incomplete uncertain fuzzy

preference relation is denoted as ~Bk ¼ ð~bk
ijÞn�n

¼ ð½bk�
ij ; b

kþ
ij �Þn�n

;

k 2 fh1 þ 1;h1 þ 2; . . . ;h2g ¼ K2; for dk 2 D3, the incomplete uncer-

tain linguistic preference relation is denoted as ~Lk ¼ ð~lk
ijÞn�n

¼

ð½lk�
ij ; l

kþ
ij �Þn�n

; k 2 fh2 þ 1;h2 þ 2; . . . ;h3g ¼ K3; for dk 2 D4, the
incomplete intuitionistic fuzzy preference relation is denoted as
~Rk ¼ ð~rk

ijÞn�n
¼ ðuk

ij;vk
ijÞ

� �
n�n

; k 2 fh3 þ 1;h3 þ 2; . . . ; qg ¼ K4. The

missing elements of the uncertain preference relations are denoted
by u. For the convenience of analysis, we also introduce indication
matrices for these four formats of incomplete uncertain preference
relations to indicate whether the elements of the preference rela-
tions are known or not (Xu, 2004a). The indication matrix

Dk ¼ ðdk
ijÞn�n

for the kth incomplete uncertain preference relation
can be defined as

dk
ij ¼

1 for ~ak
ij – u

0 for ~ak
ij ¼ u

(
; i; j 2 N; k 2 K1; ð3:1aÞ

dk
ij ¼

1 for ~bk
ij – u

0 for ~bk
ij ¼ u

8<: ; i; j 2 N; k 2 K2; ð3:1bÞ

dk
ij ¼

1 for ~lk
ij – u

0 for ~lk
ij ¼ u

8<: ; i; j 2 N; k 2 K3; ð3:1cÞ

dk
ij ¼

1 for ~rk
ij – u

0 for ~rk
ij ¼ u

(
; i; j 2 N; k 2 K4: ð3:1dÞ

The group decision making problem to be solved in this paper is
to obtain the priority weight vector for the n alternatives based on
the incomplete uncertain preference relations provided by the
decision makers so that the alternatives can be ranked.

4. The proposed method for GDM

In this section, we present an approach to dealing with the
group decision making problem. The basic ideas of the proposed
approach are as follows. First, for a group decision making prob-
lem, the opinion from each decision maker should be as close to
those from other decision makers as possible, i.e. the group con-
sensus should be considered. Second, for each individual prefer-
ence relation, the consistency should also be considered. With
the two points in mind, an approach to group decision making with
heterogeneous incomplete uncertain preference relations is
proposed.

The resolution procedure of the method is as follows. First, deci-
sion makers are invited to express their preference over the alter-
natives using different formats of preference relations according to
their own will, and then the indication matrices of the preference
relations can be obtained by Eqs. (3.1a), (3.1b), (3.1c) and (3.1d).
Afterwards, a bi-objective optimization model which aims to max-
imize the group consensus and the individual consistency of each
decision maker is established. The priority weight of each alterna-
tive is then calculated by solving the bi-objective optimization
model using Zimmermann’s max–min approach (Zimmermann,
1978). Based on the priority weights, the alternatives can be
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compared and ranked. Finally, the optimal alternative can be
selected. In the rest of this section, we will illustrate how to estab-
lish the bi-objective optimization model. For convenience, the
notations defined in Section 3 are utilized throughout this section,
and let w ¼ ðw1;w2; . . . ;wnÞT be the priority weight vector obtained
from the group’s judgments such that

Pn
i¼1wi ¼ 1; wi > 0; i 2 N.

4.1. Calculation of the group consensus index

In this subsection, we calculate the group consensus index. Be-
fore defining the index, we first calculate the individual priority
weight intervals based on each individual preference relation.

4.1.1. Uncertain multiplicative preference relations
By Definition 2, if the uncertain multiplicative preference rela-

tion provided by the kth decision maker ðk 2 K1Þ is consistent with
the group’s opinion, one has

ak�
ij 6

wi

wj
6 akþ

ij ; for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K1: ð4:1Þ

Obviously, Eq. (4.1) can be written as

ak�
ij wj 6 wi 6 akþ

ij wj; for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K1; ð4:2Þ

i.e.

dk
ija

k�
ij wj 6 dk

ijwi 6 dk
ija

kþ
ij wj; i; j 2 N; i – j; k 2 K1: ð4:3Þ

Summing all the entries of Eq. (4.3) for all j 2 N; j – i, we haveXn

j¼1
j–i

dk
ija

k�
ij wj 6

Xn

j¼1
j–i

dk
ijwi 6

Xn

j¼1
j–i

dk
ija

kþ
ij wj; i 2 N; k 2 K1: ð4:4Þ

As
Pn

j¼1
j–i

dk
ij – 0, it follows that

1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

k�
ij wj 6 wi 6

1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

kþ
ij wj; i 2 N: ð4:5Þ

 

 

4.1.2. Uncertain fuzzy preference relations
By Definition 4, if the uncertain fuzzy preference relation pro-

vided by the kth decision maker ðk 2 K2Þ is consistent with the
group’s opinion, the following inequality should hold:

bk�
ij 6

wi

wi þwj
6 bkþ

ij ; for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K2; ð4:6Þ

namely

bk�
ij

1� bk�
ij

wj 6 wi 6
bkþ

ij

1� bkþ
ij

wj; for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K2:

ð4:7Þ

As bk�
ij þ bkþ

ji ¼ 1 and bkþ
ij þ bk�

ji ¼ 1, we have

bk�
ij

bkþ
ji

wj 6 wi 6
bkþ

ij

bk�
ji

wj; for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K2; ð4:8Þ

i.e.

dk
ij

bk�
ij

bkþ
ji

wj 6 dk
ijwi 6 dk

ij

bkþ
ij

bk�
ji

wj; i; j 2 N; i – j; k 2 K2: ð4:9Þ

Summing all the entries of Eq. (4.9) for all j 2 N; j – i, we have

Xn

j¼1
j–i

dk
ij

bk�
ij

bkþ
ji

wj 6
Xn

j¼1
j–i

dk
ijwi 6

Xn

j¼1
j–i

dk
ij

bkþ
ij

bk�
ji

wj; i 2 N; k 2 K2: ð4:10Þ

As
Pn

j ¼ 1
j–i

dk
ij – 0, one has
1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ij

bk�
ij

bkþ
ji

wj 6 wi 6
1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ij

bkþ
ij

bk�
ji

wj; i 2 N: ð4:11Þ
4.1.3. Uncertain linguistic preference relation
As the elements of linguistic preference relations are linguistic

terms, a priority weight vector cannot be directly derived from a
linguistic preference relation. In order to integrate linguistic pref-
erence relations with other numerical preference relations and
output a group priority weight vector, linguistic preference rela-
tions usually need to be transformed into other types of numerical
preference relations. For instance, in Fan and Zhang (2010), the lin-
guistic preference relations are transformed into fuzzy preference
relations first and the final priority weight vector is derived based
on the multiplicative consistency of fuzzy preference relations. In
this paper, we also adopt similar strategy, i.e. transforming uncer-
tain linguistic preference relations into uncertain fuzzy preference
relations and utilizing the multiplicative consistency of uncertain
fuzzy preference relations.

By Eq. (2.3), we can transform each uncertain linguistic prefer-
ence relation ~Lk; k 2 K3 into an uncertain fuzzy preference relation
~Bk ¼ ð½bk�

ij ; b
kþ
ij �Þn�n

; k 2 K3 as

bk�
ij ; b

kþ
ij

h i
¼

I lk�ijð Þ
Tk ;

I lkþijð Þ
Tk

� �
u

8<: dk
ij ¼ 1;

dk
ij ¼ 0:

; i; j 2 N; k 2 K3; ð4:12Þ

where Tk þ 1 is the cardinality of the linguistic term set used by the
kth decision maker, k 2 K3.

Afterwards, the multiplicative consistency of uncertain fuzzy
preference relations can be utilized. By Eqs. (4.8) and (4.11), the
priority weights obtained from the kth decision maker’s uncertain
linguistic preference relation should satisfy

I lk�
ij

� �
Tk

,
I lkþ

ji

� �
Tk

wj 6 wi 6

I lkþ
ij

� �
Tk

,
I lk�

ji

� �
Tk

wj;

for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K3; ð4:13Þ

or

1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ij

I lk�
ij

� �
Tk

,
I lkþ

ji

� �
Tk

wj 6 wi

6
1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ij

I lkþ
ij

� �
Tk

,
Iðlk�ji Þ

Tk
wj; i 2 N; ð4:14Þ

i.e.

I lk�
ij

� �
I lkþ

ji

� �wj 6 wi 6

I lkþ
ij

� �
I lk�

ji

� �wj; for all dk
ij ¼ 1; i; j 2 N; i – j; k 2 K3;

ð4:15Þ
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4.1.4. Intuitionistic fuzzy preference relations
By Definition 7, if the intuitionistic fuzzy preference relation

provided by the kth decision maker ðk 2 K4Þ is consistent with
the group’s opinion, we have
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Equivalently,
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Summing all the entries of Eq. (4.19) for all
j ¼ 1; 2; . . . ; n; j – i, we haveXn
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4.1.5. The group consensus index
Let

ak�
ij ¼

bk�
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bkþ
ji

; akþ
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bkþ
ij

bk�
ji
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ij ¼ 1; i; j 2 N; i – j; k 2 K2;

ð4:22Þ
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ð4:24Þ

By Eqs. (4.5), (4.11), (4.16) and (4.21), the priority weights ob-
tained from the kth decision maker’s preference relation can be de-
noted as

~wk
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i ;wkþ
i
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264
375; i 2 N; k 2 K: ð4:25Þ

Therefore, the deviation between the kth decision maker’s opin-
ion and the lth decision maker’s opinion can be calculated as

dðk; lÞ ¼
Xn

i¼1

1
2

wk�
i �wl�

i

		 		þ wkþ
i �wlþ

i

		 		
 �
; k; l 2 K; k – l: ð4:26Þ

Then, the deviation between the kth decision maker’s opinion
and other decision makers’ opinions can be calculated as

dk ¼
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dðk; lÞ ¼
Xq

l¼1
l–k

Xn

i¼1

1
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 �
; k 2 K:

ð4:27Þ

If we consider the importance of each decision maker, then the
overall deviation can be obtained as
d ¼
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kkdk ¼
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2
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i �wl�
i

		 		þ wkþ
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: ð4:28Þ

By Eq. (4.25), Eq. (4.28) can be rewritten as
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Here we call Eq. (4.29) the group consensus index. To obtain
good consensus for the group decision making problem, the value
of d should be minimized.
4.2. Calculation of the overall consistency index

For decision making problems with preference relations, consis-
tency is also quite important, since inconsistent judgments will re-
sult in unreasonable decision result. For the group decision making
problem to be solved, if the preference relations provided by the
decision makers are consistent, it follows that Eqs. (4.2), (4.7),
(4.15) and (4.18) hold. Based on the definitions of the four formats
of uncertain preference relations, Eqs. (4.2), (4.7), (4.15) and (4.18)
can be further written as

ak�
ij wj 6 wi 6 akþ

ij wj; for all dk
ij ¼ 1; i; j 2 N; i < j; k 2 K1; ð4:30Þ
bk�
ij
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ji
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wj; for all dk
ij ¼ 1; i; j 2 N; i < j; k 2 K2:

ð4:31Þ
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ð4:32Þ
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ij ¼ 1; i; j 2 N; i < j; k 2 K4:

ð4:33Þ

By Eqs. (4.22), (4.23) and (4.24), Eqs. (4.30), (4.31), (4.32) and
(4.33) can be rewritten as

ak�
ij wj 6 wi 6 akþ

ij wj; for all dk
ij ¼ 1; i; j 2 N; i < j; k 2 K: ð4:34Þ

However, decision makers’ preferences are not completely con-
sistent in most cases. As a result, Eq. (4.34) will not hold simulta-
neously. Moreover, the preference over some alternatives from
different decision makers may be conflicting. To deal with such sit-
uations, we can relax Eq. (4.34) by introducing the deviation vari-
ables as follows:

ak�
ij wj�gk�

ij 6wi6 akþ
ij wjþgkþ

ij ; for all dk
ij¼1; i; j2N; i< j; k2K;

ð4:35Þ

where both gk�
ij and gkþ

ij are non-negative real numbers.
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Taking the importance of the decision makers into account, the
overall deviation for all the individual preference relations can be
calculated as

s ¼
Xq

k¼1

kk

Xn�1

i¼1

Xn

j¼iþ1

dk
ij gk�

ij þ gkþ
ij

� �
: ð4:36Þ

It is obvious that the smaller the value of s, the higher the con-
sistency of the given preference relations. To obtain higher consis-
tency, the value of s should also be minimized.

4.3. Establishment of optimization models for deriving the priority
weight vector

As mentioned above, to obtain a more reasonable result, both
the group consensus index and the overall consistency index
should be minimized. Based on Eqs. (4.29) and (4.36), the following
optimization model can be established:

min Z1¼
1
2

Xq�1

k¼1

Xq

l¼kþ1

Xn

i¼1

ðkkþklÞ

1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

k�
ij wj�

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

l�
ij wj

							
							

0B@

þ 1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

kþ
ij wj�

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

lþ
ij wj

							
							
1CA

min Z2¼
Xq

k¼1

kk

Xn�1

i¼1

Xn

j¼iþ1

dk
ij gk�

ij þgkþ
ij

� �
s:t: ak�

ij wj�gk�
ij 6wi6 akþ

ij wjþgkþ
ij ; for all dk

ij¼1; i; j2N; i< j; k2KXn

i¼1

wi¼1; wi >0; i2N

gk�
ij ; g

kþ
ij P 0; for all dk

ij¼1; i; j2N; i< j; k2K:

ðM-1Þ

Let

lklþ
i ¼ 1

2
1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

k�
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

l�
ij wj

							
							

264

þ 1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

k�
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

l�
ij wj

0B@
1CA
375; ð4:37Þ

lkl�
i ¼ 1

2
1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

k�
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

l�
ij wj

							
							

264

� 1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

k�
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

l�
ij wj

0B@
1CA
375; ð4:38Þ

mklþ
i ¼ 1

2
1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

kþ
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

lþ
ij wj

							
							

264

þ 1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

kþ
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

lþ
ij wj

0B@
1CA
375; ð4:39Þ

 

 

mkl�

i ¼ 1
2

1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

kþ
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

lþ
ij wj

							
							

264

� 1Pn
j¼1
j–i

dk
ij

Xn

j¼1
j–i

dk
ija

kþ
ij wj �

1Pn
j¼1
j–i

dl
ij

Xn

j¼1
j–i

dl
ija

lþ
ij wj

0B@
1CA
375;

for all i 2 N; k; l 2 K; k < l: ð4:40Þ

Then the model (M-1) can be transformed into
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The model (M-1) is a linear bi-objective programming model. In
what follows, we utilize Zimmermann’s max–min approach (Zim-
mermann, 1978) to solve the model. First, we solve the following
optimization models:
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and
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The models (M-3) and (M-4) are simple linear programming
models, which can be easily solved with the use of some optimiza-
tion software packages. Let Zmin

1 and Zmax
1 be the minimum objective

function value and the maximum objective function value derived
from the model (M-3), Zmin

2 and Zmax
2 be the minimum objective

function value and the maximum objective function value derived
from the model (M-4), then we can construct the following mem-
bership functions as
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By Zimmermann’s max–min approach (Zimmermann, 1978),
the model (M-1) can be transformed into the following model:
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By solving the model (M-5), the priority weights can be ob-
tained as w ¼ ðw1;w2; . . . ;wnÞT and the value of h reflects the min-
imum satisfactory level of the two objective functions. To
summarize, we present the group decision making approach as
follows.

Step 1: Obtain the indication matrices Dk; k 2 K by Eqs. (3.1a),
(3.1b), (3.1c) and (3.1d).

Step 2: Calculate the value of ak�
ij and akþ

ij for all
dk

ij ¼ 1; i; j 2 N; i – j; k 2 K2 [ K3 [ K4 by Eqs. (4.22),
(4.23) and (4.24).

Step 3: Solve the model (M-3) to obtain Zmin
1 and Zmax

1 .
Step 4: Solve the model (M-4) to obtain Zmin

2 and Zmax
2 .

Step 5: Construct the membership functions for Z1 and Z2 by Eqs.
(4.41) and (4.42), respectively, and then solve the model
(M-5) to derive the priority weight vector
w ¼ ðw1;w2; . . . ;wnÞT.

Step 6: Based on w, rank the alternatives and select the best
alternative.

5. Illustrative examples

In this section, we give some examples to illustrate the feasibil-
ity and effectiveness of the proposed method. First, we consider the
selection of investment alternatives in a multinational corporation.

A multinational corporation intends to invest a sum of money
and there are five alternatives ðx1; x2; . . . ; x5Þ to be selected. Four
director board members ðd1; d2; d3; d4Þ are invited to evaluate the
five investment alternatives and the weight vector of the four direc-
tor board members is k ¼ ð1=4;1=4;1=4;1=4ÞT. Due to the difference
of culture and education backgrounds, they provide their preference
information on the five alternatives through pairwise comparisons
using different formats of uncertain preference relations. Specifi-
cally, the preference relations provided by the four director board
members are uncertain multiplicative preference relation,
uncertain fuzzy preference relation, uncertain linguistic preference
relation and intuitionistic fuzzy preference relation, respectively.
The linguistic terms sets used by d3 is S ¼ fs0 : very poor;
s1 : poor; s2 : slightly poor; s3 : fair; s4 : slightly good; s5 : good;
s6 : very goodg. Due to the lack of knowledge, the preference
relations provided by them are incomplete ones as follows.

~A1 ¼

½1;1� ½1=3;3� u ½5;7� ½3;5�
½1=3;3� ½1;1� ½1;3� u ½1;3�

u ½1=3;1� ½1;1� ½5;7� ½1;3�
½1=7;1=5� u ½1=7;1=5� ½1;1� u

½1=5;1=3� ½1=3;1� ½1=3;1� u ½1;1�

0BBBBBBB@

1CCCCCCCA
;

~B2 ¼

½0:5;0:5� u ½0:4;0:6� ½0:5;0:7� ½0:3;0:5�

u ½0:5;0:5� ½0:3;0:6� u ½0:5;0:8�

½0:4;0:6� ½0:4;0:7� ½0:5;0:5� ½0:6;0:8� u

½0:3;0:5� u ½0:2;0:4� ½0:5;0:5� u

½0:5;0:7� ½0:2;0:5� u u ½0:5;0:5�

0BBBBBBBB@

1CCCCCCCCA
;

~L3 ¼

½s3; s3� u ½s3; s5� ½s3; s5� ½s4; s4�

u ½s3; s3� u ½s3; s4� ½s3; s4�

½s1; s3� u ½s3; s3� ½s3; s4� ½s4; s5�

½s1; s3� ½s2; s3� ½s2; s3� ½s3; s3� u

½s2; s2� ½s2; s3� ½s1; s2� u ½s3; s3�

0BBBBBBBB@

1CCCCCCCCA
;
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~R4 ¼

ð0:5;0:5Þ ð0:6;0:1Þ ð0:8;0:2Þ ð0:6;0:3Þ ð0:7; 0:2Þ

ð0:1;0:6Þ ð0:5;0:5Þ ð0:5;0:1Þ u ð0:6; 0:1Þ

ð0:2;0:8Þ ð0:1;0:5Þ ð0:5;0:5Þ ð0:4;0:6Þ u

ð0:3;0:6Þ u ð0:6;0:4Þ ð0:5;0:5Þ ð0:7; 0:3Þ

ð0:2;0:7Þ ð0:1;0:6Þ u ð0:3;0:7Þ ð0:5; 0:5Þ

0BBBBBBBB@

1CCCCCCCCA
;

In what follows, we will utilize the proposed method to select
the best investment alternative.

By Eqs. (3.1a)–(3.1d), we have

D1 ¼

1 1 0 1 1

1 1 1 0 1

0 1 1 1 1

1 0 1 1 0

1 1 1 0 1

0BBBBBBBBB@

1CCCCCCCCCA
; D2 ¼

1 0 1 1 1

0 1 1 0 1

1 1 1 1 0

1 0 1 1 0

1 1 0 0 1

0BBBBBBBBB@

1CCCCCCCCCA
;

 

 

D3 ¼

1 0 1 1 1

0 1 0 1 1

1 0 1 1 1

1 1 1 1 0

1 1 1 0 1

0BBBBBBBBB@

1CCCCCCCCCA
; D4 ¼

1 1 1 1 1

1 1 1 0 1

1 1 1 1 0

1 0 1 1 1

1 1 0 1 1

0BBBBBBBBB@

1CCCCCCCCCA
:

Then, by Eqs. (4.22), (4.23) and (4.24), we can calculate
a2�

13 ¼ a2�
31 ¼ a2�

32 ¼ 2=3; a2�
14 ¼ a2�

25 ¼ a2�
51 ¼ 1; a2�

15 ¼ a2�
23 ¼ a2�

41 ¼ 3=7;
a2�

34 ¼ 1:5; a2�
43 ¼ a2�

52 ¼ 0:25; a2þ
13 ¼ a2þ

23 ¼ a2þ
31 ¼ 1:5; a2þ

14 ¼ a2þ
32 ¼

a2þ
51 ¼ 7=3; a2þ

15 ¼ a2þ
41 ¼ a2þ

52 ¼ 1; a2þ
25 ¼ a2þ

34 ¼ 4; a2þ
43 ¼ 2=3; a3�

13 ¼
a3�

14 ¼ a3�
24 ¼ a3�

25 ¼ a3�
34 ¼ 1; a3�

15 ¼ a3�
35 ¼ 2; a3�

31 ¼ a3�
41 ¼ a3�

53 ¼ 0:2;
a3�

42 ¼ a3�
43 ¼ a3�

51 ¼ a3�
52 ¼ 0:5; a3þ

13 ¼ a3þ
14 ¼ a3þ

35 ¼ 5; a3þ
15 ¼ a3þ

24 ¼ a3þ
25 ¼

a3þ
34 ¼ 2; a3þ

31 ¼ a3þ
41 ¼ a3þ

42 ¼ a3þ
43 ¼ a3þ

52 ¼ 1; a3þ
51 ¼ a3þ

53 ¼ 0:5; a4�
12 ¼

a4�
14 ¼ a4�

25 ¼ a4�
43 ¼ 1:5; a4�

13 ¼ 4; a4�
15 ¼ a4�

45 ¼ 7=3; a4�
21 ¼ a4�

32 ¼
a4�

52 ¼ 1=9; a4�
23 ¼ 1; a4�

31 ¼ a4�
51 ¼ 0:25; a4�

34 ¼ 2=3; a4�
41 ¼ a4�

54 ¼ 3=7;
a4þ

12 ¼ a4þ
23 ¼ a4þ

25 ¼ 9; a4þ
13 ¼ a4þ

15 ¼ 4; a4þ
14 ¼ a4þ

45 ¼ 7=3; a4þ
21 ¼ a4þ

34 ¼ a4þ
41 ¼

a4þ
52 ¼ 2=3; a4þ

31 ¼ 0:25; a4þ
32 ¼ 1; a4þ

43 ¼ 1:5; a4þ
51 ¼ a4þ

54 ¼ 3=7.

By solving the models (M-3), (M-4) and (M-5) (the models are
omitted here due to the limitations of space), the priority weights
can be derived as w1 ¼ 0:4505; w2 ¼ 0:1978; w3 ¼ 0:1319;
w4 ¼ 0:0989; w5 ¼ 0:1209 and h ¼ 0:9963. Therefore, the ranking
of the five alternatives is x1 � x2 � x3 � x5 � x4 and x1 is the best
investment alternative. The value of h shows that the satisfactory
levels of the two objective functions are larger than 0.9963, which
means that both the group consensus and individual consistency
are sufficiently considered.

In the rest of this section, we make a comparison between the
proposed approach and existing approaches to further verify the
effectiveness of the proposed method. As there is no work focusing
on group decision making with different formats of incomplete
uncertain preference relations to the best of our knowledge, we
consider a special case of the group decision making problem, i.e.
group decision making with incomplete uncertain fuzzy preference
relations. Xia and Xu (2011) proposed a procedure to estimate the
missing elements for incomplete uncertain fuzzy preference rela-
tions and developed an approach to group decision making with
incomplete uncertain fuzzy preference relations. In Xia and Xu
(2011), four decision makers (the weight vector is
k ¼ ð1=4;1=4;1=4;1=4ÞT) gave their preference information over
four alternatives X ¼ fx1; x2; x3; x4g using incomplete uncertain fuz-
zy preference relations as follows.
eB1 ¼

½0:5;0:5� ½0:4;0:6� ½0:6;0:8� ½0:3;0:5�
½0:4;0:6� ½0:5;0:5� u ½0:4;0:7�
½0:2;0:4� u ½0:5;0:5� ½0:3;0:4�
½0:5;0:7� ½0:3;0:6� ½0:6;0:7� ½0:5;0:5�

0BBBB@
1CCCCA;

eB2 ¼

½0:5;0:5� ½0:5;0:7� ½0:3;0:6� u
½0:3;0:5� ½0:5;0:5� ½0:4;0:5� ½0:1;0:2�
½0:4;0:7� ½0:5;0:6� ½0:5;0:5� ½0:3;0:4�

u ½0:8;0:9� ½0:6;0:7� ½0:5;0:5�

0BBBB@
1CCCCA;

eB3 ¼

½0:5;0:5� ½0:6;0:9� u ½0:4;0:6�
½0:1;0:4� ½0:5;0:5� ½0:6;0:8� ½0:3;0:5�

u ½0:2;0:4� ½0:5;0:5� ½0:5;0:6�
½0:4;0:6� ½0:5;0:7� ½0:4;0:5� ½0:5;0:5�

0BBBB@
1CCCCA;

eB4 ¼

½0:5;0:5� ½0:2;0:4� ½0:3;0:5� ½0:4;0:6�
½0:6;0:8� ½0:5;0:5� ½0:5;0:6� ½0:6;0:7�
½0:5;0:7� ½0:4;0:5� ½0:5;0:5� u
½0:4;0:6� ½0:3;0:4� u ½0:5;0:5�

0BBBB@
1CCCCA:

By the proposed approach, we can derive the priority weights of
the four alternatives as w1 ¼ 0:3078; w2 ¼ 0:1057; w3 ¼ 0:2346;
w4 ¼ 0:3519, which results in a raking x4 � x1 � x3 � x2. Therefore
the best alternative is x4.

If Xia and Xu (2011)’s approach is utilized, the priority weight
intervals of the alternatives can be derived as ~w1 ¼ ½0:6839;
1:5653�; ~w2 ¼ ½0:9375;1:0108�; ~w
3 ¼ ½0:6683;0:9492�; ~w4 ¼ ½0:9457;1:6430�. By the ranking ap-
proach for interval numbers (Xu & Da, 2002), the ranking of the
alternatives can be obtained x4 � x1 � x2 � x3, which is slightly dif-
ferent from the ranking obtained by the proposed approach. The
differences between the two approaches are as follows. Xia and
Xu (2011)’s approach estimates the missing elements based on
the multiplicative consistency first and then aggregates the indi-
vidual preference relations into a collective one. Based on the col-
lective uncertain fuzzy preference relation, the priority weight
intervals of the alternatives are derived. That is to say, Xia and
Xu (2011)’s approach just considers the individual consistency of
preference relations and does not take the group consensus into
account.

6. Discussions on the proposed model

In this section, we discuss the advantages and the limitations of
the proposed decision making model. In general, the proposed
model has the following distinct advantages.

(1) This proposal is a new attempt to integrate heterogeneous
incomplete uncertain preference relations, which allows
decision makers to express their preference information
over alternatives more flexibly. Through literature review,
we can find that most of the existing studies on GDM with
heterogeneous information focus on deriving priority
weights from heterogeneous certain preference structure
(for instance, Fan & Zhang (2010) and Xu (2011)’s work),
and little research has been conducted on heterogeneous
GDM with uncertain preference structure. Gao and Peng
(2011) proposed to utilize heterogeneous uncertain prefer-
ence relations for SWOT analysis, but the approach cannot
be used to deal with the situation where incomplete uncer-
tain preference relations are provided. Xia and Xu (2011)
and Liu et al. (2012) proposed some methods to complement
the missing elements for an uncertain fuzzy or multiplica-
tive preference relation and applied them into group deci-
sion making. However, these methods need to complement
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the missing elements first and cannot deal with GDM prob-
lems with heterogeneous incomplete uncertain preference
relations. Although Xu and Chen (2008b) investigated group
decision making problems with distinct uncertain prefer-
ence structures including interval utility values, interval
fuzzy preference relations and interval multiplicative prefer-
ence relations, the work focuses on multi-attribute GDM
problems and cannot derive priority weights from heteroge-
neous (incomplete) preference relations as mentioned in
this paper.

(2) The basic ideas of the proposed approach are straightfor-
ward. Based on the multiplicative consistency of different
formats of preference relations, a bi-objective optimization
model which aims to minimize both the group consensus
index and the individual consistency index (the smaller the
two indices, the better the solution) is established to derive
the priority weights. Therefore, the obtained result is more
reasonable. As the priority weights are obtained by solving
optimization models, fewer transformations from heteroge-
neous preference relations to a single type of preference
relation are needed, which can avoid information loss to
an extent.

(3) The proposed model can be considered as a general decision
making model. If all the elements of the indication matrices
are 1, the proposed model can be used to deal with GDM
problems with heterogeneous complete uncertain prefer-
ence relations. Moreover, the proposed model can also be
used to deal with GDM problems with any combinations of
the four types of preference relations mentioned in this
paper.

(4) From the illustrative examples, we can find that the priority
weights obtained by the proposed approach lie in the unit
interval. Therefore, the proposed approach can be integrated
with the Analytic Hierarchy Process (Saaty, 1980) to deal
with multi-criteria decision making problems under group
decision making environment, especially when heteroge-
neous incomplete uncertain preference relations are
involved in the decision making problem.

However, the proposed models still have some limitations. First
of all, if the number of alternatives or decision makers is too large,
the number of constraints in the models will be much larger. In this
case the resolution may be a little complex. Thus an interesting re-
search topic may be to simplify the models or to investigate other
simple decision making models. Second, in order to integrate
uncertain linguistic preference relations, we transform them into
uncertain fuzzy preference relations, which may lead to some
information loss. Finally, the proposed approach just considers four
typical formats of uncertain preference structures which cannot
integrate preference structures in the form of interval utility values
and uncertain preference ordinals. All the issues will be investi-
gated in the future.

 

 

7. Conclusions

For practical GDM problems, decision makers usually have dif-
ferent cultures and education backgrounds, as a result, the prefer-
ence relations provided by them may be of different formats. In
addition, due to the lack of knowledge and experience, the prefer-
ence relations are usually incomplete and uncertain ones. In this
paper, we present an approach to addressing group decision mak-
ing problems with heterogeneous incomplete uncertain preference
relations. Based on the multiplicative consistency of different pref-
erence relations, the group consensus index and collective individ-
ual consistency index are defined. Considering the two indices, a
bi-objective optimization model is established to derive the prior-
ity weights of alternatives, which is easy to implement on the
computer.

Although the illustrative example presented in this paper is an
investment alternative selection problem for a multinational cor-
poration, the proposed GDM model can also be applied to deal with
other practical decision making problems, such as supplier selec-
tion, company performance appraisal and quality function deploy-
ment, especially when decision makers are from different
countries/areas or with different culture and education back-
grounds or when decision makers cannot reach a consensus on
which type of preference relations should be used.
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